














single copies: $3.00 each. 
; General index, 1893-1920: 








THE 


PHYSICAL REVIEW 


cA journal of experimental and theoretical physics established by E. L. Nichols in 1893 





SECOND Series, Vor. 114, No. 5 


JUNE 1, 1959 





Ion Confinement by Rotation in Magnetic Mirror Geometry* 


C. L. Lonemire, D. E. NAGLE, AND F. L. RIBE 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received January 6, 1959) 


When a generally radial electric field is imposed upon a mirror magnetic field configuration, the resulting 
system has an increased ability to contain plasma between the mirror regions. The motion of the ions con- 
sists of a drift around the axis of symmetry upon which is superimposed a spiralling motion. The guiding 
center motion departs from the direction of magnetic flux surfaces. An adiabatic invariant is derived for 
the drift component of the motion, and an expression is derived for the mirror enhancement brought about 
by the EXB drift. The departure of the guiding center of a particle from a flux surface and the energy 
balance of its secular motion are calculated by using the adiabatic invariant. 


I. INTRODUCTION 


HE term ‘‘magnetic mirror configuration” is used 

to describe an axially symmetric magnetic field 

with lines of force tending toward the axis on each side 
of a central plane and constricting at two points along 
the axis. At these points the field intensity is a maxi- 
mum, and between them it has a minimum. In this 
field configuration there are many orbits for charged 
particles which are bounded between the regions of 
maximum field, that is to say, between the magnetic 
mirrors. Typical orbits are spirals around the direction 
of the magnetic field. They are contained because as a 
particle moves toward stronger field regions, kinetic 
energy of motion along the lines of force is transferred 
to energy of motion around the lines. The possibility of 
confining high temperature plasmas in mirror systems 
has been studied extensively by Post and collaborators,! 
who reported results of their experimental and theo- 
retical investigations at the 1958 Geneva Conference.” 
In the present note we shall derive some properties 
of particle orbits in a magnetic mirror configuration 
with an added external electric field orthogonal to B as 
shown in Fig. 1. It will be shown that the leakage of 
particles through the mirrors is less than in a mirror 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. F. Post, Bull. Am. Phys. Soc. Ser. IT, 3, 196 (1958). 

2R. F. Post, “Summary of the UCRL Pyrotron Program,” 
Proceedings of The Second United Nations International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, September, 1958 
(United Nations, New York, 1958). 


configuration without an electric field.* At the 1958 
Geneva Conference some results of experiments with 
such systems were presented.‘® In the following we 
shall call the arrangement an electrified magnetic 
mirror. 

Below we discuss the single particle orbits in the elec- 
trified mirror configuration. A plasma drifts in the di- 
rection orthogonal to the electric and magnetic fields, 
in this case around the axis of symmetry. The particle 
motions of interest consist of the drift superimposed 
upon helices whose average direction slightly departs 
from that of the magnetic field. Starting from the exact 
single-particle Hamiltonian, an adiabatic invariant of 
the drift motion is derived, and an approximate analy- 
tical expression for the enhanced mirror confinement is 
given. The adiabatic invariant is used to calculate the 
guiding surfaces of the ions and the energy balance of 
their secular motion along the axis of the mirror con- 
figuration. Exact numerical calculations of the mirror 
enhancement are also given. 


3 Although the authors arrived at their conclusions regarding 
this mirror enhancement produced by the EXB drift independ- 
ently, the effect of centrifugal force in preventing particle escape 
out the ends of an electrified magnetic mirror was recognized by 
O. A. Anderson and W. R. Baker in 1956. 

4 Anderson et al., “Study and Use of a Rotating Plasma,” 
Proceedings of the Second United Nations International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, September, 1958 
(United Nations, New York, 1958). 

5K. Boyer et al., “Theoretical and Experimental Discussion of 
Ixion, A Possible Thermonuclear Device, Proceedings of the Second 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, September, 1958 (United Nations, New York, 1958). 
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B LINES 


CENTRAL PLANE MIRROR REGION 


Fic. 1. Schematic diagram of an electrified magnetic mirror. 
The solid lines represent the magnetic field and the dashed lines 
normal to them the electric field. 


II. PARTICLE ORBITS AND THE 
ADIABATIC INVARIANT 

We consider the electrified magnetic mirror arrange- 
ment of Fig. 1. The electric field E is assumed radial at 
the central plane and everywhere normal to the B lines. 
Such an electric field of course requires a space charge 
distribution in the mirror region. This requirement can 
be satisfied experimentally because the electrons of a 
plasma can move easily in the direction of the magnetic 
field, tending to neutralize any component of E parallel 
to B. It is convenient to define the following angular 
velocities of a particle: 


we=cE/Br, (1) 
w= eB,/mce, (2) 
wp= —w,/2[1— (1—4we/w-)*], (3) 


where e is the charge of the particle and m its mass.® 
If the particle drifts about the axis with angular velocity 
wp there will be equilibrium between the centrifugal, 
electric, and Lorentz forces so that there is no net accel- 
eration in the radial direction. In Eq. (3) the sign of the 
radical is chosen so that in the limit of weak electric 
fields (weKw,), wp approaches —wz, which is the angu- 
lar velocity of the EXB drift. 

The magnetic field, which has no @ component and 
which has axial symmetry, can be derived from a vector 
potential with only a @ component, A». We define a flux 
function 


W(r,z) = (er/c)Ao(r,2), (4) 
such that 2(c/e)y is the flux enclosed in a circle of 
radius r. The potential energy of a particle is 

V=et, (5) 
where ® is the electrostatic potential function. Since 
y=constant describes B lines, and since B lines are 
equipotentials, it follows that 


‘=V(y). (6) 


The Hamiltonian of a particle in cylindrical coordinates 
under the influence of these fields is 


(7) 


6 Gaussian units are used throughout. 
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where p., p,, and po are the canonical momenta 
po= mr’o+y. (8) 


Since H is independent of 6, po is a constant of motion 
and may be regarded as constant in (7) for a given par- 
ticle. Then (7) may be regarded as the Hamiltonian of 
a particle moving in two Cartesian dimensions,’ z and 
r, in an effective potential U given by the sum of the 
last two terms in (7). 

We consider first the case with no electric field, V=0. 
For definiteness, we consider a positive particle and take 
¥ positive. A positive particle which does not encircle 
the axis® will have 6=0 at some point on its orbit. 
Equation (8) shows that such a particle has positive 
po. Therefore, for a given value of z, pe—y will vanish 
at some radius, and the effective potential will be zero 
and have a minimum at this point. The locus in an r-z 
plane of these minima forms the bottom of a potential 
trough with the minimum following a B line. The two 
dimensional particle moves in this trough, oscillating 
between the two flux surfaces for which U equals the 
total energy. The bottom of the potential trough is the 
locus of the guiding center of the particle, while the 
oscillations represent the cyclotron motion about the 
guiding center. 

If there is an applied electric field, the equipotential 
surfaces of U will be altered. For a given value of z, the 
minimum of U occurs where 0U/dr=0. Evaluating 
0U/dr, one finds 


p.= mz pr= mr 


1 
mone yoy « 


1 € 
~(po—y)-rB.—eE,=0. (9) 
sg Cc 


mr’? m 


Substituting expressions (1) and (2) for wz and w, and 
solving, one finds 


po—Y= — mr (w./2)[1— (1—4wz/w-)*]. (10) 


If there were no electric field (w~=0), this would give a 
minimum at pp—y=0 as before. The right-hand side of 
Eq. (10) measures the amount that the guiding center 
of a particle of given p» departs from the flux surface 
¥(r,2)= pe= constant. 

Equations (10) and (3) state that for motion along 
the potential minimum, 


(11) 


where Lp is the angular momentum of the particle drift 
motion under the combined action of centrifugal, elec- 
tric, and Lorentz forces. Thus, for particles which 
oscillate but stay near the potential minimum, we may 
say that Lp+y is an adiabatic invariant, which we 
shall call A. Since Lp and y are functions of position 


pe—V=mrwp= Lp, 


7 This method has been found previously to be convenient, by 
T. Northrop and collaborators, in discussing the problem of the 
nonadiabaticity of particle orbits in mirror magnetic field 
configurations. 

8 For particles which encircle the axis, the analysis is only 
slightly modified. 
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only, so is A, and a surface A= constant thus determines 
the path of a particle’s guiding center. We shall use the 
A invariant in Sec. IV to calculate the departure of the 
guiding center of a particle from a flux surface as well 
as the energy balance of its secular motion between the 
mirrors. 

One can determine the direction of departure of the 
guiding center from a flux surface as follows: returning 
to Eq. (11), let us make the approximation of small E 


Lp~—mrck/B, (12) 


and take the case where £ is negative. Then pe—y is 
positive at the potential minimum. Since on a flux sur- 
face, rE is roughly independent of z, and since B, is 
larger in the mirror region than at the central plane, 
po—y is less positive at the mirror than at the center. 
Therefore y must be greater in the mirror than at the 
center, or the guiding center moves outward across flux 
surfaces as it enters the mirror region. 


III. EFFECT OF THE ELECTRIC FIELD ON THE 
LEAKAGE FROM THE MAGNETIC MIRROR 


In order to calculate the leakage from the mirror in 
the presence of the EXB rotation, it is convenient to 
make a transformation. We define an equivalent flux 
function y’ which includes the effect of the radial varia- 
tion of V. Let us pick a given f» and a given z and define 
y’ by requiring 


(pe—y)?/2mr?+ V (7,2) = (p.—p’)?/2mr+K(s). (13) 


Here K(z) is taken to be the minimum value of the left 
hand side for the given value of z. This allows po—y’ 
to vanish at the minimum, and therefore allows ’ to be 
a smooth, monotonic function of 7, as it ought if it is to 
represent an effective flux function which still looks like 
that for a mirror device. Solving (13) for y’, we find 


v= pot (po—y)*+ 2mr?(V—K) }}, (14) 


where the minus sign is taken for r inside the minimum 
and the plus sign outside. 
The Hamiltonian (7) can now be rewritten, 


H=p?/2m+ p2/2m+ (po—y’)?/2mr+K(z). (15) 


This is the Hamiltonian of a particle in a mirror mag- 
netic field corresponding to y’ with a longitudinal elec- 
tric field whose potential is K(z). There is no radial 
electric field, and hence the EXB rotation has been 
eliminated in the main. The rotation would be elimi- 
nated completely if the new electric field were parallel 
at all points to the new magnetic field. This condition 
would hold quite closely if we had found the minimum 
of the effective potential by taking its derivative in a 
direction normal to its trough instead of in the r direc- 
tion. However, for a mirror field in which the B lines 
never make a large angle with the axis, we have elimi- 
nated most of the rotation. 

The problem of the mirror reflection is now reduced 
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to the simple one offfinding the effect of the longitudinal 
electric field, or of the potential energy K(z). We shall 
first determine K (z) in the small E approximation which 
led to Eq. (12). 

K(z) has been defined as the minimum (in r) of the 
left hand side of Eq. (13). This minimum is near the 
point ro where y= po [i.e., the bottom of the trough 
when V(r,z) is neglected ]. Let us expand the effective 
potential about this point, letting «=r—ro. Then 


(po—wv)?/2mr? = Ax’, 
V=Bx+C, 


where A, B, and C are constants. V is a roughly loga- 
rithmic function of r, and we have kept constant and 
linear terms in its expansion. The constant C is the 
value of the potential V at the point where y= fo, which 
is a B line, so that C is a constant independent of z also. 
A and B depend on z. 

Now the minimum of 42°+ Bx+C is at x= — B/2A 
and the value at the minimum is (apart from the con- 
stant C, which can be neglected). 


1 3 
(Av*+-Be--C) nin gees: =—A(tnin)*, 
4A 


i.e., the minimum value is the negative of the quadratic 
term evaluated at the position of the minimum. Thus 
K(z) is the negative of the term (pp—w)?/2mr’ evaluated 
at the minimum. But at the minimum, p»—y is given 
by Eq. (11). Thus 


K(z)=—3mvp’, (16) 
where tp=rwp is the drift velocity evaluated on the 
same flux surface (of y’) at each z. In the small E 
approximation 


vp=cE/B. (17) 


Now on a given flux surface, 
Bw1/r’, 
E~1/r, 
so that 


vp(z)~r(z), K(z)~—r(2)~—1/B(z). (18) 


Thus the potential energy A(z) is more negative in the 
center of the machine than in the mirror. The potential 
difference from center to mirror is such as to prevent 
particles from leaking. To determine the effect on the 
leakage, we use the fact that 


witwitK (z)= 


constant 


for the motion of a particle along a flux tube (w, and 
w,, are the perpendicular and parallel kinetic energies). 
Thus 


wi(c)+w,(c)+K (c)=wi(m)+w,,(m)+K(m), 


where c refers to the center and m to the mirror. But, 





1190 LONGMIRE, 


from the adiabatic theory 
wi(m)=wy,(c)R, 
where the mirror ratio R is defined by 
R= B(m)/B(c). 


In order to pass through the mirror, a particle must have 
w,:(m)>0. Thus, for leakage 


wi (c)>wy(c)(R—-1)+K(m)—K(c) 


> wi(c)(R—1)+43mrp?(c)(1—1/R). (20) 


The last term gives the effect of the K(z), and this term 
makes it more difficult for a particle to leak. If the par- 
ticle motion is generated impulsively from rest, as it 
might be in practice, mvp? is about equal to w,+w,). 

In going from Eq. (17) to the final result (19) we 
have neglected the difference between the actual field 
B and the effective field connected with ¥’. This dif- 
ference is a higher order effect. 


IV. ENERGY BALANCE OF THE 
SECULAR MOTION 


In this section we shall show how the result of Eq. (20) 
can be derived by considering the particle energy and 
the constraint imposed by the adiabatic invariant 


A=Lp+= constant ati 


of Sec. II, without making the transformation of 
Sec. III. To this end it is convenient to split up the total 
energy W of the particle as follows: 


W=witwitwotV. (22) 


Here w, is the kinetic energy associated with the com- 
ponent of velocity parallel to B, and V is the electro- 
static potential energy. wp is the kinetic energy associ- 
ated with the drift motion about the axis 

Lp?/2mr?= (A—y)?/2mr’, 


Wp 











Fic. 2. Computed relationship between the radial position 2, 
(in units of the reference radius 7;) at the mirror and the corre- 
sponding position x, at the central plane of the guiding center of a 
deuteron in an electrified magnetic mirror configuration. The solid 
curves are identified by the applied electrostatic potential at an 
outer radius of 12.6 cm. The dashed curve refers to the case of no 
electrostatic field, 
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where we have used the constraint imposed by the 
adiabatic invariant. Finally, w, is the kinetic energy 
associated with the cyclotron motion about the drifting 
guiding center. w, always obeys the adiabatic relation 


(24) 


W\~ B 


regardless of whether the electric field is present or not. 
If the electric field is not present, the terms wp and V 
disappear from Eq. (22); then the constancy of W to- 
gether with Eq. (24) lead to the usual formula for the 
reflection of the particle by the mirror, namely Eq. (20) 
without the last term on the right. This term, as we 
shall see, comes from the terms wp+V when the elec- 
tric field is present. 
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Fic. 3. Computed values of the change in macroscopic energy 
of a deuteron as it moves from the central plane into the mirror 
of an electrified magnetic mirror arrangement (solid curves). For 
comparison (1—1/R) times the drift kinetic energy at the central 
plane is also plotted against the radial position x, at the central 
plane (dashed curves). The curves are labelled by the value of 
electrostatic potential applied at an outer radius of 12.6 cm. 


According to Eq. (23), the differential of w, when the 
particle moves along a A surface is 


Aw p= —2wpAr/r—wpAy, 


where wp is the drift angular velocity given by Eq. (3). 
In the approximation of small F used in Sec. ITI, 


wp=—wr=V', (26) 


where the prime denotes differentiation with respect to 
y. The second term of the right-hand side of Eq. (25) 
is then just the negative of the change AV in the elec- 
trostatic potential energy of the particle. Hence 


Awp+AV =—2wpAr/r=—(mvp?/r)Ar. (27) 
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This energy change comes from the work done against 
the centrifugal force associated with the EXB rotation, 
For a mirror ratio R not greatly different from unity 
in the small £ approximation 


—2Ar/r~ AB/B~= (1—1/R). (28) 


When this approximation is used in Eq. (27), one sees 
that the change in (wp+V) contributes exactly the 
last term in Eq. (20). 
We can rewrite AV using Eq. (26) as follows: 
AV=V’'A~=wr(dW/dr) Ar. (29) 
Using Eq. (26) in the expression (11) for Lp and dif- 
ferentiating Eq. (21), we find that 


—2Lp ft, (30) 


(dy, ar) \= _ (OLp Or) = 


where additional terms involving wz/w, as a factor have 
been neglected. Therefore in the small - approximation 


AV=—4wpAr/r, (31) 


and Eq. (25) becomes 


Aw p= 2w pAr/r. (32) 
Thus the drift kinetic energy decreases as the particle 
moves into the mirror (Ar/r negative). The increased 
mirror containment comes from the fact that the in- 
crease in electrostatic potential energy as the particle 
crosses flux surfaces is approximately twice this de- 
crease. In experiments on electrified mirrors one would 
expect to see a smaller plasma drift velocity in the 
mirror than at the corresponding radius on the central 
plane. 

Numerical calculations were carried out to find the 
changes Awp and AV as well as the departure of the 
guiding center of a deuteron from flux surfaces in an 
electric and magnetic field configuration approximating 
that of the Los Alamos experiments.® Using the exact 
expression (3) for the drift angular velocity, the energies 
wp and V were computed at the central plane and the 
mirror on a A surface for an assumed electrostatic po- 
tential distribution. 


=s In[y/y.(r;) |, (33) 


where y,(7;) is the flux function on the central plane at 
some reference radius r;, chosen as 2.86 cm and s is a 
constant. For simplicity the magnetic field was taken 
to be uniform in both the central plane and the mirror 
with respective values of 5.00 and 13.25 kilogauss 
(R=2.65). Potentials of +20, —20, +40, and —40 
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Fic. 4. Computed values of the ratio of the change of potential 
energy to the change of drift kinetic energy of a deuteron as it 
moves from the central plane to the mirror of an electrified mirror 
machine versus the radial position x, at the central plane. The 
curves are labelled by the values of electrostatic potential applied 
at an outer radius of 12.6 cm. 


kilovolts were assumed to be applied at r=12.6 cm in 
the central plane. 

In Fig. 2 is plotted the radial mirror position 
Xm=Yn/r; of a deutron against its corresponding central- 
plane position x.=r,/r;. The straight line through the 
origin corresponds to a flux surface on which x, = x,/R?. 

In Fig. 3 the solid curves represent the variation of 
the mirror enhancement energy (AV+Awp) with 4. 
The dashed curves show for comparison the drift energy 
at the central plane multiplied by 1—1/R. For large 
values of x, the two sets of curves coincide, in agreement 
with Eqs. (20) and (27). However, for small values of 
x, the centrifugal effects cause a separation of the two 
sets of curves. 

The ratio AV/Awp is plotted against x, in Fig. 4. 
For large values of x, the ratio approaches the value 
—2, in agreement with Eqs. (31) and (32). 


ACKNOWLEDGMENTS 
We acknowledge with pleasure some stimulating 


discussions of this subject with Keith Boyer and James 
L. Tuck. 





PHYSICAL REVIEW VOLUME 


air 


NUMBER 5 1959 


Stationary Nonequilibrium Gibbsian Ensembles* 


J. L. Lesowrrz 
Department of Physics, Stevens Institute of Technology, Hoboken, New Jersey 
(Received January 6, 1959) 


The general theory of a Gibbs ensemble representing a system in contact with its surroundings is applied 
to several concrete situations of interest. By an appropriate choice of heat reservoirs a simply modified 
Liouville equation is found to describe a heat conducting system. The stationary nonequlibrium I'-space 
ensembles which describe such a system are found explicitly for some cases. In the simplest cases these 
ensembles turn out to be canonical with a temperature that is a weighted average of the reservoir tem- 
peratures. For other systems, such as Brownian particles inside a fluid whose temperature is not uniform, 
we find the stationary ensemble to terms linear in the temperature gradient. From this we are led to 
discuss ensembles that will approximately represent an arbitrary heat conducting fluid. A more general 
proof than previously given for the asymptotic approach of the I'-space distribution to its stationary value 


is also presented. 


I. INTRODUCTION 


HE theoretical investigation of the nonequilibrium 

properties of macroscopic systems has proceeded, 
with varying degrees of success, along the lines used for 
the treatment of systems in equilibrium: thermo- 
dynamics, kinetic theory, and statistical mechanics." 
However, only in the case of equilibrium are the rela- 
tionships between these methods, and hence their con- 
sistency, completely established. In the domain of 
nonequilibrium processes only the kinetic theory method 
of Boltzmann has been exploited extensively. The appli- 
cation of statistical mechanics and irreversible thermo- 
dynamics has been confined mostly to systems not far 
from equilibrium. In this paper we continue our effort 
to develop a general Gibbsian statistical mechanics of 
nonequilibrium processes. We try to find I-space 
ensembles that will represent systems not in equilibrium 
in the same way that the microcanonical, canonical, 
and grand canonical ensembles represent systems in 
equilibrium. There is of course no @ priori assurance 
that such a parallel can be made. After all, the class of 
nonequilibrium states is richer and much more varied 
than that encountered in equilibrium. Our main interest 
however lies mainly in those systems which though not 
in equilibrium are yet in a steady state, i.e., systems 
through which stationary currents are flowing or 
which, subject to externally imposed periodic forces, 
respond periodically. Since experimentally the behavior 
of a large class of such systems is describeable by a few 
characteristic parameters such as conductivity, vis- 
cosity, etc., we hope there may exist general Gibbsian 
ensembles representing these systems. 

In practice it is not usually necessary to know the 
detailed T'-space distribution of a system in order to 
find its macroscopic properties. ‘These are mostly ex- 
pressible in terms of the reduced single particle and two 


particle distribution functions. However, even aside 


* This work was supported by the Air Force Office of Scientific 
Research. 

! For review and bibliography see E. W. Montroll and M. S. 
Green, Ann. Rev. Phys. Chem. 5, 449 (1954); also D. ter Haar, 
Revs. Modern Phys. 27, 289 (1955). 


from the theoretical importance of the Gibbs ensemble 
it might happen that, as in equilibrium, it will be more 
convenient to first find the N-particle distribution and 
then by integration the lower order distributions. 

Our approach has been described previously?* and 
we shall give only a very brief review here. We consider 
an arbitrary system in contact with several heat reser- 
voirs. The reservoirs are idealized models which have 
the following properties: (1) They consist of an infinite 
number of identical noninteracting components. (2) 
Each component may interact with our system but 
once. (3) This interaction is impulsive. These idealiza- 
tions permit us to describe the time evolution of the 
Gibbs-ensemble representing our system if we know the 
stochastic kernel K (x,x’). K(x,x’)dxdt is the conditional 
probability of a system located at the point x’ in its 
I'-space at time ¢ to have a collision with a reservoir 
component, causing it to make a transition to the 
volume element (x, «+dx), in the time interval (¢,/+d1). 

The equation governing the time evolution of the 
ensemble density u(x,t) is a generalization of the 
Liouville equation for isolated systems, taking account 
of changes in yw due to collision with reservoir com- 
ponents. It has the form 


Ou (x,t) 


+ (ult)= [CK (a2 ae) Ka) ye’ 


al 


K(x,x")=D Ka(x,x’), (1.1) 


where K, represents the effect of the ath reservoir 
which in the cases we have considered is some kind of 
temperature bath at temperature T.. 

The remainder of this paper deals with a system 
placed between two specified reservoirs for which the 
kernels Ka can be explicitly written. Section II 
describes these reservoirs and finds the stationary 
ensemble when their temperatures are equal. In Sec. 

2P. G. Bergmann and J. L. Lebowitz, Phys. Rev. 99, 578 
bf J. L. Lebowitz and H. L. Frisch, Phys. Rev. 107, 917 
' 2J, L. Lebowitz and P. G. Bergmann, Ann. Phys. 1, 1 (1957). 
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III we simplify the right side of the generalized Liouville 
equation changing it from an integral to a differential 
operator. In Sec. IV we solve this equation to yield 
stationary nonequilibrium ensemble for some very 
simple systems. The stationary ensemble for a general 
heat conducting system is treated in an approximate 
fashion in Sec. V. Appendix I extends the proof of the 
ensembles approach to a stationary state under the 
influence of the reservoirs, previously given, and Ap- 
pendix IT is an extension of the theory developed in 


Sec. IV. 


II. DESCRIPTION OF THE RESERVOIRS 


We consider an arbitrary physical system contained 
in a cylinder whose ends are closed by two movable 
pistons. The state of the inner system is specified by 
the variable y= (11,---,ry,pi,-°*,pyv) that of the two 
pistons by (Q:,P1) and (Q2,P2) and the whole system 
by x= (y,Q1,P1,02,P2), Qi<Q2. To the left of Q1 there 
is an ideal gas (heat reservoir) of particles having mass 
my, density ¢1, and temperature 7, while to the right 
of Q2 there is a similar reservoir of particles having 
masses me, density c2, and temperature JT». It is clear 
that the only system variables which will change discon- 
tinuously during a collision with a component of 
reservoir one or reservoir two are P; and Ps, respec- 
tively. We shall thus have K,(x,x’)=K,i(P1,P1’) 
X6(Qi—Q1’)6(y—y’)6 (Q2—Q2')6(P2— P2’) and a similar 
expression for K2(x,x’). Hence our basic equation, Eq. 
(1.1), will assume the form 


Ou (x,t) 
———f 
at 


(u,H) 
fur P1,Py')u(y,Q1,P1',Q2,P2,t) Jd Py’ 
— f Kee Pu (apaPy 


+ f(a? Ps!)u(y,Q1,P1,Q02,P2’,t) ]d Po’ 


— f Ks(PL,P)ulapaPs, (2.1) 
where 
H(x)=Hs(y)+U(n,: ++ tv,Q1,Q2) 


+ Pi?/(2M;)+P22/(2M2). (2.2) 

We now assume that prior to collision the particles of 
each reservoir have a Maxwellian distribution of 
velocities with their respective temperature 7; and 7», 
and that the density of the particles is uniform every- 
where outside the pistons. These assumptions are cer- 
tainly not satisfied exactly by any real gas and neither 
is it possible to find a rigid piston, whose state is com- 
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pletely specified by its position and velocity, in nature. 
As was stated however in the introduction it is known 
experimentally, and we hope that it is possible also to 
prove mathematically for our model, that all the 
important features of the stationary state of a system 
conducting heat are independent of the details of the 
interaction with its surroundings. 

Using the laws of conservation of energy and mo- 
mentum during a collision,’ we get 


ACaMa(M,+m,)° 
K (P.,P.')=————— 
(2armakT«)*(2maM q)” 


X el (—1)*(Pa’— Pa) || Pa— Pa’ | 
[(Pa— Pa’) + (ta Ma)(PatPa') P| 


Kean = a 
;' | 8m.kT 


(2.3) 


where a=1,2,A is the area of the piston and e is 
Heaviside unit function 


2>0, 
s<U. 


e(z)=1, 
=(), 


The presence of the unit function is due to the fact 
that during a collision P; can only increase and P» 
decrease. 

This model can be made much more realistic if we 
imagine each piston to consist of Ng parts which are 
held tightly together by strong forces but are not rigidly 
fixed. The state of the ath piston would then be specified 
by (Qa,Pa)=(Qa’,*++,;Qa%*,Pa',:++,Pa%2,22) where 2 
stands for all those variables not affected during col- 
lisions. The momentum of each part of the piston would 
now change independently during a collision with a 
reservoir component. The stochastic kernel Kq(Pa,P.’) 
will now be a sum of N kernels Ka“ (Pa',Pa’). When 
the area a and mass my of each part of the pistons is 
held constant then the total area and mass, A and M, 
are proportional to Vq. Such a piston will approximate 
a physical wall when the structure of the wall molecules 
is unimportant in collisions with reservoir components. 
We shall however not consider this more complicated 
model in detail but shall sometimes indicate how our 
formulas are to be modified to apply to this model. 

When the temperatures of the two reservoirs are 
equal, 7;= T7,=T, we expect the stationary state of the 
system to be one of true equilibrium. We can indeed 
find the stationary solution of Eq. (2.2) for this case. 
It has the form 


= (Z - Ne BLH+ poAQe PiAQ2) 


Ms= (2.4) 


where pa=CakT is the pressure of the ath reservoir and 


ZT pups)= f ¢ B[H+p2A Q2— PmiAQiI dy, (2.5) 
r 


4 See appendix of reference 3. 
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In order that Z be finite, i.e., 4, normalizable, the system 
must be confined to a limited region of physical space. 
This is accomplished if there is some term in H which 
prevents Qi, when p:<2, from assuming infinitely 
large negative values. If piston two has no external 
forces acting on it then the pressure inside the system, 
p, equals p». and yp, has the form 


p= (Ze PIA + V+ (p91) AQ) (2.6) 
where V=A(Q,—()) is the volume of the system. 

When p2.= p:1, or when Q,, is held fixed, wu, has the 
form usually assumed for an ensemble representing a 
system at fixed pressure.® It is gratifying that we get 
this ensemble, approached asymptotically in time for 
arbitrary initial conditions. The fact that only the 
temperature and pressure of the reservoirs enter into 
the description of the stationary state of the system 
lends strength to our belief that the details of the 
interaction between system and reservoir are not im- 
portant for the final state.® 

It is interesting to note that the quantity 


pu 
W= fi nf “) 1x 
Ms 


which we show in the appendix to decrease mono- 
tonically until the stationary state is reached is simply 
related to the Gibbs free energy G(7,p). We have 


W= f ulinu-+8(H+ pV) +InZ Mr [G—Geq |(RT)™ 
2.7) 


This is completely analogous to the monotonic decrease 
of the Helmholtz free energy for a system whose sta- 
tionary state is represented by a canonical ensemble.?” 


III. SIMPLIFICATION OF KERNELS 


The solution of the time independent part of Eq. 
(2.2) becomes much more difficult to find when the 
temperature of the two reservoirs is not the same. Even 
the form of the solution will now necessarily depend 
somewhat on H. To take a very extreme example; let 
the system consist of two separate parts, each inter- 
acting with but one reservoir, i.e., 


H= Hy(y1,01,P1)+ A2(y2,02,P2), 


y= (91,2). 


The stationary ensemble would now be a product of 
two equilibrium ensembles, 


Ms =(Z, l)eAilMi Pi1AQ1) (7-1) ¢B2lH 2+ p2A Q2) 


5E. A. Guggenheim, J. Chem. Phys. 7, 103 (1939); see also 
T. L. Hill, Statistical Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1956), p. 60. 

6 If the pistons are tied down to some equilibrium positions by 
very strong forces, then our system would in effect have a constant 
volume and the stationary solution would be the canonical 
ensemble appropriate for such systems. 
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and no heat would be conducted across the system. 
This is of course not the kind of system we are interested 
in. To tackle the true nonequilibrium situation we 
simplify the structure of the right side of Eq. (2.2). 
First we make the hypothesis that the mass of the 
pistons is much greater than the mass of the reservoir 
particles, Ya= (ma/M.)&K1. We now use the known 
result that the integral operator on the right of Eq. 
(2.2) is equivalent to a differential operator of infinite 
order.’ That is, for an arbitrary K, 


f [K(P,P")y(P’)—K(P’,P)u(P) dP’ 


© 1 dd" 
=> — —([e™ (P)u(P)], 


n=1n! dP” 


(3.1) 
where 


@”)(P)= f K(P',P)(P—P’)"dP". 


The change from the integral to the differential operator 
can be made separately for each K,. We have 


a™(P)=)) Qa (P) 


a 


=) f Ka(Pa',Pa)(Pa— Pa')"dP4', 


and for the kernels considered here 


Qa (Pa) = [cab Ya"? !2/4(2ekT aM o3)] 


xf "|| L(—1)*z] exp(- sr +) 
8M RT. 


(Ya)*zPa 
<} 1+——+ 0(y.) |dz. (3. 
2M oS 


When only terms of O((yq)*) are kept in the differential 
operator’ above, then Eq. (2.2) assumes the form 


Op (x,t) Ou Ou 
+ (u,H) = — p.A—+p.A— 
al 0 P, OP» 


+z 


a=1,2 


} (Da) (3.3) 


ta) he 
| i (AgP aft) + 
OP, OP. 


where 


Na=CaA (8Y¥akTa/tMa)*, Da=aMakT a. 

The right side of this equation has a structure 
similar to the usual Fokker-Planck equation where pA 
and (— 2A) is the average force exerted by the reser- 

7 J. Keilson and J. E. Storer, Technical Report No. 33, Cruft 
Laboratory, Harvard University (unpublished), or see M. C. 
Wang and G. E. Uhlenbeck, Revs. Modern Phys. 17, 323 (1945). 

’ These are the lowest order terms which contain the essential 
features of the reservoirs. 
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voirs on pistons 1 and 2 and dq is the friction coefficient.® 
Note that if the ath reservoir were on both sides of the 
ath piston then the average force term would vanish 
and the friction constant would be 2d. The average 
forces can be included in the Liouville term by defining 
a new Hamiltonian H’, H’=H+ p2AQo—pidQ:. The 
fundamental equation whose stationary solution we 


want is then 
=] 
2M, 


0 BaP? | 
esn( “),] r+, (3.4) 
aP, 2M,/ 4] 


where use has been made, in the last expression, of the 
relation between A and D. After this simplification of 
the kernels the total entropy production o can be 
written down easily. The entropy produced in the first 
reservoir is o1= — (J1'/T1) where J;’=Ji— p,Ad(Q;)/dt 
is the heat current flowing into the system from that 
reservoir; J; being the energy flux. Similarly for the 
second reservoir 


d(Q») 
o9= —(J2!/T2) =T: | -s—pes ; =~ 
dt 


d(H) d(H’) 
—=SitSy; ——=JSi+Jy. 
dt dt 


The rate of entropy change in the system is 


ds, d Ou 
—= — k— fo Inudx = — ef - Inudx. 
dt dt ot 


We find from Eq. (3.4) that 
Ja! =a RT a—(P2)/ Ma |, 


dS; 
g=0,+o2+—=k> Def | exp (—BaPa?/4M a) (u)4 
dt a 


9 


0 2 
x|— [exp(BaP2? 2at,1]} dx>0. (3.6) 
aP 


In the stationary state 
dS, d(H’) 


=() =() J+J; Jes = J 4 
dt dt 


Ja, (3.7) 


’ 


so that 


ies (Ji/T1)— (Jo/T2) =J,(T\— T2)/(T1T2) =0, 
(3.8) 
and, if 11> T>, 


J =J=)i(kT1—(P2)/ M1) =\2((P2)/M2— kT») > 0. 
(3.9) 


9S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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is the heat current in the stationary state. We expect 
the following relation to hold in general 7) >7\™ 
>T,>T:2 where MakT,“” =(P.?) is the wall tem- 
perature. The physical meaning of the expression for 
J’ is obvious. J’ is proportional to the deviation of the 
mean kinetic energy of the ath piston from the equi- 
librium value it would have if it were only in contact 
with the ath reservoir. It is a further consequence of 
Eq. (3.9) that, in the stationary state, 


DAT a =¥ NaTa=(¥ da) T, (3.10) 


where 7’ is the weighted average temperature of the 
two reservoirs. 

It also follows from the definition of \ that J and o 
are proportional to the area of the piston so that a heat 
flux per unit area, 7, can be defined. The quantity 
(Aq/A) plays the role of a heat conductivity across the 
interface between piston and reservoir. In the more 
realistic case described after Eq. (2.3), of a piston con- 
sisting of V, parts, the mass of the piston M, is replaced 
by m,“ the mass of one segment of the piston, in the 
expression for the heat flux. 


IV. SIMPLE STATIONARY ENSEMBLES 

We consider here some very simple systems for which 
exact stationary nonequilibrium ensembles can be found. 
First we consider the case of one piston between two 
reservoirs. The position and momentum of this piston 
are designated by (Q,P), and its Hamiltonian is 
h(Q,P) = P?/2M+V(Q). Equation (3.4) will now have 
the form 


au(Q,P,t) 
= | (u,h’) 
ot a 


0 
> | D, exp — (BaP?/2M) | 


ap| 


(4.1) 


0 
X—[exp(8.P?/2M) |, 
oP 


where h’=h+ (po— pi) AQ. Equation (4.1) has the time 
independent solution 


u.=(Z-) expl—Bh'(0,P)], (4.2) 
where 


B= (DX DaBa/> Da) = (kT). 
T =[es(mT 3)! +-¢2(moT3)*)/ 


(c1(miT1)'+-c2(meT2)*}. (4.3) 


The stationary heat flux J and the entropy production 
ao are, (for 72> T») 
J=\ik(Ti— T) =d2k(T—T2)(T1—T2) 
=[Arro/ (Ar +Ae) JA(T1—T2), 
o=J(T,\—T2)/T1T2 
[ (Ade), ‘(ry +r) T1T2 l( T1—T3)*. 


(4.4) 
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From the expression for \ given in Eq. (3.3) we get for 
the heat current per unit area 


j=J/A=(8k/xM?)\(T,—T:) 


X [e1¢2(memeT 1T2)* VC (e127 1)'+ (c22m2T2)*). (4.5) 


The magnitude of J will be determined primarily by 
the reservoir with the lower value of \. It is that reser- 
voir which imposes the limit on the transport of heat. 
The stationary nonequilibrium ensemble found here 
for a simple pistion can be extended immediately to a 
piston consisting of V parts. The Hamiltonian of such 

a piston is 
yn Pp? 


< 


R= + U(Qi,- ++ ,Qw,2), (4.6) 


i=1 2m,” 


where z stands for all those pairs of canonically con- 
jugate variables which do not change during a collision. 
The equation governing the time evolution of this 
system’s ensemble is similar to Eq. (4.1), 


Op N “ OT Bol 
+(x) => > D,' exp} — ) 
at i=l a=1,2 OP, 2m; 


0 BP? 
x on )«) X47) 
OP; 2m; 
where in order to get the right side of this equation we 


had to assume ma<Km,“”. Equation (4.7) again has the 
stationary solution 


ue=(Z) expl- Bx’) |, (4.8) 
with B given by Eq. (4.3). This average temperature is 
the same for all parts of the piston being independent 
of the mass m;“? and the area a; of each part. The heat 
flux 7 across this piston will be proportional to 


" 
[> a(m;™)-?/>d a, | 
i=l 


but will not depend otherwise on the structure of the 
piston. 

The stationary ensembles found here for these simple 
systems may have some relevance to the kind of en- 
sembles we may expect for a fluid between two tem- 
perature reservoirs. They suggest that, as a starting 
point, we might isolate (mentally) a narrow cylinder of 
fluid perpendicular to the temperature gradient and 
consider the fluid to the right and left of this cylinder 
as two temperature baths. These baths will tend to 
bring this cylinder of fluid into a canonical distribution 
with a temperature intermediate between those of the 
sides. Thus a kind of local equilibrium can exist in the 
fluid. This similarity will be clarified by treating a 
system whose surroundings have a continuously varying 
temperature. 

Our system consists of a dilute concentration of large 
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spheres, i.e., Brownian particles, embedded in a gas, 
treated as a reservoir, whose temperature varies with 
position. Since the concentration of the Brownian par- 
ticles is assumed dilute we shall neglect the interaction 
among them and only consider the ensemble density in 
the I-space of a single such particle u(R,P,d); 
R=(X,Y,Z). This distribution will change under the 
influence of the system Hamiltonian H(R,P) and due 
to collisions with the gas particles. Such a collision will 
occur whenever the distance between the centers of the 
Brownian particle and some reservoir particle is equal 
to o, the sum of their radii. The velocity distribution of 
the gas particles just prior to a collision is again assumed 
to be Maxwellian with a temperature 7, and concen- 
tration c, that depends on their position during a col- 
lision, i.e., on the surface of a sphere of radius o centered 
at R. In accordance with the approach of this article 
we shall not consider how such a reservoir could be 
maintained. 

In order to treat this syetm by the methods de- 
veloped before, we divide up the surface of the collision 
sphere of radius o into small elements of area 
dAg=o"dwWa, where dw, is an element of solid angle. 
All the gas particles which during collision, with a 
Brownian particle located at R, have their centers in 
dw will form one reservoir with temperature 7,(R) 
=T(R-+on,), where n, is a unit vector in dw,. Evi- 
dently collisions with the ath reservoir will affect only 
the component of the systems momentum in the 
direction of mg, i.e., P-mg. We may now immediately 
write down the generalized Liouville equation for 


u(R,P. 2). 


Ou 
+(uH=5 cK: P,P’)u(R,P’,) 


at 


-Ke(R:P’,P)u(R,P,t) ]dP’, (4.9) 


where 
H=P?/2M+U(R), 
Ke(R: P,P’)=K,(R: P-n,, P’-n,)6(PXn,— P’Xn,), 


and the summation is over all solid angle elements. The 
stochastic kernel Kg is essentially the same as the one 
in Eq. (2.3) 


o*dwam(m+M)*ca(R) 
K. —_—_—_—_——_—_———<{ (P— P’)-n, ]| (P—P’)-n,| 
(2rmkT,.(R))*(2mM)? 


[ (P— P’)-n.+(m/M)(P+P’)-n,}? 
a = —_— ae — ee 


—_—__— 4.10 
8mkT..(R) ieee 
where m is the mass and cg(R)=C(R+ona) is the con- 
centration of the gas particles. 

When we convert the integral stochastic operator 
into a differential one and keep only the lowest order 
terms in (m/M), we get the following equation for 
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u(R,P,L), 


Op i 
—+ (u,H’) = Soa odwafraV p(T: maMop) 
al 


+Da¥ p,V e(MeMau)}, (4.11) 


where 


H'=H+ Sa pa(R)o%dwa(R-,), 


Pa sad CRT we D. _ MRT aXa, 


and Xgq is the friction constant for a plane piston per 
unit area given in Eq. (3.5), 


Na= (Ca/M)(8mkT,/1)?. 


If it should happen that the temperature and con- 
centration of the gas are the same everywhere then the 
summation over a, or integration over dw, can be 
performed explicitly, yielding the well known Fokker- 
Planck equation for a Brownian particle,’ 

Op 

+ (u,H)=¢MkTY p 


al 
PP Bini Oe oh 
-yexpt —— )ve expt — pei, (4:12) 
| 2M 2m/ J) 


with ¢=(4/3)mo\ the friction constant for a large 
sphere in an ideal gas also found by Green." For com- 
parison, the friction constant of a Brownian particle in 
a liquid is related to the viscosity of the liquid » by the 
well known Stokes relation (= 6r0n/M, but Eq. (4.12) 
is otherwise unchanged. The stationary solution of this 
equation, for constant T and ¢, is evidently the canonical 
ensemble at temperature 7. 

In general the temperature and concentration of the 
reservoir gas will vary but little over the distance o. 
We may therefore expand these quantities about their 
value at the point R, 

dT d In? : 
T.(R)=T(R)+on,-— +0(c — ) ; 
dR | dR | 


> 


dc |d Inc 4 
dR dR | 


(4.13) 


and keep only the terms linear in the gradients. When 
this is done in Eq. (4.11) we find the following equation 
for u(R,P,t) to term linear in o/dIn7/dR}, 


Ou 
+ (u,5C) =C(X)MRT(X) Vp 
i 


(—B(X)P?) (8(X) P?) 
{exp ve(ep - “)} 
2M 2M 


fF? 4 dp 
—+ U (X)+-1ae'?' X—, 
M 3 c 


3 dx 


0 


(4.14) 


2! 


0. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 
11 M.S. Green, J. Chem. Phys. 19, 1036 (1951). 
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where we have assumed for simplicity that the external 
forces are along the X-axis, the direction of the tem- 
perature and concentration gradients. 

We shall now find the stationary solution of Eq. 
(4.14) for the situation in which the change of the 
reservoir temperature is very small in one ‘mean path” 
of the Brownian particle. In effect we will expand the 
stationary nonequilibrium ensemble density, which is a 
solution of Eq. (4.14), in powers of |rv-dIn7/dR| 
where 7(R)=[¢(R) } is the relaxation time and 0 is 
some characteristic velocity of the Brownian particle. 

We first write the stationary ensemble density u(R,P) 
in the form 


u(R,P)=n(R)F(R,P); [rape =1, (4.15) 


where 7(R) is the density and F(R,P) the momentum 
distribution of the Brownian particles. Letting ® stand 
for differential operator on the right side of Eq. (4.14) 
we may rewrite the stationary part of Eq. (4.14) in the 
form 

(4.16) 


7(R)(nF,35C)=nR(F— Fo), 


where Fy=(2rMkT(R) |? expl—B(R)P?/2m ]. Here Fo 
is the locally canonical distribution which is the zero 
order solution of Eq. (4.16). Writing in general 


F=) (7)'F;, p=nF=) > (r)ip;, (4.17) 


we find 


F,=@"(Fo(Inyo, 3) |, wo= nolo. (4.18) 


The functions »; as well as the integration constants 
appearing in Eq. (4.18) can be determined by con- 
sistency requirements, In particular we must have 


fear =() Va: f PraP 0, i>0. (4.19) 


This leads to the following expressions for the stationary 
ensemble density to first order in the gradients 


dg | 


dX} 
(4.20) 


3)ao} CP 2M 


pot ( SkT(X)|Px/M 


dV 
no= BB(X) | - fo dX 
dX 


where B is a normalization constant. This m represents 
a balancing of the external forces by the pressure 
gradient of the Brownian particles, uw clearly reduces 
to the canonical distribution when the temperature 
gradient vanishes. 

The form of the stationary ensemble (4.20) is re- 
markably independent of the detailed properties of the 
reservoir and its interaction with the system. Thus we 
would obtain the same stationary ensemble, (to first 
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order), if we had started [instead of Eq. (4.14) ] with a 
relaxation type equation 


Ou HoH _ 
—+ (u,30)=——, 1'= (1/3) = (3). 
al 7’ 


(4.21) 


We shall use this fact to guide us in the construction of 
approximate stationary ensembles for a general heat 
conducting fluid which we shall do in the next section. 


V. APPROXIMATE STATIONARY ENSEMBLE 


In this section we will discuss some ensembles which 
we believe to be similar to the true stationary ensembles 
representing a system conducting heat. Restricting 
ourselves to a one component monatomic system, the 
Hamiltonian H(x) [or H’(x)] has the form 


N p? 
H(x)=>. +3 > V (uj) +(x; —O1) +€(Qo— 41) 


1t2m ixi 


+h!(Q1,P1)+h7(Q2,P2), (5.1) 
where £ is the interaction potential between particles of 
the system and the pistons. Both € and V are assumed 
to have a range which is very small compared to any 
distances over which there is a variation in the bulk 
properties of the system. We always have Qi < x; <Q2; 
(x, is the coordinate along the cylinder axis). 

We have seen in Sec. III that when only piston 1 or 
piston 2 is in contact with its reservoir, then the system 
ensemble will appraoch and remain in a canonical dis- 
tribution with temperature 7; or 72. The way in which 
this canonical distribution is approached will of course 
vary with the type of potentials & and V, the density 
and size of the system, as well as the form of the 
ensemble at /=0. However, except for a rarefied gas 
(Knudsen gas) where the mean free path is of the same 
length as the system, we may expect the evolution of 
the system to proceed as follows. First, collisions 
between the molecules will tend to set up a kind of local 
canonical distribution in each region of the system. 
These local distributions gradually become more exactly 
canonical at the temperature of the reservoir, as the 
effects of the reservoir are propagated via collisions 
between the molecules. 

When the two pistons are in contact with different 
reservoirs, there is a competition between the efforts of 
each reservoir to bring the system to its own temperature 
This will lead to some new kind of stationary ensemble. 
The results of the last section suggest that if we look 
at some narrow region of our system, its distribution 
should be almost canonical with a temperature inter- 
mediate between those of its neighbors. The tempera- 
ture gradually changing from nearly 7) to nearly 7, 
as we cross our system from left to right. 
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This idea can be made very precise when dealing with 
the lower order distribution functions. It forms the 
starting point of the Chapman-Enskog solution of the 
Boltzmann Equation,” of the Bogoliubov™ virial ex- 
pansion and the Born-Green™ “normal solutions’’ for 
the n-particle distribution functions f,, n<N. These 
authors were interested in the evolution of the general, 
even if not the most general, time dependent state of a 
system. They could therefore not say anything about 
the higher order, particularly the \-particle, or '-space 
distribution. These could be expected to depend sensi- 
tively on the initial conditions for very long times. 
Since our interest here lies in the stationary distribution 
which we have shown to be independent of the initial 
conditions we shall take for the zero order form of p(x) 
something that corresponds to local equilibrium y;(x). 
The corrections to uw; we have to get in a very rough 
way, but are probably qualitatively right. They are 
proportional to the temperature gradient. If the tem- 
perature of the two reservoirs is kept fixed while the 
length of the system and the number of particles in it 
are permitted to increase indefinitely, then we expect 
that 4; will approach the true stationary distribution. 

To represent explicitly our assumed local equilbrium 
solution, we write H as a sum of V+2 parts 


N+l1 


H=% hj(pi,r®,01,02), 

where | 

hy=p2/2m+3 ¥ V(rij)\+E(xi—O)+&(Qe—x,), 
a Lag N, (53) 


hy="(Qi,P1), ling =l?(Qe,P2), © =(11,-+ +, ty). 


h; represents the energy of the 7th molecule in the field 


of all the other molecules and the walls. Thus the mean 
internal energy per molecule at the position r is simply 


tA G3 | fica rj— nar|/| fi (x)6(r,— nar 


(5.4) 


The local equilibrium ensemble yu; is of the following 
form: 


N 
wal) = (27) (2amkT (r;))-?] 
i=l 


N+1 
Xexp{— 2 [B(n)At+¢(ri) J}, (5.5) 


where Z; is a normalization factor and ¢ is related to 


2S. Chapman and T. G. Cowling, The Mathematical Theory of 
Vonuniform Gases (Cambridge University Press, London, 1939). 

'8 N. Bogoliubov, J. Phys. U.S.S.R. 10, 265 (1946). 

4H. S. Green, The Molecular Theory of Fluids (Interscience 
Publishing Company, Inc., New York, 1952). 
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the density in physical space n(r) 


1 3(r:)+6(1; 
u(r) =e veo f exp{—| z(: — =v (r;;) 
ERE ? 


“ ra 


+E lr ) fae --dty / 
fool z(t yr 


“ 


N 


+¥° o( r) | as --dry, (5.6) 


i=l 


where, for simplicity, the boundary terms have been 
omitted from the last expression. We will choose B(1;) 
and ¢(r,) later to satisfy certain consistency conditions. 

We write now n=y:+yu: and substitute this into Eq. 


(3.4), giving us 
Omi 2 Ba—B(Qa) 
—+ (u1,H) =} (Ayu) +>, - 


al 


a=l 
B(Qa)t Je 
be 
M, 


2M, Ors 


The stationary solution w(x) of Eq. (5.7) is 


mia)= f arf dx’ P(x,x’ dule)| (A (x’), Inui(x’)) 
0 r 


8(On’) —Ba B(Qa’) Pe 1 
+= bl | “ ||. (5.8) 
a=1,2 M. M 


where P(x,x’/t) is the solution of Eq. (3.4) for 1>0 
with the initial condition P(x,x’/0)=6(x—x’). “For- 
getting’ about the surface terms, we can rewrite the 
above equation as 


N se 
i(x)=>> dt J ds | Pl t) r(x") 
i=l 79 r 


dp do 
x| — (1) Lhi(x’) — akT ( ti) }4+-— / 


dr, dr, 


OV (rix’ i 
—B(re') J re? | (5.9) 
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What we have done so far has been completely 
formal and rigorous. We now make the drastic assump- 
tion that in the integral of (5.8) where very small weight 
is given to exceptional initial states x’, we may approxi- 
mate P(«,x’/t) by some “relaxation time” type P, (x,x’t). 
P,(x,x'/t) represents a system which forgets its initial 
state exponentially, 
P,(x,x'/t) =e- "5 (x— 2" 


\+yY(x,0), (5.10) 


y (x,t) can be arbitrary as far as we are concerned since 
it makes no contribution to (5.8). The time 7 must be 
related to the macroscopic “relaxation time” of the 
system (i.e., mean time between collisions for gases and 
the reciprocal of the Kirkwood? friction constant for 
liquids.) This relaxation time is a local property and 
depends on the temperature and density in each region 
of the system. We shall therefore assume ad hoc a 
7,;(8(r,), n(r;)) for each term in the sum in Eq. (5.9). 

These 7; have no direct relation to the properties of 
the reservoirs. The reservoirs establish and maintain 
the stationary ensemble but, we believe, do not influence 
its actual form except near the boundaries. Their role 
is somewhat, but not completely, analogous to that of 
walls all at the same temperature in equilibrium. 
However, the distinction between the boundaries and 
the rest of the system can have meaning only for those 
properties of the system which can be associated with 
a definite position (or small region) in physical space. 
These include the lower order distributions f/,, after 
suitable subtraction of their asymptotic values. It is for 
the calculation of such quantities that our approxi- 
mation might be valid. 

Putting in our relaxation assumption in Eq. (5.9) we 
find to terms linear in the temperature gradient, which 
are the only ones we shall consider, 


v dp dn(8(r;)) 
mi(x)>. 7; [it | m) 
i=. dr; dp 


OV (rx) Di 
+H E(n-n| . . || (5.11) 
k Or; m 


3 InB(r;)=n(B8) to first order in the 


1 ( x) = 


where n=$(r;)— 


temperature gradient. The term yu; will give rise to 
small correction terms for the macroscopic properties 
rv}<«|dInT/dr|, 
velocity. 


v being a 
gas this 
amounts to having a very small change in temperature 


of the system whenever 
representative molecular For a 
within one mean free path. 


In order to make Eq. (5.11) definite, we have to 
determine B(r) 


mation. We find n(r) by requiring that the pressure p 


and n(r) [or n(r) | within our approxi- 


be uniform inside our system. [We shall see later that 
this also makes the mean flow velocity u(r) calculated 


from Eq. (5.10) vanish. ] The temperature 7(r) must 
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be such as to make the heat flux j constant. This flux 
is equal to the energy flowing from the reservoir at 
the left into piston 1 and from this piston to the mole- 
cules adjoining it, flowing out again into the second 
reservoir through the second piston. These conditions 
are sufficient to determine the temperature (mean 
kinetic energy) of the pistons and the system inside. 

It is easy to see from symmetry considerations that 
neither the density n(r) nor the two body position dis- 
tribution m2(r,r2) can have any terms linear in the 
temperature gradient. Hence, they will not depend on 
1. We then have for the pressure tensor II" 


II (7) =n" | r,)kT( r,)1 


V'(r) 
-1f no(ri— 434, 1+34r)- 
r 


where the superscript zero designates quantities cal- 
culated from yu; only to terms of zero order in the tem- 
perature gradient. We shall usually omit the super- 
script on those quantities which have no terms linear 
in the gradient. It follows further from symmetry con- 
siderations that the pressure tensor will be equal to 
its equilibrium value at 7=7(r), n=n(r) 


rt |er=, (5.12) 


(5.13) 


TI (ry) = Teg. ( (11), T (11) )= peg. 1. 


The density is therefore determined by the equation 


dn(r;) (* /*) dT(m) (<*) dT 
dr, os OT! An7F oq. at; 7 dT ae 


(5.14) 


The relation between the different order configura- 
tional distributions ,(1,---+,1,), calculated from yp; 
can be expressed by integro-differential equations of 
the type derived by Bogoliubov for equilibrium. This 
leads to an explicit equation for 7 

On 
—U,(n,T)— p(n,T)/n. 
0g 


which together with Eq. (5.13) determines (8). These 
integro-differential equations also permit a virial ex- 
pansion of the , in powers of the average density 7. 

It is interesting to note that for a gas of hard spheres 
the configurational part of wy; is equal to what it would 
be if this gas were in equilibrium at a temperature 7 
in an external force field derivable from a potential 

P= To o(r;). (5.16) 


The single particle distribution fi(1,p:) is found in 


‘between n; and m2 mentioned before. 
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our approximation = f,°+ fi! 


°=n(1)[ 2emkT (11) |} expl—B(r1)p2/2m], (5.17) 


fi'= filri[n(11)mkT (11) se [p/m (11) 


dr, 
+ a (11,82) V (r12)dre 


—- fin (nm, m+n) 
6 


For a gas the potential energy terms are negligible and 
fi is equal to that gotten from the solution of Boltz- 
mann’s Equation by a relaxation method. 

The requirement that there be no net mass flow in 
the stationary state gives 


fos (r1,pi)dp, 


d 1 0 
=—n| (nkT)+ f —V (ry2)no(4},r2)dro 
dr; 2 or, 
dp 


—r1—=0. 
dr, 


“(r)dr IF. = 


m 


(5.18) 


where we have used the integro-differential relations 
Hence, the re- 
quirement that the pressure be constant insures that 
there is no mass flow. 
. The two particle distribution function fo(11,t,p1,P2) 
is symmetric in the indices 1 and 2. It is given to first 
order in the temperature gradient by /.°+ fe! 
f = AY r1,pi A Ty, Po) fo! r9,B,n ), (5.19) 
where go is the equilibrium radial distribution at a 
temperature and density which is a symmetrical average 
between their values at r) and fr, 


fo’ =1( 81,82, P1,P2) +1 (12,11, P2,P1), 


dg 
T= fP(nz yn |p: ‘2m +3V (ry2) 
dr; 


, abn) J 1 
aes =u aT ious r1,%o,Ps)dr; 
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1 * Pit Pe : 
+-(re—1)- V (rie) noms | (5.20) 
4 an m 


From this expression we can calculate the heat flux 
j and hence determine 7(r). We can also find from yp 
the higher order distributions f, but we shall not give 
any details of those calculations here. 
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APPENDIX I 


It was shown in reference 3 that the quantity W, 
defined as 


w= f w(x) Ing@(x,t)dx; (x,t) =u(x,t)/u.(x), 
: (A1.1) 


where y, is a stationary solution of Eq. (1.1), is greater 
than zero when u(x,t) ~u, and has the property that 


dw 
= ff KG)ule'y) 
dt 


O(2',t)] (2,4) 
x | nf += -—1 axa <0. (A1.2) 
o(x,t)’S o(x’,t) 

The integrand in (A1.2) will be zero only for those 
pairs of points x,x’ for which either K(x,x’) vanishes or 
¢(x)=(x’). This implies that W will continue to 
decrease towards its minimum value until ¢ is constant, 
or u(x,t) is proportional u(x), inside those regions A; 
of T'-space where K(x,x’) #0 for x,x’ both in the same 
A,;. This by itself is clearly insufficient to show an 
over-all asymptotic approach of u(x,t) towards pu,(x) 
when, as in the case considered in this paper, the sets 
A; are of a much lower dimensionality than the whole 
I'-space (i.e., of measure zero). It was therefore argued 
there that W should continue to decrease until ¢ is 
constant inside all regions B;, defined by the property 
that a system starting at a point in some B; can reach 
any other point in the same B; region under the combined 
action of its natural motion and collisions with reservoir 
components. In this appendix we formalize and make 
more rigorous the arguments given in reference 3. 

The proof given here will also apply directly when 
the stochastic operator on the right side of Eq. (1.1) 
reduces to a Fokker-Planck type differential operator. 
For the kernels considered in this paper Eq. (1.1) is 
then transformed into Eq. (3.4) and (A.2) assumes the 
form, after some integration by parts, 


dw 


07 
—> D. fu-oL0(00] 4 — Jaxso, (A1.3) 
. Ores 


dt 


This quantity will vanish whenever 0¢(x)/0P.=0. 

Since Eq. (1.1) is of first order in time and H and K 
are time independent the probability density u(x,t) 
behaves like a Markoff process. Hence the conditional 
probability P(x,x’/i)dx of finding the system in 
(x, x+dx) at time ¢ if at =0 it was known to be at 
x’ will satisfy the Chapman-Kolmogoroff equation 


PCa! [= ff Plax" |t—0) PC" tax" t>t’/>0. 
(A1.4) 
P(x,x' |) >0, f Pow nar 1 
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We further have from the linearity of the equation 


for » that 


aat)= f Pla! |t—P)ula’ pd, t—t/>0. (A1.5) 
and by definition, u,(*) must have the property 


wula)= f POH! Duala’ (A1.6) 


Let us define a new function: 


W()= fueedocepas (A1.7) 


The difference between W 14.1 =W (tn41) and W,=W (t,) 
for tn41>tn, can now be written in the following form. 


Win -W, 


= fuse 1)O(X,tn4 Nax— ful te) (ota)ds 
=2 ff PC tars ta ala) atn rs) ala) 
— ff C2 toasted 2) Celie 


-{f (Px,2’ass— tn) pal) ta) dda’ 


= — f free tng im tn) a(x’) 


X [6 (a,tny1) — O(a’, tn) Pdxdx’ 
<0; 


The integrand will vanish only if #(x,tn41) is constant 
and equal to ¢(x,/,,) in each set B,, for if x, x’ and x” are 
all in the same set B; then for some value of (tnyi—¢n) 
P(x, x'|tnpi—tn) and P(x", x’|tnyi—tn) are both 
greater than zero and we must have $(x,tny1) =(2' tn) = 
6(x”tny1) if Ways is to equal W,,. This shows that 
W(t) will continue to decrease until p(x,t)=a,(x), a; 
constant, in each B,. In general we expect there to be 
only one set, B,, consisting of the whole phase space. 
When that happens the constant of proportionality will 
be unity because of normalization. When there are 
several B; there will be a different stationary ensemble 
for each different initial distribution of systems over 
the B;. Inside each B; the different densities will be 
proportional to each other. 


APPENDIX II 


In this appendix we consider in more generality than 
done in Section IV, the problem of a simple system, 
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like a Brownian particle, interacting with several 
reservoirs when the effect of the reservoirs on the time 
evolution of the distribution function of the system is 
expressible as a Fokker-Planck type differential opera- 
tor. A possible example of such a system might be an 
atomic particle moving in a plasma of ions and electrons 
which have different temperatures for times sufficiently 
long for this particle to come to a stationary state. A 
different example, may be found in the case where the 
different degrees of freedom of the molecules of the 
medium through which our particle is moving are not 
in equilibrium with each other. 

Consider a particle moving in such a three dimen- 
sional isotropic medium. Calling the distribution 
function of our system, (particle), f(Q,P,t) and its 
Hamiltonian h, h(Q,P)= P?/2M+V(Q) we will have 
the following equation for / 
af P af av af 

-+—-— =P Ve-Laaft+Vr(Daf) ]. (A2.1) 
ot M a0 aQ “aP = 


ha(P?,P:;), 1=1, 2, 3 and D,=D,(FP?) 
have essentially the same interpretation as the quan- 
tities defined in Eq. (3.2) except that we now permit 
them to depend explicitly on Q and P. Further we do 
not require that the reservoirs themselves be in true 
equilibrium, it is sufficient that they have a stationary 
(or approximately stationary) distribution. 

In many cases the Liouville term in Eq. (A2.1) is 


where (Aq)z; 


zero because there are no external forces and f is spa- 


tially homogeneous. In any case, let fa=e~** be the 


solution of the equation 


(A2.2) 


fa= fa(P?,Q). 


This implies, by the condition of isotropy and _nor- 
that 


Ve-[Aaft+V¥e(Daf) ]=9, 


malizability, 


—Vp(Dafa). (A2.3) 


Aa) a 


(A2.1) can be written in the 


op | ; 


Hence the right side of Eq. 
form 


(A2.4) 
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3 @ 0 
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i=l OPz; OP x, 
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It is now our result, which is a generalization of Eq. 
(4.2), that the curly bracket in the above equation will 
vanish for 


>), 


Fi j= f [Ea Da ~ das /° 2 D. ar. (A2.5) 


The constant of integration can depend on Q. We 
therefore have that when ¢ can be chosen to be a 
function of h only, or if the Liouville term vanishes, and 
D, is independent of Q, then exp(—¢) is the stationary 
solution of Eq. (A2.1). 

When 2.(P)=AaP then ¢.=fah+constant, and Eq. 
(A2.5) reduces to the stationary solution yp, of Sec. IV, 


us=(Z~) exp[—BA(Q,P) ]. (A2.6) 
The heat fluxes J, are now given by 


Jae=3al. (Ba) — (B)")], ¥ Ja=0. 


f=exp(— 


when 


(A2.7) 


The Onsager relations for the type of flows encoun- 
tered here were discussed in reference 2. It was proven 
there that, in the stationary state, 

0. Is) _ oF 
sy =— 
a8, all Ba =B 0B) | all Ba =B 


=L,3, yo. (A2.8) 


From Eq. (A2.7) we get for the case considered here 
= 1 Joe Ns 
nN 


Bs 0B; Bs 


oJ, _3h 
a8; ny 


which, when all 6, are set equal to some 8, gives 


a A=T Aa, (A2.9) 


3X yAs 
Lys= ee ee 


ds? 


(A2.10) 


We see from (A2.9) that in the nonlinear region, where 
the heat fluxes J, are not proportional to the thermo- 
dynamic driving forces, (@—B,), then 0/,/08;¥ 0J;/0B, 
so that the J, cannot be derived from a potential, which 
has sometimes been suggested as a generalization of the 
Onsager relations. 
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A theoretical investigation is made of intense, relativistic, partially neutralized, self-focusing electron 
beams. Approximate equations are derived that express the time derivatives of the beam radius and mean 
electron energy as functions of these parameters, the densities of the electrons, ions, and neutral atoms, and 
the impressed electric and magnetic fields. The equations are numerically integrated for various values of the 
parameters. It is shown that the radiation damping leads to a shrinkage of the beam radius to a value of order 
0.05 mm in a time of order 10~*-10~ second. If the longitudinal electric field is constant the beam approaches 
the “equilibrium state’’ discussed by Budker, in which the increase in electron transverse momentum caused 
by scattering from the ions is compensated by radiative loss, and the energy lost by radiation is restored by 
the longitudinal field. The various instability problems associated with dense systems of charged particles are 


not discussed. 


I. INTRODUCTION 


RELATIVISTIC electron beam may be “‘stabi- 

lized” by the presence of positive ions in the beam. 
The electrostatic repulsion between the parallel moving 
electrons is reduced by a factor of y?=(1—v*/c?)“ by 
the magnetic attraction; hence even a small percentage 
neutralization by positive ions may be sufficient to 
overcome the electrons’ mutual repulsion and attract 
the electrons toward the center of the beam. If the 
neutralization is not complete (in the laboratory sys- 
tem), the ion-electron attraction dominates the ion- 
ion repulsion, and the ions are also attracted to the 
beam center. Thus the electrons and ions each oscillate 
in a transverse potential “well” determined by the 
presence of the particles of opposite charge. 

The radiation damping associated with the transverse 
oscillations of such an intense, stabilized beam tends to 
make the beam radius shrink. Budker'? and Enoch* 
have shown how the parameters that describe the beam 
must be related if the beam radius and mean electron 
energy are constant in time. In this “equilibrium”’ 
situation the increase in transverse electron momentum 
caused by scattering from the positive particles is 
compensated by radiative loss, and the energy lost in 
radiation is restored by an impressed longitudinal field. 
If the neutralization is nearly complete, the electron 
current is about 1500 amperes, and the impressed 
electric field is about 1 volt/cm, then the equilibrium 
values of the beam radius and energy are about 3.5 
10-% cm and 50 Mev.!* If such a highly pinched 
electron beam can be produced, it might be quite useful, 
either for direct use in experiments requiring high cur- 
rent densities, or as a means of providing a guide field in 
which protons may be accelerated. 

Since the equilibrium beam radius is small compared 
to the beam radius in present-day accelerators, any 

*‘Present address: Cornell University, Ithaca, New York. 

1G. J. Budker, Proceedings of the CERN Symposium on High 
Energy Accelerators and Pion Physics, Geneva, 1956 (European 
Organization of Nuclear Research, Geneva, 1956), p. 68. 

2G. J. Budker, Atomnaya Energ. 5, 9 (1956). 

3 J. Enoch, Midwestern Universities Research Association Re- 
port MURA-311, Madison, Wisconsin, 1957 (unpublished). 


reasonable scheme for the production of an equilibrium 
beam must allow time for radial shrinkage. Therefore, 
it is necessary to know how the beam parameters are 
related in the nonequilibrium situation, in particular, 
how the time required for beam shrinkage depends upon 
the impressed conditions. In this paper approximate 
equations are derived which express the time deriva- 
tives of the beam radius and energy as functions of the 
instantaneous values of these parameters, the densities 
of electrons, positive ions, and neutral atoms, and the 
impressed electric field. In Sec. VIII the time necessary 
for beam shrinkage is estimated for certain reasonable 
initial conditions, and compared to the time in which 
scattering is expected to destroy the beam.‘ 

The initial states of the hypothetical beams studied 
here are taken to be completely unneutralized, rela- 
tivistic, intense electron beams, focused in the trans- 
verse directions by external fields and accelerated in a 
tube containing a low-density neutral gas. The manner 
of behavior of such a beam depends on the relative 
strengths of the different transverse forces felt by the 
electrons, and thus varies at different stages in the 
evolution of the beam. Early in the beam’s life the ex- 
ternal focusing forces and self-focusing forces are both 
significant, and are both much smaller than the external 
guide-field force that holds the electron in its closed 
orbit in the machine. Later, after ionization of the 
neutral atoms has led to significant beam neutralization, 
the external focusing forces are smaller than the self 
forces, and are neglected. In this later stage, the guide- 
field force may be greater than, comparable to, or less 
than the self-forces. In Sec. IV it is shown that the effect 
of the radiation damping depends upon the relative 
magnitudes of the self-forces and guide-field force. 
When the beam radius is close to the equilibrium radius, 
the self-forces are generally dominant, and the beam 


shrinkage process behaves essentially the same as it 


would in an enormously long linear accelerator. 


‘ An estimate of this shrinkage time for certain special cases has 
been given by J. D. Lawson, United Kingdom Atomic Energy 
Authority Research Group Report AERE GP/M 200, Harwell, 
1957 (unpublished). 
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II. BASIC ASSUMPTIONS AND PARAMETERS 
OF THE MODEL 

The model to be described here involves many as- 
sumptions, some basic, while others are made only for 
simplicity. Perhaps the most uncertain of the basic as- 
sumptions is that the beam can be maintained through- 
out the shrinkage process. It is known that several types 
of instabilities exist for certain dense systems of charged 
particles; it is not known as-yet whether or not these 
problems can be circumvented in the production of a 
beam satisfying the Budker equilibrium conditions. One 
difficulty arises because the self-forces lead to a con- 
tinuously changing transverse oscillation frequency. 
During the early stages of the shrinking process, before 
the radiation damping is effective and while the external 
focusing forces are still important, it might be impossible 
to maintain the beam as the transverse frequency passes 
through a resonance region in which it is an integral 
multiple of the frequency of the circular orbit. Some of 
these instability problems are discussed briefly in refer- 
ence 1. They will not be discussed further here, but it is 
assumed that they can be solved. It is further assumed 
that the electromagnetic forces do not lead to collective 
effects which destroy the randomness of the longitudinal 
positions and transverse phases of the electrons and ions. 

The other basic assumptions are more securely 
founded. Only electrons of energies greater than a few 
Mev are considered, so that they are relativistic and 
their longitudinal velocities may be replaced by the 
velocity of light. The only forces that vary appreciably 
within an electron’s quantum wavelength are exerted in 
collisions with the ions and neutral atoms. It may be 
shown that the energy lost by the electrons in such 
elastic collisions, and in radiative collisions, is small 
compared to the energy lost in radiation associated with 
the more slowly varying forces. The important effects of 
the collisions depend only on the differential cross 
section for nonradiative scattering. Since this cross 
section is given accurately by the classical formula, the 
electrons are assumed to obey classical electrodynamics 
in all stages of the calculation. 

The other important assumptions, made only for 
simplicity, are listed below. The effects of relaxing some 
of these assumptions are discussed in Sec. IX. The 
simplifying assumptions are as follows: (1) The ion 
velocities are nonrelativistic in the laboratory system. 
(2) The positive ions are distributed uniformly in a 
circular beam of sharply defined radius. In Sec. VII a 
similar assumption is made concerning the electron 
beam. (3) The longitudinal momenta of all electrons in 
the beam are the same at any time. (4) Both the self- 
focusing and external focusing forces are equally strong 
in the two transverse directions. (5) The radiation 
damping depends only on the stronger of the guide-field 
and self-focusing forces. (6) The external fields and 
initial conditions are independent of the machine 
azimuth angle (or longitudinal coordinate, if beam cur- 
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vature is neglected), as viewed in the laboratory Lorentz 
system. (7) The number of electrons per unit length in 
the beam remains constant. (8) The neutral gas in the 
tube is hydrogen at room temperature. 

The notation used to represent the principal parame- 
ters describing the beam is listed below. The symbols 
Eo= mc? and ro= e?/ Ey denote the electron rest mass and 
classical radius. r, radius vector in transverse plane from 
beam center to position of an electron; p:, p:, transverse 
and longitudinal momentum of an electron; E, electron 
energy (E~,c); A, Ay, amplitudes for the transverse 
oscillations of an electron and proton, respectively (the 
transverse amplitude is defined as the square root of the 
sum of the squares of the amplitudes in the two trans- 
verse directions) ; R, radius of electron beam (R? is twice 
the average over electrons of r?) ; R,, radius of ion beam; 
®, radius of circular accelerating machine; 6&, longi- 
tudinal electric field, or equivalent inductive field ; n, n,, 
numbers of electrons and ions per unit beam length; 
v, v,, numbers of electrons and ions in a beam length 
equal to ro (v= mro, v= 470) ; po, pi, densities of neutral 
atoms outside, and inside electron beam; K, K,, force 
constants for transverse oscillations of electrons and 
ions, respectively; J, radiated power; Z, an adiabatic 
invariant for the electron beam, defined by the equation, 
Z=K'E‘R?; and L,, Lo, Coulomb logarithms defined in 
Sec. V. The time derivative of any quantity is denoted 
by a prime. The subscripts ¢, /, 7, and e are used to 
denote, respectively, the component of a vector trans- 
verse to the beam direction, the longitudinal component 
of a vector, the initial value of a parameter, and the 
value of a parameter in the equilibrium state. 

In reference 1, many of the equations are derived by 
referring to the “electron” system, the Lorentz system 
in which the average electron velocity (at some particu- 
lar point in the beam) is zero. In this paper, however, all 
equations are derived in the laboratory system. Sur- 
prisingly enough, the motion of the electrons is con- 
ceptually simpler in the laboratory system. The reason 
for this is that the transverse electron momenta are on 
the order of mc for intense, appreciably neutralized 
beams. Therefore, in the electron system, the transverse 
velocities are relativistic. Furthermore, the magnetic 
force exerted on an electron by the ions is comparable to 
the ion-electron electrostatic force. The effect of these 
two forces is to couple the longitudinal and transverse 
electron momenta together; both oscillate rapidly in 
time. The fact that this apparently wild electron motion 
is actually quite simple becomes clear when one studies 
the situation in the laboratory system, in which the ions 
are nonrelativistic. In the lab system, the only strong 
internal force on an electron is the transverse electro- 
static force exerted by the ions. The longitudinal elec- 
tron momentum remains nearly constant during a 
transverse oscillation, and is much greater than either 
mc or the transverse momentum. Hence the transverse 
velocity is small compared to c, and the transverse 
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motion may be treated in a nonrelativistic manner. A 
further advantage of considering only the lab system is 
that by so doing, we avoid introducing the relativistic 
gamma factor defined in terms of the relative velocities 
of the two systems. (This factor is confusing because it 
is not equal to the ratio of the electron’s lab system 
energy and rest energy.) 

A natural procedure is to consider those parameters 
that cannot be directly controlled to depend upon those 
that can. We consider the parameters describing the 
electron beam to be the dependent variables, and derive 
approximate equations expressing E’ and (R?)’ in terms 
of the instantaneous values of R?, E, &, ®, p;, and the 
ion charge density n,/(rR,*). Actually, the ion charge 
density itself depends on the motion of the electrons, 
and other conditions. In Sec. VII several alternate as- 
sumptions are made concerning the behavior of n,/ 
(rR,?), and these assumptions are used to simplify the 
differential equations describing R? and EF. 


III. EQUATIONS OF MOTION OF A 
BEAM ELECTRON 

We consider a partially neutralized, relativistic beam 
of electrons of energy F circulating in a circular ac- 
celerating machine. The force on an electron in this 
beam may be written as a sum of four parts, resulting 
from the external fields, the positive ions, scattering 
from neutral atoms, and radiation damping, i.e., 


F = Fext+ Fion4 Fneu+ Prad_ (1) 


The force exerted by the other electrons of the beam is 
neglected, for the reasons discussed in Sec. I. Because of 
the statistical nature of the ion force Fi", it is convenient 
to express it as a sum of two parts, i.e., 


Fion — Fsmo4 Fila, (2) 


where the average or “smooth” ion force F*™° is defined 
to be the force that would be exerted by a uniform, 
continuous, motionless, positively charged beam of 
radius R, and linear charge density m,e; and the 
“fluctuation” or ion scattering force F™" is defined by 
Eq. (2). The force exerted by the neutral atoms is also 
statistical in nature, but need not be written as two 
terms, since the average of this force vanishes. If the 
cylindrical coordinates p, ¢, and z (where the origin is 
taken at the center of the circular orbit of the beam, 
and the z axis is perpendicular to the circular orbit) are 
used to describe the electron motion, the “effective 
transverse force” 9}, may be defined in terms of the rate 
of change of the square of the transverse momentum, .e., 


(p 2)’ =2pe- Fe. (3) 


This effective force is related to the actual transverse 
force F, by the equation, }:=F:+1,E/p, where i, is a 
unit vector in the p direction. The centripetal term 
i,E/p results from the transformation to cylindrical 
coordinates. If the force %,°** is defined by the relation 
°*'= F *t+1,E/p, the effective transverse force may 
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be written as the following sum, 
or= ett F pmo KF flu KF neu B rad, (4) 


Except during the short time intervals of close colli- 
sions with ions or neutral atoms, the scattering and 
radiation damping forces are small compared with the 
average value of }.°*t+F,°™° in the beam. Hence the 
force :°*'+F™° determines a transverse potential 
well in which an electron oscillates, while F ,“", F “*" and 
F,"4 may be considered as perturbing forces leading to a 
change in time of the amplitude. The radial oscillations 
of the electron are characterized by the coordinate 
S=p—®, where the beam orbit radius ® is defined by 
the relation .°**(z=0, p= ®)=0. We assume that the 
center of the uniformly charged ion beam coincides with 
that of the electron beam. The electrostatic force 
F™° on an electron is given by 


2v4 Eo 


2n,e? 
niacin 
R,? R,? 


F mo= — I, (5) 
where r=(s?+3")! is the electron transverse “polar” 
coordinate, and r is the polar vector ri,. We further 
hypothesize that the external focusing force is of the 
form %.°%'= —K°*'r, where Ke** is a constant. Under 
these conditions the transverse electron motion is that 
of a nonrelativistic, two-dimensional harmonic oscil- 
lator. The transverse energy equation is 


1K A2=492(2/E)+4KP, (6) 


where A is the amplitude, and the force constant K is 
given by the equations, 


K= Kext+ K ion, 
Kien = 2v,Fo/R,?. 


The validity of Eq. (8) depends on the assumption that 
R,2 R. This assumption is reasonable for the shrinking 
beams considered here since, as is seen in Sec. VIII, the 
electron beam tends to shrink faster than the ion beam. 
If the time derivative of Eq. (6) is taken, and use is 
made of Eq. (3), the result is 
 -« aa Ti (r?— A?) 
(A?)’ =—p,- Fe t+21 -r’ —-—_E’+ K’. (9) 
KE EE K 
If the quantity r’ in Eq. (9) is replaced by (c?/E)p, and 
use is made of the relation }.°*'= — K°**'r and Eqs. (4) 
through (8), two of the terms in Eq. (9) cancel, yielding 
the result, 


(A?)/= ae (F fu +F peut F 4) 
‘ cp e (r2>— A ) 
———}i+ K’. (10) 
KE K 


Since the energy is approximately equal to cp; the rate 
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of change of energy is proportional to the longitudinal 
force, i.e€., 

kb! =c(&e+F ,™*) = ec—TI, (11) 
where / is the radiated power. The force F*™° has no 
longitudinal component, so is omitted from Eq. (11). It 
is shown in reference 3 that the energy lost in collisions 
is considerably less than that lost by radiation, for all 
values of the beam radius. Therefore, the longitudinal 
scattering forces F;"°" and F,"" are also omitted from 
Eq. (11). The two equations, Eqs. (10) and (11), are the 
two fundamental equations for the amplitude and 
energy of an electron in the beam. In order to interpret 
these equations it is necessary to express the forces in 
terms of the various beam parameters and to average 
the equations over the period of a transverse oscillation. 


IV. RADIATION DAMPING 


The radiation damping force on the relativistic elec- 
trons may be written in the form,° 
2rok ; 
—p(c?p-p”— EE”). 


3ck,* 


"+ (12) 
3cko 
Only the strong forces Fe*t and F*™? need be con- 
sidered in computing the right side of Eq. (12). Since the 
longitudinal momentum is many times greater than mc, 
the longitudinal component of the first term of Eq. (12) 
may be neglected. For the intense beams considered 
here, the average transverse momentum is generally 
several times greater than mc [see Eq. (50) ]. Under 
these conditions, calculations show that the transverse 
component of the second term of Eq. (12) is several 
times larger than that of the first. Hence, for simplicity, 
we drop the first term, though including it would create 
no difficulties. If EH” is expressed in terms of E’ and 
derivatives of the momentum, the second term of Eq. 
(12) becomes, 
2rok 
—— pLc*(p’)?— (E’)?]. 
3cEo 


The rate of energy loss of the electron due to radiation 
is given by the formula,*® 


2rokt? 
Ei{rad s—_ f= [c?(p’)?— (E’)?}. 
3ck* 


(13) 


Hence our approximate expression for the transverse 
damping force may be written, 


(14) 


§L. Landau and E. Lifshitz, The Classical Theory of Fields, 
translated by Morton Hammermesh (Addison-Wesley Press, 
Cambridge, 1951), p. 233. Equation (12) above is equivalent to 
Eq. (9-105) of this reference. 

® Landau and Lifshitz, see reference 5, p. 211. An extensive 
discussion of radiation by electrons in accelerators is given by 
Julian Schwinger, Phys. Rev. 75, 1912 (1949). j 


F rad — —_ (p: E)I. 
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A further simplification may be made in Eq. (13). 
Since the longitudinal component of Fe*t+-F*™® is small 
compared to the average transverse component, c?(pj’)* 
and (E’)? are small compared to c*(p,’)? and Eq. (13) 
may be approximated by the equation, 


2rock? 
[= : 


2rock? 


(Fyet+Fe™)?, (15) 


= = (p,’)?= 
3 EE 3 E 


It should be noted that the force referred to in this 
equation is the actual transverse force, not the effective 
transverse force of Eq. (3). 

In general both F,** and F,*"° contribute to Eq. 
(15). The behavior of the beam depends on the relative 
sizes of these two forces. For simplicity we consider only 
the two cases in which the average over an oscillation of 
F ™° is very large or very small compared to F,°**. 


Case 1. | F xt | >| F em] 


In this case F,~ —i,E/p and, if the transverse ampli- 
tude is small compared to the orbital radius, F; may be 
considered equal to —i,£/®. The radiated power is 
given by the formula, 


I= 2E'roc/3 Ee R?. (16) 


It should be pointed out that the condition |F,°**| 
>|F™°| does not imply that the external focusing 
forces are stronger than the self-forces. 


Case 2. |Fm°| >| F e**| 
In this case the formula for the power radiated may be 
obtained by substituting Eq. (5) into Eq. (15). The 
result is 
1 =8F?r’v,*rc/3EoR,'. (17) 


V. SCATTERING FROM IONS AND 
NEUTRAL ATOMS 

The easiest way to study the effect of F"" is to first 
investigate the entire ion force F'°" and then subtract 
Fs™°; hence we turn our attention to the quantity 
2p:: F ,'°°= (p/)'°. The momentum transferred by the 
passage of a single ion is easily computed. Unless the 
impact parameter is so small that the electron is knocked 
clear out of the beam, the momentum transfer is 
essentially transverse and is given by the formula 


Ap: (r—r;) = 2e(r—r;)/c(r—r,)”, (18) 


where the index j refers to the ion in question, and 
(r—r,) is the impact vector, defined to be the vector 
from the ion to the electron at the instant the two are in 
the same transverse plane. 

If 7 represents a time interval sufficiently short that 
the transverse momentum and displacement of an 
electron change by relatively small amounts in 7, the 
average value of (p,?)’'" in this interval may be defined 
by the equation 


T(p2)’°" = (p+ Ap,)*— p2, (19) 
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where Ap, is the sum of the momentum transfers from 
ion collisions, i.e., Ap;=2,j[Ap,(r—r,) ]. Although many 
collisions may occur simultaneously, the assumption of 
the additivity of the momentum transfers is quite 
reasonable since the quantity Ap;(r—r;) depends only 
on (r—r;), and since the transverse displacement r 
changes only a small amount during a single collision. 

Because of the statistical nature of the collision 
process one cannot obtain (/7)’" for an individual 
electron, but must compute some sort of average. We 
average over a hypothetical, large random group of 
electrons whose transverse displacements and momenta 
are given by r and p,, denoting the average with the 
bracket symbols ( ). Although the average is defined in 
terms of a hypothetical group of electrons, it shall be 
interpreted as equivalent to an average over all the 
electrons of coordinates r and p, in the beam under con- 
sideration. This assumption will not lead to a significant 
error, provided that the number of electrons in the beam 
is large. It is consistent, but not necessary, to regard the 
quantity ((p/°)’*") as representing an average over a 
small time interval 7 as well as over electrons. In the 
derivation of this section such a time average is assumed, 
for convenience. 

If the distribution of ions in the beam is random, 
it may be shown by elementary theorems of statistics 
that (Ap,) and ((Ap,)*) satisfy the following equations,’ 


(ap) = farLapdr—r) le), (20) 


and 


((Ap.—(Ap:))?)=((Ap.)”)— (Ap.)” 
ferlarde—) Fate, (21) 


where d?rju(r;) denotes the mean number of ions with 
transverse displacement in the area d’r; passed by the 
electron in the time interval 7. If Eq. (19) is averaged 
over electrons and use is made of Eq. (21), the result is 


T((p12)’im) = 2p: -(Ap,)+(Ap, \2 


+ [a'r Capen) Fale), (22) 


From Eqs. (20) and (21) it is seen that if the ion beam 
were replaced by a uniform, continuous positive charge 
density, the resulting quantity (Ap,) would be identical 
to the (Ap,) of Eq. (20) and ((Ap,)?)—(Ap:)” would equal 
zero. Therefore the change in p,;? caused by the average 
ion force F,*"° is given by 


T (pi?) = T((pe?)’*™)= 2pi-(Ap.)+(Ap,)*. (23) 


7 These equations may be derived from Campbell’s theorem. 
For a discussion of this theorem see S. O. Rice, Bell System Tech. 
J. 23, 282 (1944). Equations (20) and (21) above may be derived 
from generalizations of Eqs. (1.2-2) and (1.2—3) of this reference 
if the function J(¢) is chosen to be p:(t)— pr(¢—r) =Apy. 
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The equation for the average effect of the ion fluctuation 
force may be obtained by subtracting Eq. (23) from 
Eq. (22), i.e., 


1(pe)'*)= f dr {Ap (e—r) Pur). (24) 


The integral in this equation may be evaluated if 
Ap.(r—r;) is taken from Eq. (18). Since the principal 
contribution to the integral comes from small values of 
the impact parameter, we approximate the integral by 
assuming the transverse cross section of the ion beam 
to be a circle centered at the electron coordinate r, 
rather than at the beam center. [Such an approximation 
could not be used, of course, if the integral of Eq. (20) 
were under consideration. ] In this approximation the 
function u(r;) is given by 


u(rj)=[ny/ (wR?) JeT if 
u(r;)=0 if 


|r—F; SR,, 


a 
lr—r;|>R,. 
If Eqs. (18) and (25) are substituted into Eq. (24) and 
the integral is evaluated, the result may be written in 
the form, 

SE Prong Ls 
2 pe F .{")=((p2)'") = ae ' 
cR,? 


(26) 


where L, is defined by the relation L,=log(Ry/Rmin) 
and Rywin is the minimum impact parameter to be 
considered. 

If the force exerted by the neutral atoms on the 
electrons is written as the sum of an average part and a 
fluctuation part, as is done for the force Fi", it is seen 
that the average force exerted by the atoms is zero. 
Hence F*" is a rapidly fluctuating force resulting from 
close electron-atom collisions. For impact parameters 
substantially smaller than an atomic radius, the de- 
pendence of the momentum transfer upon impact 
parameter is identical to that of Eq. (18), while for 
impact parameters substantially larger than an atomic 
radius, the momentum transfer is zero. Therefore, the 
expression for (F;"°") may be obtained from the (F;‘!") 
expression if two substitutions are made; i.e., the density 
of atoms within the beam replaces the ion density, and 
the atomic radius replaces the beam radius in the 
logarithmic term. The expression is, 


(2p,-F °°") = 8rEere?p Lo Cc; (27) 


where Lo is given by Lo=log(Ratom/Rmin). The beam 
electron may scatter from the atomic electron as well as 
from the proton, but this effect is already included 
(approximately) in Eq. (27) if Ratom is appropriately 
chosen. We choose Ratom to be 5X 10~* cm, the distance 
between the electron and proton in the hydrogen atom. 

A reasonable choice of Rmin is the impact parameter 
corresponding to a momentum transfer sufficient to 
knock a beam electron out of the beam into the chamber 
walls. If the self-focusing forces dominate the external 
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focusing forces, this criterion leads to the relation’ 
Rmin=oEo' Evy log(Riuve/R)}', where Rtube is the 
radius of the accelerating tube. Since L, and Ly depend 
only weakly on the beam parameters, we simplify the 
equations by replacing these functions by numbers, 
chosen to correspond to beam parameters typical of 
situations in which the scattering is important. We 
choose the following values, 


Rmin=0.2ro, L,=235, Lo= it. (28) 


VI. EQUATIONS DESCRIBING ELECTRON 
BEAM PARAMETERS 


The results of Secs. IV and V may be substituted into 
the equations describing the electron motion [ Eqs. (10) 
and (11) ], in order that these equations may be ex- 
pressed in terms of known parameters and parameters 
describing the ion beam. (The behavior of the ion beam 
parameters is discussed in Sec. VII.) Since some of the 
terms in Eqs. (10) and (11) can be expressed in simple 
form only if certain averages over electrons in the beam 
are taken, we will not be able to describe the changing 
parameters of a single electron, but only parameters 
describing the electron beam as a whole. 

Several types of averages are to be taken, so several 
notations must be used to represent them. As mentioned 
in Sec. V a single pair of angular brackets ( ) is used to 
represent an average over a large group of electrons 
whose transverse displacements r and transverse mo- 
menta p, are the same at the time in question. A double 
pair of angular brackets ({ )) represents a further 
average over all electrons described by the same trans- 
verse amplitude squared A’, and may be considered a 
time average over a period of transverse oscillation as 
well. Ordinary parenthesis and an asterisk ( )* denote 
an average over all electrons of all amplitudes. For 
certain of the variables in question, these three degrees 
of averaging are not all significant, of course. For 
example, the notations (r’), (p/), and (A*) are re- 
dundant, since the ( ) refer to fixed values of r and p;. In 
a similar manner ((A*)) is redundant, and may be 
denoted simply by A®. 

The equations describing the effects of ion-electron 
and atom-electron collisions, Eqs. (26) and (27), apply 
only to an average over electrons described by the same 
r and p; at some time. Therefore, we can compute only 
the average of Eq. (10), if we are to account for the 
scattering. If Eqs. (11), (14), (26), and (27) are substi- 
tuted into Eq. (10) and the average over electrons of the 
same r and p,; is taken, the resulting equation is 


9 9 


¢ 2c*p? 
((A%)!)= ——{E)—-——_I 


KE? KF 


8rEProic (nL, r?>— A? 
+ —(- é tila) +— _ 
KE wR,” K 


(29) 
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where the radiated power J is given by Eq. (16) if F,°** 
is the dominant force, or by Eq. (17) if F™° is the 
dominant force. Since collisions lead to a negligible 
change in electron energy, the rate of change of energy 
may be computed for individual electrons, so that 
(E’)= E’= Sec—I. 

The terms in Eqs. (11) and (29) depending on r? and 
p? fluctuate rapidly during the transverse oscillations. 
Since these fluctuations are not significant for de- 
termining the gross properties of the beam, simpler 
equations may be derived by averaging over all elec- 
trons of the same amplitude squared, (the (( )) average 
discussed above). The relative changes in R,’, E, K, and 
&, and the average relative change in A* during the 
time of a transverse oscillation are small, so that the 
(( )) average is equivalent to averaging over an oscilla- 
tion period, as well as over electrons. The averages over 
a transverse oscillation of r? and p/ are given by the 
expressions, 

((r?))= 3A’, (30a) 


(p?))=}(KE/c*) A’. (30b) 


The (( )) average of r’p,? depends on the distribution of 
electrons in transverse states of different ellipticities. 
We may write 


(pPr’))=iO(KE/c) As, (30c) 
where () is a number between 3 and 1. (If all electrons 
are in circular orbits Q; is one; if all electrons are in 
linear orbits Q; is .) We shall assume that Q is equal to 
? for all values of A’, since this number corresponds to a 
uniform distribution in the different elliptical orbits. 

If use is made of Eqs. (30), the average of (A*)’ and E’ 
for all electrons of a particular amplitude squared may 
be expressed in terms of A® and other parameters. For 
most terms this process is simple. If the self-forces are 
dominant, however, the (( )) averages of the terms in- 
volving E’ and J in Eq. (29) are rather complicated, so 
these terms are listed below. 

EA‘ A? 
—((p2T)) =$0,——\_\|_ »4’r70c = 01), 
KF? FoR ‘ E 


Cc" A? 
(perk )) =—(&ec— Qi((T))). 
BE DE 


} 


(31b) 
K 

In order to write the equations of motion for the mean 
square beam radius, it is necessary to average over 
electrons of different amplitude; i.e., over all electrons 
in the beam. [The average denoted by ( )*]. To com- 
pute this average we use the relation, 


(A?) *= 2(r?)*= R?, (32a) 


which follows from Eq. (30a) and the definition of the 
electron beam radius R, and the relation 


(4)*=40L (72)*P=Q.R', (32b) 
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where Q2 is a number depending on the distribution of 
the electrons in orbits of different amplitudes. 

If the average over all electrons of Eqs. (11) and (29) 
is taken, and use is made of Eqs. (30) and (32), the 
results are, 


(33) 


9 


+piba)—1_R’, (34) 
K 


KE 


8r E*ro°c ( nL, 

rR? 
where the energy spread of the electrons has been 
neglected, i.e., (E)* has been set equal to E. The 
quantities Q and (/)*, in the two cases of dominant 
guide-field force, and dominant self-force, are given by 
the expressions, 


Case I. (F,°*t dominant) 
?:=1, 
(1)*=1 = 2E'nc/3ESR. 


Case II. (Fe™°) dominant 
Q=3(1+0102), 


(1) *= 4EPR?v,2r0c/3EoR44. (36) 


The value of Q2 depends on the distribution of elec- 
trons in orbits of different amplitudes. In principle this 
distribution may be computed from a diffusion equation 
and a knowledge of the initial distribution. Such a 
procedure is complicated, however, and often requires 
a more detailed knowledge of the initial conditions than 
is available, so we shall simply estimate a reasonable 
range of values for Q2. We define the distribution func- 
tion {(A*,t) so that f(A’,/)d(A’) represents the fraction 
of all electrons whose amplitudes squared are in the 
range d(A’) at time ¢. In the case that the radiated 
energy is independent of amplitude, so that the quan- 
tity ((p7Z)) is proportional to A’, it can be shown 
that an exponential distribution of the form /(A*,4) 
=a exp(—A?’/a’) is a stable, time-independent solu- 
tion to the diffusion equation.® In such a case the actual 
distribution approaches this equilibrium distribution 
after sufficient time has elapsed. In the dominant self- 
force case of the present work the quantity ((p//)) is 
proportional to A‘ [see Eq. (31a) ], implying that large 
amplitude oscillations are rapidly damped so that the 
distribution tends to be less broad than an exponential 
distribution. Therefore, it is reasonable to expect that 
Qz is intermediate between the values corresponding to 


8 One-dimensional cases of this nature are discussed by J. M. 
Greenberg and T. H. Berlin, Rev. Sci. Instr. 22, 293 (1951), and 
by G. K. O’Neill and J. A. Ball, Palmer Physical Laboratory 
(Princeton University) Report NYO-8015, 1957 (unpublished). 


RELATIVIST 


IC ELECTRON BEAMS 1209 
exponential distribution (Q2=2) and a sharply peaked 
distribution (Q2=1). If, as assumed above, Q, is equal 
to 3, the quantity }(1+(,02) is in the range, 


§<4(14+0:0:) <7/6. (37) 


An alternate, useful form of Eq. (34) is the expression 


Kx} 
(K1ER2)! = -R(—) Q(r)* 
E 


Sri rec Ny Ls, 
es (= +ila). (38) 
(KE)! \nR.2 


It is seen from this equation that the product Z= K4E!R? 
changes only because of radiation damping and scat- 
tering from ions and neutral atoms. This result is well 
known and is usually derived from the adiabatic 
theorem; it results from the fact the period of transverse 
oscillation is short compared to the times in which the 
force constant and the energy change appreciably. The 
puantity Z is termed the action integral since it is pro- 
qortional to the average over electrons of the sum over 
the two transverse directions of the action integral 
S pdq. 

In order to use the equations derived in this section 
to investigate the behavior of a hypothetical beam, it is 
necessary to express K and K’ in terms of other parame- 
ters. This is done in the next section. 


VII. BEHAVIOR OF THE IONS AND OF Kies 


The force constant K defined in Eqs. (7) and (8) 
depends only on the external fields and ion charge 
density ,/(rR,*). The external focusing force constant 
Ke*t is known, of course, throughout the experiment. 
The control exerted by the experimenter on the ion 
charge density is limited, and depends primarily on his 
ability to control the vacuum, and on the shrinkage rate 
of the beam. Ions are continuously produced within the 
acceleration chamber by ionization collisions between 
electrons and neutral gas atoms. If the neutralization is 
not complete (in the laboratory system) the newly 
produced positive ions are held within the beam by 
electrostatic attraction, while the freed electrons are 
repelled to the walls of the chamber. This is the only 
neutralization process considered here. 

The quantity K‘ changes in time because of two 
effects, the generation of new ions and the change of 
radius of the ion beam, i.e., 


_ — 2Eoro 2 Koren. ; 
(K'=)’ =—_—-n,'—-——_—(R,”)’. 
2 4 


+ R, 


(39) 


The effects of ion radiation damping, ion-ion collisions, 
and electron-ion collisions on the ion radius are small, 
so that R, may be considered to change only because the 
changing electron radius leads to a changing potential 
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for the ion motion. Hence we may write 


(Ry?)’= (dR,?/dR®) (R*)’. (40) 


Since the period of the ion transverse motion is short 
compared to the time in which the electron beam 
changes appreciably, the change in R, is adiabatic, and 
dR,?/dR® may be determined from the condition that 
the amplitude for each ion varies so that the transverse 
phase integrals remain constant. 

For any given initial conditions, approximate values 
of K‘°" and (Ki®")’ may be calculated at all stages of the 
shrinking beam. The method of calculation must be 
different at different stages, however, so we discuss 
briefly here the different conditions that may apply 
concerning the behavior of K'". 


Case A. Neutralization Fraction Small 


If the ratio of ions to electrons in the beam is small the 
generation of new ions by ion-atom collisions may be 
neglected. The effect of ion-ion forces on the changing 
ion radius may also be neglected. If the electron dis- 
tribution is nearly uniform within the beam, and if the 
radius of the ion beam is comparable to that of the 
electron beam, so that the amplitudes of most of the 
ions are smaller than or approximately equal to the 
electron radius, the potential felt by the ions may be 
approximated by a harmonic oscillator potential. The 
force constant for the ion motion depends on the inverse 


square electron radius, i.e., K,;=CR~“, where C is a 
constant. The adiabatic theorem implies that the ampli- 
tude of any ion changes with the electron radius in the 
manner, dA ,*/dR?=3A,?/R*. Since R,? is proportional 
to the average over ions of A,’, this relation implies the 


relation, 


(R2/R,2) (dR,2/dR®) =}. (41) 


If the generation of new ions during the shrinkage 
process is appreciable, it is inconsistent to consider the 
ion density as uniform throughout the ion beam at all 
stages of the process, as may be seen by the following 
argument. The ion beam shrinks more slowly than the 
electron beam so that, in general, the ion radius is larger 
than the electron radius (many ions oscillate through the 
electron beam). New ions are generated only within the 
electron beam, however, so that the charge density 
within the electron beam must become greater than that 
outside. It is still consistent to consider the ion density 
as constant within the electron beam, however, though 
this density must decrease with radius at radii larger 
than the electron beam radius. Fortunately, constancy 
within the electron beam is all that is necessary in order 
that the electrons may be considered to be moving in a 
harmonic oscillator potential. Furthermore, the formula 
for (Ki°")’, Eq. (39), may be put in a form independent 
of R, by the following procedure. The ion radius R, is 
replaced by R in the ion generation term, since new ions 
are created only within the electron beam. The equa- 
tions, Eqs. (8), (40) and (41) are then used to express 
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the (R,°)’ term in terms of R?, (R?)’ and Ki", The 
resulting equation is, 


: 2Eoro Kion 
(Kien)! = n,'—3 (R?)’. 


R2 R2 


(42) 


A further complication arises if the radius of the ion 
beam becomes many times greater than that of the 
electron beam, so that most of the ions spend most of 
the time outside the electron beam. In such a case the 
ion potential increases with radius considerably less 
rapidly than does an oscillator potential, and the 
adiabatic theorem may be used to show that Eqs. (41) 
and (42) do not represent a valid approximation. A 
more accurate approximation is to assume that the ion 
oscillations are not affected by the shrinking electron 
beam, so that the ion radius remains constant, i.e., 


(dR,2/dR®) =0. (43) 


This argument implies that in some cases one should 
keep track of the density of ions at different values of 
the radii for values exceeding the electron radius. One 
could do this by regarding the beam as a sum of com- 
ponent beams, each component consisting of ions gener- 
ated in a certain time interval. The ion charge density 
within each component could be regarded as uniform, 
but the radii of the different component beams would be 
different. Calculations show that, with reasonable ac- 
curacy, the radius of each component could be regarded 
as following the law of Eq. (41) as long as this radius 
were no more than 3 or 4 times the electron radius; after 
that, Eq. (43) would be more appropriate. 

Since the density of neutral atoms within the beam 
may be less than the density without, the calculation of 
n,’=rov,’ is not as simple as one might at first imagine. 
It is necessary to know not only the ionization cross 
section, but also the rate of entry of atoms into the 
electron beam. In order to calculate the rate of entry of 
atoms, we restrict ourselves to cases in which the 
electron current is less than 17 000 amperes (v<1), the 
neutral hydrogen density is less than 10'* atoms/cc 
everywhere, and the beam is contained in a tube large 
enough so that the total number of atoms in the tube 
exceeds the number of beam electrons by a factor of at 
least ten. Under these conditions, the following argu- 
ment shows that the density of atoms at all points 
outside the beam may be considered as unaffected by 
the presence of the beam. The mean free path X for 
atom-atom scattering collisions is larger than the radius 
of the electron beam. The number of atoms in an imagi- 
nary tube of radius equal to A is many times larger than 
the number of electrons in the beam. Therefore, the 
paths of most atoms entering the beam originate in 
atom-atom collisions at radii where the atom density is 
essentially unaffected by the presence of the beam. 
Thus the atom density outside may be considered a 
constant, denoted by po. The path length A may be 
greater than the radius of the accelerating tube; the 
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conclusion reached above remains valid in this case, 
however, since the number of atoms in the tube exceeds 
the number of electrons in the beam. 

The number J, of atoms entering the beam per unit 
time per unit beam length may be computed by stand- 
ard methods of kinetic theory® and is given by the 
formula, 


N= (29/3) poRB, (44) 


where 0 is the root mean square thermal velocity of the 
atoms [i.e., = (3kT/M)!]. It should be noted that a 
simple diffusion equation cannot be used to compute 
Ny, since the mean free path d is long. 

If the atom density within the beam is equal to that 
outside, the number .V2 of ions formed per unit time per 
unit beam length is given by the expression, 


(45) 


No=pooicn, 


where ga; is the cross section for ionization by the 
electrons. 

A simple estimate of the ionization rate n,’ may be 
made by setting it equal to the smaller of NV; and No, 
Eqs. (44) and (45). The fact that this is a reasonable 
procedure may be seen by noting that the ratio of V2 to 
N, is equal to the ratio of the mean time 7; for an atom 
to remain in the beam before being carried out by its 
thermal velocity, and the mean lifetime 7, before 
ionization of an atom in the beam. The expressions for 
these two times are: T.= (34/2)!(R/d), and T;=7R?2 
(no,c). If Ty>>T2, in which case V\>Ne, most atoms 
entering the beam pass through it, so that the atom 
density within the beam is nearly equal to that outside 
and the ionization rate is nearly equal to V2. If T2>>7), 
in which case V2>N,, most atoms entering the beam 
are ionized, so that the ionization rate is nearly equal to 
N,. If T; and T: are nearly equal, the actual ionization 
rate is somewhat less than either V,; or N2. 


Case B. Neutralization Fraction Large but Less than One 


If the ratio of ions to electrons in the beam is ap- 
preciable, several additional effects are important. 
Ionization collisions between ions and neutral atoms 
must be considered ; this process may be as important as 
ionization by electrons. It is not necessary to estimate 
this effect in order to make the calculations of Sec. VIL, 
so we do not include such an estimate here; however the 
calculations of de Packh and Godlove," concerning the 
adiabatic shrinking of partially neutralized beams, in- 
clude the effect of ionization by ions. 

In an appreciably ionized beam the force exerted by 
the ions on each other is comparable to the electron-ion 
force, and decreases the magnitude of the attractive 
potential felt by the ions. Consequently the ion beam is 
widened. If there are sufficient ionization collisions the 

9J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, New York, 1950), p. 17. 


101), de Packh and T. F. Godlove, Bull. Am. Phys. Soc. Ser. IT, 
3, 181 (1958). 
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linear ion density may become equal to the linear 
electron density. When this condition is first reached the 
ion radius is generally larger than the electron radius. 
As further ions are produced within the electron beam, 
ions oscillating with large amplitudes escape, leading to 
a decrease in mean ion radius. Eventually the electron 
beam may become neutralized in all regions by an ion 
beam of radius equal to the electron radius. 


Case C. Complete Neutralization 


If the electron beam is completely neutralized by an 
ion beam of equal radius, each newly formed ion will 
release another ion from the beam and will not affect the 
charge density. If the electron beam shrinks the ion 
beam shrinks less rapidly, so that the neutralization 
tends to decrease, but ion generation may be sufficient 
to maintain complete neutralization. In such a case the 
ion beam parameters may be expressed simply in terms 
of the electron parameters, i.e., 


(46a) 
(46b) 
(46c) 
(46d) 


ny=N, 
R,=R, 
Ki = 2Eov/R?, 
(Kion)!/Kion = — (R8)'/Re 


The above discussion makes it clear that if the beam is 
completely neutralized, the rate of change of Ki" may 
be considered equal to the smaller of the rates computed 
from Eqs. (39) and (46d). 


VIII. SOLUTION OF THE EQUATIONS FOR SOME 
HYPOTHETICAL BEAMS 


If values of the initial conditions and external fields 
are chosen the development of the preceding sections 
may be used to determine the radius and energy of an 
intense, relativistic electron beam as functions of time. 
We shall carry out this procedure for certain sets of 
parameters, chosen so that the beam shrinkage takes 
place in a reasonably short time. 


A. The Budker Equilibrium State 


The ultimate result of the shrinkage process is the 
“Budker equilibrium state,” in which R? and E are 
constant. Since a perfect vacuum cannot be achieved, 
the neutralization in the lab system must be essentially 
complete in the equilibrium state. We assume that the 
self-focusing forces dominate the guide-field force and 
that ion-electron scattering dominates atom-electron 
scattering as equilibrium is approached. In this case K 
is equal to K', and is given by Eq. (46c). If Eqs. (46a) 
through (46d) are substituted into Eq. (34), and the 
neutral scattering term is dropped, the result is 


Zz 8EorocLs. 
= ————((I)*+ ; 
EE ER? 


(R'E 


(47) 
R? 
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where (/)* is given by 


4 Fey" roc 


> (48) 
3 oR? 


(1)*= 


and E’= Sec— (1)* (Eq. (33) ]. We take the number Q 
equal to one. The equilibrium conditions, obtained by 
setting (R*)’ and E’ equal to zero, are 


vE,/Eo= (3L,)'=9, (49a) 


and 

Se = 100Ero/R-. (49b) 
If the symbols J, Re, em and 6, are used to represent the 
current in amperes, equilibrium electron beam radius in 
centimeters, and electric field in volts/cm, Eqs. (49a) 
and (49b) are equivalent to the expressions, 


E./Eo~ 150 000/J, 
Re em®3.5X10-*/6,!. 


The quantity in Eq. (49a) is closely related to the 
electron transverse momentum in the case of complete 
neutralization and negligible external focusing forces. If 
Eq. (30b) is averaged over all electrons, and use is made 
of Eqs. (32a) and (46c), the result is 


(pi) *c?/ Eo? = vE/Eo. (50) 
It is seen from this equation and from Eq. (49a) that the 
average electron transverse momentum is independent 
of beam radius, and is relativistic, provided that the 
energy is comparable to or larger than the equilibrium 
energy for the electron density in question. 


B. Factors that Limit the Shrinkage Time 


We now return to the description of the dynamics of 
the beam prior to the attainment of equilibrium. It is 
seen from Eq. (38) that the processes influencing the 
electron beam radius may be grouped into two classes, 
adiabatic processes that leave the action integral Z 
constant, and the nonadiabatic radiation and scattering 
processes. If the initial force constant and energy are 
low, it is possible to increase the product KE rapidly, 
so that the adiabatic shrinkage may proceed rapidly. 
This may be accomplished by injecting a low energy, 
weakly focused beam into a neutral gas of density on the 
order of 10'°-10" atoms/cc, and applying a longitudinal 
electric field. On the other hand, the radiation damping 
leads to a slow shrinkage, unless the electron energy is 
quite high. Unfortunately, unless the external focusing 
forces are increased a fantastic amount, there is a 
definite limit to the amount of beam shrinkage obtain- 
able adiabatically for any fixed, final energy, since the 
ion part of the force constant cannot be made larger 
than that corresponding to a completely neutralized 
beam. 

In Parts I and III of Table I, the values of Z corre- 
sponding to certain specified initial conditions are com- 


n.. <Saeers 


TABLE I. Parameters descriptive of neutralization stage and of 
equilibrium state for some hypothetical beams. Part I refers to the 
initial conditions and external fields, Part II refers to the instant 
complete neutralization is attained, and Part III refers to the 
equilibrium conditions. The initial state is taken to be completely 
unneutralized with a betatron wavelength of 100 cm resulting 
from external focusing forces. The value of the action integral 
during the neutralization stage is then given by Z;=Z,=27E;R;?/ 
100 cm. 


Beam 1 


Parameter Beam 3 


. Ey (Mev) ; 8 
R; (cm) a 0.5 
Z; (Mev-cm) P y 0.13 
& (volt/cm) 10 
v E . 0.09 
po (atoms/cc) 10% 


. T, (10° sec) a 2.6 
E, (Mev) : 16 
R, (cm) . 0.11 


. E, (Mev) : 50 50 
R, (cm) 0.0035 0.0035 0.0012 
Z. (Mev-cm) 0.0077 0.0077 0.0025 


0.0018 
0.0038 


pared to the Z values corresponding to the Budker 
equilibrium states for some hypothetical beams. In the 
cases considered the equilibrium Z is 15 to 100 times 
smaller than the initial Z. Since Z=(2Eov)'E!R for a 
completely neutralized beam, a decrease of 15-100 in Z 
corresponds to a decrease of 15-100 in the beam radius, 
a decrease that must be effected by the radiation damp- 
ing forces. 

It is seen from Eq. (38) and the equations for (/)* 
that the action integral Z may be decreased most 
rapidly if the force constant and energy are maintained 
as high as possible. Therefore, it is desirable that the 
beam become neutralized rapidly. A rough estimate of 
the time necessary for neutralization is given by the 
“primary neutralization time,” defined by the equation, 

T p= (poo ic). (51) 
This is the mean time necessary for an electron to make 
an ionization collision if the neutral hydrogen density 
within the electron beam is equal to that outside. If a; is 
taken to be 2X 10-" cm?, then 7, is given by the relation 
T,=1.6X10-* seconds X(10" per cc/po). (At room 
temperatures pp=3X10"'/cc corresponds to a pressure 
of about 10-° mm Hg.) It is shown in Sec. VIII D that 
the time necessary for the radiative effect to shrink the 
beam appreciably is generally longer than 10~ second, 
hence much longer than the neutralization time if the 
gas density is 10" atoms/cc or more. 

We will consider only beams in which the ionization 
is rapid enough so that the beam becomes completely 
neutralized in 10~* second or less and remains neutral- 
ized thereafter. The evolution of the beam will be 
described in two successive stages, a short ‘‘neutraliza- 
tion” stage and a longer “radiation’”’ stage, defined to 
begin when complete neutralization is attained. 
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C. The Neutralization Stage 


Under the conditions considered here, the neutraliza- 
tion stage is short enough that the effect of radiation 
may be neglected. The effects of scattering from the ions 
and atoms may also be neglected, unless the energy is 
below a few Mev and the density of atoms or ions is 
quite high. Hence, we consider the action integral Z to 
be conserved in this stage. 

Since the time necessary for neutralization is short 
compared to the total shrinkage time, we neglect some 
of the complicated contributions to K’. We assume that 
Ke*t is constant, and that (Ki°")’ is given by Eq. (42), 
with n,’ taken as equal to the smaller of the two rates 
N, and Ns», as discussed in Sec. VII. The principal effect 
omitted by this procedure is ionization by the ions, so 
that the calculations of this section should lead to an 
overestimate of the time necessary for neutralization. 

The three equations of motion for R’, E, and Ki” are 
Eqs. (33), (34), and (42), with the nonadiabatic scat- 
tering and radiation terms neglected. If these three 
equations are solved for E’, (R*)’, and K’= (K'°")’, and 
if Ki™ is replaced by K—K°**', the results are, 


FE’ = Sec, 


=i it 4E v4! 
R\ "KJ  3KR 


K ke 8Eov,’ Kexty Sec 
—(1+4—)- +(1- —)- 2° 684) 
K K 3K R? K /3E 

The results of integrating Eqs. (52) through (54) for 
certain assumed values of the initial conditions and 
external fields are listed in Parts I and II of Table I. The 
actual neutralization time 7,,, defined as the time in 
which A'*" becomes equal to 2Eyv/ R®, and the values of 
beam electron radius and energy at the instant of 
neutralization are listed. 

In order to investigate the factors that speed up or 
slow down the neutralization process, it is helpful to 
define the fractional neutralization of the beam, 
F= Ki™R?/(2Eov). The equation of motion for F, de- 
termined from its definition, and Eqs. (7), (8), (52), 
(53), and (54), is 


Ketpyy,! 7 Ky P’Sec 
Se arg a ae 
K v K 3E 


t 


(55) 


If the electric field remains constant, the energy is 
given by E=E;+ &eci= Sec(t+Tr), where the time 
Tr=E;(&ec) is the time necessary for the energy to 
increase by an amount equal to the original energy. 

If the quantity NV» [Eq. (44) ] is less than V; [Eq. 
(45) ] the ionization rate is given by n,’=No=n/T>. 
Comparison of Eqs. (44) and (45) implies that Vo<.V, 
whenever R is greater than the critical radius Ro, 
=[3/(2mr) ]§(no.c/7). If the neutral gas is hydrogen at 
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room temperature, this relation may be written, 
R.=0.062» cm. In all the cases listed in Table I the 
beam radius is larger than the radius R,, during the 
entire neutralization process. Hence we may replace the 
ratio (n,’/n)=(v,’/v) by the reciprocal of the primary 
neutralization time 7,. If the replacements v,’/y= 7,7 
and &ec/E=(t+T x) are made, and if the quantity 
Ke**/K (which is generally small except very early in 
the neutralization process) is dropped, Eq. (55) be- 
comes independent of K, R, and E. In this case the 
solution to the equation may be written in the form, 


Tr Tr , t+ Tr 
rive (rest®)( TEV tT 
Ty t+Tr i § 


p 


(56) 


where F; is the value of F at time zero. 

The actual neutralization time T,, may be computed 
from Eq. (56) by setting F(7,,) equal to one. Although 
the resulting equation for T,, is complicated in general, 
it is very simple in the extreme limits corresponding to 
very large and very small values of the ratio T¢/T >, i.e., 


T,.~+§(1<F Ty, 
a 


As Tr/Tp— & 
As Ts/T,—0 7, 


It may be seen from the differential equation, Eq. (55), 
that F’ is a monotonic increasing function of T¢; hence, 
for any Tx the ratio 7,,/T, lies between the above two 
limits, i.e., 3(1—F ;) S (T/T p) <2. 

The limit of Eq. (57a) corresponds to the case in 
which there is no energy change during the neutraliza- 
tion process. The factor of } in this equation results from 
the fact that the ion beam shrinks less rapidly than the 
electron beam, so that the number of ions effective for 
neutralization at a given time (the average number of 
ions within the electron beam) is less than the total 
number produced prior to that time. In this case, ap- 
proximately 3 of the produced ions are later lost to the 
beam. If T¢ is much smaller than 7, the relative energy 
increase is large, and the additional beam shrinkage re- 
sulting from this energy increase causes most of the ions 
present early in the neutralization process to be lost to 
the electron beam, thus inhibiting the process and 
leading to a longer neutralization time. 

An independent calculation of the behavior of intense 
electron beams has been made by de Packh and 
Godlove.” These authors are particularly concerned 
with the beam behavior during the neutralization 
process. 

It is concluded that one may easily obtain complete 
neutralization of the electron beam in a time of less than 
a millisecond by introducing the beam into a neutral gas 
of sufficient density. 


D. The Radiation Stage 


After neutralization is attained, but before radiation 
is important, the proper choice of F’ is the smaller of the 
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TIME IN MILLISECONDS 
Fic. 1. Behavior of a completely neutralized, 1500 ampere elec 
tron current in an electric field of one volt/cm. The curves labeled 
“Weak H”’ refer to a beam circulating in a machine of radius greater 
than 10 meters; the curves labeled “Strong H’’ correspond to a 
machine of radius 88 cm. 


values zero and the value obtained from Eq. (55). 
Unless the electric field is increased to such a high value 
that the expression of Eq. (55) becomes negative, the 
neutralization remains complete. The effects of radiation 
and scattering are sufficiently weak that they ‘do not 
alter the conclusion that once complete neutralization is 
attained, the beam remains neutral unless the electric 
field is greatly increased or the neutral atom density is 
greatly decreased. We assume that neutralization re- 
mains complete. 

It may be seen from Eq. (38) and the expressions for 
(/)* that the action integral Z decreases most rapidly if 
the energy is maintained at a high value. Hence, we 
consider only methods of approaching equilibrium in 
which the electrons initially are accelerated to an energy 
well above the equilibrium energy E,, and the energy 
remains well above £, until near the end of the shrinkage 
process. Under these conditions the effect of scattering 
is important only after the beam radius has shrunk to a 
size comparable to the equilibrium radius. Since the ion 
density is much higher than the atom density for 
neutralized beams of small radii, the effect of atom 
scattering may be neglected throughout the radiation 
stage. The equations of motion for E and R’ are given by 
Eqs. (33) and (47), where the average radiated power 
(/)* is taken as the larger of the values computed from 
Eqs. (35) and (48). [Equation (35) results in the larger 
value if the guide-field forces dominate the self-forces. ] 
The value of Q is taken to be one and L, is assumed to 
be 25 [see Eq. (28) ]. 

If values for the initial conditions and external fields 
are assumed, Eqs. (33) and (48) may be numerically 
integrated in order to obtain R? and E as functions of 
time. The curves of Fig. 1 represent the results of such a 
procedure for a typical case in which the longitudinal 
field remains constant throughout the process. The 
values of &, v, R, and E, corresponding to these curves 
are those of Beam 2 of Table I. The initial conditions are 
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R=0.35 cm, E=50 Mev=E.,. These conditions corre- 
spond to an initial value of the action integral Z of 0.77 
Mev-cm, and thus represent Beam 2 of Table I if, after 
complete neutralization is attained, the beam is ac- 
celerated from 11 Mev to 50 Mev. In order for this beam 
to reach equilibrium, it is necessary for the radiation to 
lead to a decrease of the action integral to 1/100 its 
original value. 

The curves labeled ‘‘Weak H” apply if the beam 
circles in a machine of radius sufficiently large that the 
effect of the guide field on the radiation damping may be 
neglected. In this case the electron energy rises to 860 
Mev before the radiated power exceeds the power fed in 
by the longitudinal field. The entire shrinkage process 
requires about 0.06 second. An extension of the curves 
to the right would show oscillations of rapidly decreasing 
amplitudes about the equilibrium values R, and E,. 

The curves labeled “Strong H” apply if the beam 
circles at such a radius (R88 cm) that the guide 
magnetic field required is 10000 gauss when the beam 
energy is at its maximum. In this case the beam energy 
increases to 275 Mev, at which point the radiated power 
resulting from the guide-field force is equal to the power 
fed in. The energy remains at this plateau value until 
the radius shrinks to such a point that the average self- 
force is equal to the guide-field force, after which time 
the radiation associated with the self-forces leads to de- 
creases in both the energy and radius until equilibrium 
is approached. If the contributions to (/)* of both the 
guide force and the self-force were included at all times, 
rather than just the larger of the two, the strong field 
energy curve would start decreasing from the plateau 
value two or three milliseconds sooner, and the time 
required for the whole process would be decreased by 
10 or 15%. 

One may conclude from the curves of Fig. 1 that the 
presence of a strong guide field shortens the shrinkage 
time, and that a constant electric field during the 
shrinkage process results in a large fluctuation in beam 
energy, so that regulation of the guide field is a difficult 
problem. 

An alternate procedure is to vary the electric field, 
holding it at a low enough value that the beam energy 
remains near the equilibrium energy, and increasing it 
to the desired final field strength near the end of the 
shrinkage process. In order for the effect of radiation to 
dominate the beam-widening effect of scattering from 
ions, it is necessary that the energy be held somewhat 
higher than the equilibrium energy, but one can require 
that this energy remain below a certain value. Unfortu- 
nately, this procedure results in a longer shrinkage time. 
For example, if a beam satisfying the initial conditions 
of Fig. 1 is circulating in a large machine, so that the 
radiation associated with the guide field is negligible, 
and the electric field is varied so that the beam energy 
rises to 100 Mev and remains there until near the end of 
the process, the total time required is about two seconds. 
If the machine radius is such (+32 cm) that a guide 
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field of 10 000 gauss corresponds to 100 Mev, and if the 
electric field is varied so that the beam energy remains 
at 100 Mev until near the end of the process, the 
shrinkage takes place in about 0.1 second. 

If a strong guide-field is used, the behavior of R? 
during the period when the energy is nearly constant at 
the plateau value may be determined by setting EF’ 
equal to zero and Q equal to one in Eq. (47) and com- 
puting (/)* from Eq. (35). If the scattering is neglected 
during this period the radius varies exponentially with 
time, i.e., R= Ro exp(—t/T), where Ty is given by 


F Ey\3? ®? ' E’? 
Tu=3 thes 
EJ nec EH’r¢c 


and H is the magnetic field at the orbit. If the guide- 
field strength is 10000 gauss, the relaxation time Ty 
may be written 7=1.1(£)/£) seconds. Since the time 
required for beam shrinkage depends primarily on the 
maximum energy attained, rather than on the equilib- 
rium energy, this equation leads to a rough estimate of 
the beam-shrinkage time 7 as a function of E4x for the 
case of a strong guide field. If 1=10000 gauss, the 
result of this estimate is 


T~1.1(Eo/Emax) log(Z;/Z-) seconds. 


(58) 


This time may be compared to the time in which ion- 
electron collisions are expected to destroy the beam. 
The effects of multiple scattering are compensated by 
the radiation damping, so we shall estimate the single- 
scattering lifetime, defined as the mean time necessary 
for an electron to undergo an ion collision of sufficiently 
small impact parameter to knock it into the wall of the 
accelerating tube. This criterion implies that the single- 
scattering lifetime 7, is given by the relation 7, 
=R,?(nycRmin?)'!, where Ruin is the minimum impact 
parameter. If the value of Ruin is taken from Eq. (28) 
and the beam is completely neutralized, the criterion 
becomes 7',=25(R?/vcro). For the beam considered in 
Fig. 1, the lifetime is about 0.4 second after equilibrium 
is reached and much longer while the beam radius is 
still large. 

Fortunately, the parameters may be so chosen that 
the time required for beam shrinkage is less than the 
single-scattering lifetime. However, as is pointed out in 
Sec. II, it is by no means certain that the beam can be 
protected against all instabilities for a time sufficient for 
the equilibrium to be reached. 


IX. MODIFICATIONS OF THE MODEL 
AND CONCLUSIONS 


The derivations of this work could be generalized so 
that it would not be necessary to make most of the 
simplifying assumptions listed in Sec. II, and at various 
other points of the paper. On the other hand, many 


‘| This criterion for the single-scattering lifetime is identical to 
that used in references 1 and 3. 
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aspects of this problem are inherently so complicated 
that one does not expect the calculations to be accurate 
to better than a factor of two or so, even if no un- 
necessary assumptions are made. Thus it is not worth- 
while to generalize the equations ; instead we will discuss 
qualitatively the effects of removing some of the 
assumptions. 

The assumption of nonrelativistic ion velocities may 
be invalid, if the ions are accelerated for sufficient time 
in the longitudinal field. On the other hand, the trans- 
verse ion motion is always nonrelativistic, since the 
transverse kinetic energies are on the order of Eov or 
less, i.e., in the range of 1 to 500 kilovolts for the cases 
discussed here. The principal effect of the longitudinal 
ion velocity on the electrons is equivalent to an increased 
ion density in the laboratory system, as can be seen by 
transforming into the Lorentz system in which the ions 
are at rest. 

The assumption that the linear electron density n 
remains constant implies that no new electrons are 
added to the beam and that the orbital radius of the 
beam remains constant. The effect on m of a changing 
orbit radius could be included in the equations easily; 
the effect of added electrons depends on the distribution 
of transverse states entered by the electrons. 

The intense ring currents discussed here produce not 
only transverse potential wells for the particles, but also 
corrections to the guide field force; i.e., the radial force 
at the center of the beam is affected by the ring current. 
This effect is not included here because the results do 
not depend on the origin of the force, only on the 
magnitude. The references in Sec. VIII to guide fields of 
10 000 gauss should be interpreted as applying to the 
total force at beam center, including both the guide field 
and the ring current correction. 

The equations could be modified to be in accordance 
with more realistic ion and electron radial distributions 
than the uniform distributions assumed here. A deriva- 
tion of the form of the radial distribution resulting from 
collisions (in the absence of radiation damping) is given 
by Bennett.” 

Transverse cross sections of many beams are elliptical, 
rather than circular, and the focusing forces are often 
different in the two transverse directions. If the guide 
field force is the strongest force, the radiation damping 
tends to preserve the transverse shape of the beam, 
provided the vertical and radial focusing forces vary 
with energy in the same manner. If the scattering forces 
are unimportant the beam shape remains nearly con- 
stant. In such a case the behavior of the mean square 
transverse radius is given correctly by the appropriate 
formulas of Secs. VI and VIII. If the dominant forces 
are the self-forces the description of an elliptical beam is 
more complicated. In sufficient time, however, ion- 
electron collisions will result in a nearly circular beam. 


2 W.H. Bennett, Phys. Rev. 98, 1584 (1955). Many important 
properties of self-focusing beams are derived in that paper. 
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The energy spread of the beam is neglected in Secs. 
III-VIII. If the radiation damping depends only on the 
guide-field force, the energy change of an electron is 
independent of amplitude, so the equations may be 
applied to any group of electrons of similar energy. If 
the radiation depends on the self-forces the situation is 
quite complicated. The electrons with larger transverse 
amplitudes radiate more rapidly; hence an energy 
spread is induced in the beam. The width of the energy 
spread is limited by the scattering, which induces 
transitions between different transverse states, and by 
the fact that the radiation rate increases with increased 
energy. Furthermore, the width of the spread depends 
upon the manner of application of the longitudinal field. 

The principal effects of an energy spread in the 
dominant self-force case are two-fold. First, the equa- 
tions should be averaged over energy as well as over 
amplitude. Such a procedure would lead to several 
quantities similar in nature to the quantity Q2 of Sec. 
VI, quantities that depend on the distribution of 
electrons in states of different amplitudes and energies. 
The second effect of an energy spread is a slight 
broadening of the beam. If AE represents the difference 
between the energy of a particular electron and the 
mean electron energy, the effective transverse force 
exerted on the electron is greater than that on the 
average electron by a radial force of magnitude AE/®, 
so that the transverse potential felt by the electron is 
displaced radially from the beam center. The adiabatic 
theorem implies that the amplitude of oscillation of the 
electron is not changed by this displacement. The beam 
is broadened, however, because electrons of different 
energy are oscillating about circular orbits of different 
radii. The relative change in beam width caused by the 
energy spread is small, even if the width of the spread 
is comparable to the mean electron energy, because the 
strong self-forces lead to a high value of the transverse 
force gradient within the beam. 

If the actual electron energy and equilibrium energy 
are both below 10 Mev and the beam is appreciably 
neutralized, the equations should be modified to account 
for the fact that the transverse momentum is com- 
parable to the longitudinal momentum [see Eq. (50) ]. 

The maintenance of an inductive betatron field over 
the distances and times discussed here would be ex- 
tremely difficult. On the other hand, if the acceleration 
took place at one or more accelerating gaps, the longi- 
tudinal field would no longer be independent of the 
azimuth angle. The consequent bunching of electrons 
and ions would greatly complicate the relation between 
the electron and ion beams. 

Although many assumptions are made in Secs. II 
VIII, the results should all be of the correct order of 
magnitude, provided that all instability problems can be 
overcome. Furthermore, several firm, semiquantitative 
conclusions can be made; these are listed below. 


nm. SAPS 


(1) Essentially complete neutralization of the elec- 
tron beam may be produced in a time of less than a 
millisecond if a neutral gas of density about 10” or 10" 
atoms/cc is present in the tube. Considerable beam 
shrinkage may take place during the neutralization 
process, but this shrinkage is insufficient to produce a 
highly pinched beam satisfying the Budker equilibrium 
conditions. Further beam shrinkage must be effected by 
the radiation damping; the time required to reach 
equilibrium by this process is in the range of 10~? to 10 
seconds, depending upon the values of the various 
parameters. 

(2) A strong guide field can be quite useful in 
speeding up the radiative shrinkage process, even 
though this field plays no role in determining the beam 
energy and radius in the final equilibrium state. 

(3) If the beam energy is maintained close to the 
equilibrium energy during the radiative shrinkage 
process, the shrinkage time is long. The time is con- 
siderably shortened if the energy is held at a high value 
during most of the process. Thus one must put up with 
either a long shrinkage time, or a large variation in 
energy. This conclusion may be put in quantitative form 
if reference is made to Eq. (47). Since the energy in- 
crease and radiated energy are both supplied by the 
electric field, it is seen from this equation that, once 
complete neutralization is attained, it is necessary to 
feed in at least as much energy as the beam already has 
in order to reduce the radius by a factor of two. 

In conclusion, the production of an electron beam 
satisfying the equilibrium condition of Budker would be 
enormously difficult. However, many of the effects dis- 
cussed in the present article will occur with several 
types of intense beams of charged particles. 


ote added in proof.—It has been pointed out to the 
author by Judd and Smith" that electron-ion pairs pro- 
duced in ionization collisions may both stick in the beam 
if the neutralization is nearly complete, and that such 
ion pair capture may be an important effect. Though we 
are not familiar with the calculations of these authors, 
we have made a rough estimate of the effect, and agree 
with their conclusions. If the ratio of electron-to-ion 
density in the laboratory system is slightly greater than 
one, and the freed electron is given a velocity in the 
direction of the electron beam, the magnetic attraction 
of the electron to the beam center may be stronger than 
the electrostatic repulsion. In such a case both members 
of the ion pair are bound. These particles may be 
scattered out of the beam before attaining appreciable 
velocities (scattering from the beam ions should be 
more important than scattering from the beam elec- 
trons, because of the low relative velocity in the former 
case). A rough estimate reveals, however, that the 
newly formed ion pairs have a good chance of remaining 
in the beam until accelerated to velocities comparable to 


8 D—D. L. Judd and Lloyd Smith (private communication). 
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those of the other beam particles, unless the beam radius 
is almost as small as the Budker equilibrium radius. 

This effect may be minimized if the neutral atom 
density is small enough so that the neutralization time 
is at least a tenth as long as the time necessary to reach 
equilibrium in the radiation stage. In such a case the 
results of Sec. VIII D, should still represent the ap- 
proximate behavior of the beam after the neutralization 
fraction has become large. 

Although this possibility of electron capture makes an 
accurate calculation of the beam behavior difficult, the 
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effect may be useful in the production of an intense 
beam. In fact, appreciable electron capture may be 
necessary to compensate for losses. (The single-scat- 
tering loss mechanism discussed in the present work and 
in references 1 and 3 very likely leads to an underesti- 
mate of the rate of electron loss.) 
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LiH;(SeO;).: New Room-Temperature Ferroelectric* 


R. PEPINSKY AND K. VEDAM 
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(Received December 22, 1958) 


LiH3(SeQs)2 crystallizes in the monoclinic system and exhibits useful ferroelectric properties in the entire 
temperature range — 196°C to 90°C. The spontaneous polarization and coercive field at room temperature 
are 15.0 wcoulombs/cm? and 1400 v/cm, respectively. X-ray examination reveals that the crystals belong 
to the space group Pn, with cell dimensions a2=6.25sA, b=7.88,A, c=5.433A, B=105.2°, and two formula 
units per unit cell. The polar direction is perpendicular to the (001) plane. No Curie temperature could be 
observed. NaH3(SeOs)2 is not isomorphous, but is ferroelectric below —79°C. 


INTRODUCTION 


SURVEY of various recently-discovered ferro- 

electrics reveals the importance of the near-planar 
configuration of the glycine molecule, and of the tetra- 
hedral ions (NH,4)* and (SO,4)~~, in ferroelectric trans- 
itions. Now we have found that hydrogen-bonded crys- 
tals containing pyramidal ions like (SeO;)~~ also exhibit 
interesting phase transitions. For example, optical ex- 
amination reveals that KHSeO; exhibits a beautiful 
transition at —39°C; however, no dielectric anomaly 
could be detected at this temperature. NaH;(SeOs)o, 
which crystallizes in the monoclinic system and under- 
goes a transition at — 79°C, exhibits useful ferroelectric 
properties from this temperature down to liquid nitro- 
gen temperature. Detailed measurements on this crystal 
will be reported elsewhere. LiH;(SeO;)2, on the other 
hand, is ferroelectric at room temperature and possesses 
many features of practical importance. The results of 
x-ray crystallographic, dielectric, and therma] measure- 
ments of this crystal are reported here. 


PREPARATION AND PROPERTIES OF LiH;(SeO;), 


LiH3(SeOs3)e, also described as LiHSeO3- H2SeO3, can 
easily be crystallized from aqueous solution of lithium 


* This study was accomplished under contracts with the Air 
Force Office of Scientific Research, Air Research and Development 
Command, the Signal Corps Engineering Laboratories, and the 
U. S. Atomic Energy Commission. 


hydroxide or lithium carbonate in selenious acid in 
stoichiometric proportions: one mole equivalent of 
LiOH to two moles of H,SeO;. The crystals obtained 
are fairly stable at room temperature and do not require 
protective coating. X-ray measurements using single- 
crystal Weissenberg photographs with CuKa radiation 
reveal that the crystal belongs to the monoclinic sys- 
tem, with space group Pn and with the cell dimensions 
a=6.253A, b=7.88A, c= 5.433A, and B= 105.2°. There 
are two formula units per unit cell. The crystal possesses 
an imperfect cleavage plane perpendicular to the 6 
axis. A detailed crystal structure analysis is in progress 
in this laboratory; this will be followed by a neutron 
analysis at Brookhaven National Laboratory. 

The ferroelectric direction is perpendicular to the 
(001) plane and is close to the [401] direction, thus 
again demonstrating that in monoclinic ferroelectric 
crystals the polar direction can lie along any general 
direction perpendicular to the 6 axis, or along b. 

Figure 1 represents the temperature variation of the 
small-field dielectric constant, measured at a frequency 
of 10 kc/sec and with a field of 5 v/cm applied along 
the polar direction. The dielectric constant, which has 
a value of 30 at room temperature, rises very rapidly 
above 80°C, with a corresponding increase in dielectric 
loss due possibly to increasing ionic conductivity. To 
determine whether this rise in dielectric constant might 
be due to a phase transition at higher temperature, 
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Fic. 1. LiH3;(SeOs)2. Dielectric constant measured along the 
. . . 8 
polar direction, as a function of temperature. 


measurements were carried up to the melting point of 
the crystal at 110°C; but no dielectric anomaly could 
be detected. This result was substantiated by specific 
heat measurements over the temperature range — 175°C 
to 110°C. No transition could be observed below the 
melting point. 

The dielectric constants €«, and «, with the electric 
field applied parallel to the a and 6 axes, respectively, 
have values 29 and 13 at room temperature, and their 
variations with temperatures are quite similar to Fig. 1. 

Examination in a hysteresis bridge reveals that one 
can obtain good, well-saturated, square hysteresis loops 
in LiH;(SeOs3)2 over the entire temperature range from 
—196°C to 90°C. The spontaneous polarization is by 
far the largest yet observed for a water-soluble ferro- 
electric; it has a constant value of 15 microcoulomb/cm? 
in the temperature range mentioned above. This is 
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Fic, 2. LiH3(SeOs3)2. Coercive field vs temperature. 


about three times the magnitude of the spontaneous 
polarization of the ferroelectric dihydrogen phosphates, 
and compares favorably with the value of 26 ucoul/cm? 
as found in BaTiO; single crystals. The coercive field 
has a value of 1400 v/cm for an applied field of 5 kv/cm 
at room temperature, and its variation with tempera- 
ture is represented in Fig. 2. 

No measurement of switching-time characteristics 
has yet been carried out on this crystal; but the high 
spontaneous polarization suggests that the switching 
will be fast. 
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Electron Spin Resonance Experiments on Donors in Silicon. I. Electronic Structure 
of Donors by the Electron Nuclear Double Resonance Technique 


G. FEHER 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received December 29, 1958) 


The ground-state wave function of the antimony, phosphorus, 
and arsenic impurities in silicon has been investigated by means 
of the electron nuclear double resonance (ENDOR) method. By 
this method the hyperfine interactions of the donor electron with 
the Si nuclei situated at different lattice sites were obtained. 
The isotropic part of the hyperfine interaction agreed with the 
theory of Kohn and Luttinger to better than 50%. From a 


comparison of the experimental results with their theory a value 
for the conduction band minimum in silicon of ko/kmax=0.85 
+0.03 was obtained. So far no satisfactory theory exists to 
account quantitatively for the observed anisotropic part of the 
hyperfine interaction. 

The observed line shape agreed with the shape predicted by 
summing up the irtdividual hyperfine interactions which are the 


I. INTRODUCTION 


HE impurity center which results when a silicon 

atom is replaced by an element from the fifth 
column of the periodic table (e.g., phosphorus, arsenic, 
antimony) is called a donor. Four of the valence 
electrons of this impurity center form covalent bonds 
with their nearest silicon neighbors and therefore do 
not exhibit a paramagnetic resonance. It is the fifth 
electron that we will be concerned with in this paper. 
This electron moves in a Coulomb-like potential of the 
donor nucleus to which it is only loosely bound. At 
room temperature the donors are ionized and the 
electrons are free to move through the crystal. In this 
paper we will not discuss! the paramagnetic resonance 
of such a conduction electron? but will be concerned 
with its behavior when it is bound to the donor at low 
temperatures. 

The first spin resonance absorption from bound donor 
electrons was reported by Fletcher ef al. They found 
a resonance pattern that consisted of 27+1 lines, where 
I is the nuclear spin of the donor atom. The spacing 
between the lines is proportional to the hyperfine 
interaction and provides information about |W(0)|?, 
the square of the electronic wave function at the donor 
nucleus. The magnitude of this quantity was satis- 
factorily explained by Kohn and Luttinger® who 
developed a detailed theory of the donor states. One 
of the main purposes of the present investigation was 

1 Except in comparing the g-value of the bound electron to the 
g-value of the free carriers (see Sec. II-E). 

? Portis, Kip, Kittel, and Brattain, Phys. Rev. 90, 988 (1953). 
1953). Willenbrock and N. Bloembergen, Phys. Rev. 91, 1281 
‘ Fletcher, Yager, Pearson, Holden, Read, and Merritt, Phys. 
Rev. 94, 1392 (1954). 
wo Yager, Pearson, and Merritt, Phys. Rev. 95, 844 
6W. Kohn and J. M. Luttinger, Phys. Rev. 97, 1721 (1955); 
98, 915 (1955). 


cause of the broadening. The behavior of an inhomogeneously 
broadened line observed under adiabatic fast passage conditions 
is discussed in an appendix. The electronic g-values were measured 
with respect to the free carriers in a degenerate n-type silicon 
sample. The g-value of the free carriers was found to be 1.99875 
+0.00010. The deviations of the donor g-values from the above 
value is several parts in 10‘ and increases monotonically with 
increasing ionization energy of the donors. 

Besides the shallow donors Sb, P, and As, several other centers 
were investigated, but in considerably less detail. They include 
the chemical impurities Bi, Li, Fe, centers associated with the 
surface of the sample and with the heat treatment of silicon. The 
influence of substitutional germanium atoms on the resonance line 
in phosphorus-doped silicon has also been investigated. 


to check the validity of this wave function by meas- 
uring the square of its value [i.e., the hyperfine (hf) 
interaction with the 5% abundant Si’, nuclei | not only 
at the central donor nucleus but also at different silicon 
lattice points in the vicinity of the donor atom. Such 
a mapping out of the donor wave function is made 
possible by the electron nuclear double resonance’ 
(ENDOR) technique which is described in some detail. 
The comparison of the theoretical and experimental 
hyperfine interactions hinges on the proper identifica- 
tion of the ENDOR lines. Because of the nature of 
the wave function the hf interactions with the Si” 
nuclei do not fall off monotonically with their distance 
from the donor nucleus. This is due to interference 
effects between different parts of the wavefunction 
which depend critically on the position of the conduc- 
tion band minimum in k-space. Although this makes 
the identification more difficult, once it has been 
accomplished, it provides a value for the position of 
the minimum. This information cannot be obtained 
from cyclotron resonance® experiments which tell us 
only the direction along which the minima lie. 

The ENDOR technique is based essentially on the 
ability to change the spectral distribution of the electron 
spin resonance line by inducing low-frequency transi- 
tions. The applicability of this technique to different 
centers depends to a large extent on the magnitudes of 
the electron spin lattice relaxation and diffusion times. 
These are discussed in a separate paper’ (to be referred 
to as Part II). 

The measured electron spin resonance line width is 
caused by the hf interactions with the Si” nuclei and is 
consistent with the experimentally determined values 

7G. Feher, Phys. Rev. 103, 834 (1956). 

8 For a general discussion of cyclotron resonance see: Dressel- 
haus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

9G. Feher and E. A. Gere, following paper [Phys. Rev. 114, 
1245 (1959) ], this paper will be referred to as Part II. 
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of these interactions. In order to arrive at a meaningful 
line width a knowledge of the theory of the line shape 
as observed under adiabatic fast passage!® conditions 
is necessary. This problem is discussed in an appendix. 

The electron g values for the Sb, P, and As donors 
have been measured to a sufficiently high accuracy to 
detect the differences in the g shift between them. So 
far no theory is available for comparison. 

Most of the work discussed in this paper is concerned 
with the three donors Sb, P, and As. In the course of 
the investigation resonances were also observed from 
other chemical centers (e.g., Bi, Li, Fe) and centers of 
less known structure (associated with the heat treat- 
ment of silicon and with the surface). They were 
investigated in considerably less detail and are discussed 
in Sec. III. The bismuth center is similar to the other 
group V donors but in view of its considerably higher 
ionization energy the effective mass theory of Kohn 
and Luttinger is less applicable to it. Lithium forms an 
interstitial center whose electron was found to have an 
anisotropic g value. Its wave function therefore cannot 
have tetrahedral symmetry. A discrepancy was found 
between the ratios of the hf interactions of Li® and Li’ 
and the ratios of their respective nuclear g values. 
This “solid-state hyperfine anomaly” presumably arises 
from the different zero-point vibration amplitudes of 
the two isotopes. A single resonance line due to the 
iron impurity was observed. The electronic structure 
of this center is at present not understood. The param- 
eters of the resonance line from the donors produced 
during the heat treatment of silicon varied from sample 
to sample. This is consistent with the present picture 
of a variety of centers being produced during the heat 
treatment. The “surface line” is apparently associated 
with the mechanical damage of the silicon surface, as 
determined from etching experiments. The influence of 
replacing a small percentage of silicon atoms by ger- 
manium was investigated in phosphorus-doped silicon. 
The main effect was a spread in the values of | (0) |? 
which resulted in a broadening of the resonance lines. 


II. THE SUBSTITUTIONAL DONORS ANTIMONY, 
PHOSPHORUS, AND ARSENIC 
(A) Energy Levels and Transitions 
(1) The Spin Hamiltonian 
We start by considering the magnetic interaction of 
a donor electron with the donor nucleus, the Si” nuclei 
that are encompassed in its orbit and the externally 
applied magnetic field H. The foregoing interactions 
are given by the spin Hamiltonian 
K=—p.-H— yp: H— (82/3) y.- up| ¥ (0) |? 
+ (80/3)Q01 wee wr] ¥ (12) |?— Dr we H 
1 3Cui- (r—1) Lue: (r—11)] 
+2 ari : 
(r—r,)* (r—r,)? 


 F, Bloch, Phys. Rev. 70, 460 (1946). 
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where w. is the electron magnetic moment, wp the 
magnetic moment of the impurity nucleus, pw, the 
nuclear magnetic moment of a Si” at the /th lattice 
point, W(r,;) the electronic wave function at the /th 
silicon site, r being measured from the position of the 
donor nucleus. The terms containing the square of the 
wave function represent the usual Fermi-Segré hyper- 
fine interactions. The last term in the Hamiltonian 
represents a dipole interaction and vanishes for an 
electronic wave function which has perfect cubic 
symmetry. Because of the symmetry of the wave 
function about the central donor atom the dipolar 
term as well as any quadrupole terms average to zero 
for this site. The Si* nuclei have a spin of one-half, and 
therefore cannot contribute to quadrupole effects but 
are responsible for the dipolar term in Eq. (1). From 
Eq. (1) we find for the energy of the system in the 
high-field approximation (i.e., guoH<remaining terms) 


E= guoHms+[Lapmsmp— (uv/Ip)Hmp | 
+> [Lamm gmsi— (usi/Isi)H ms; ] 
->, bumgmsg\(1—3 cos’6), (2) 


where ms, mp, ms; are the magnetic quantum numbers 
for the electron, donor, and silicon nucleus, respectively, 
I is the spin of the nucleus under consideration, g 
=electron g-value, 4o= Bohr magneton, and 


167 up 
so ON 
3 Ip 


167 usi : 
a,=—— —u,|¥ (ri) |’, 


Si 


ak Msi f3 ———\ 
aa * (r—rj)° 

The last term in Eq. (2) was obtained by assuming 
that b<a, and that the wave function has axial 
symmetry about r). @ is the angle between this axis of 
symmetry and the external magnetic field, and ¢ is 
the angle between (r—r,) and the axis of symmetry. 
The two previous assumptions are not justified for 
some of the observed lines and will be removed when 
we come to analyze the transitions in question (see 
Sec. C-2). In an ordinary microwave resonance experi- 
ment one induces the transitions Ams= +1; Amp=0; 
Amsi=0. This results in a set of hyperfine lines which 
in our case are resolved and occur at 


hve= guoH+apmp, (4) 


where mp ranges from J, J—1---—J and », is the 
microwave frequency." The terms involving msms; do 
not give rise to resolved hyperfine lines but only 
contribute to the broadening of the observed microwave 


“In practice one varies the magnetic field rather than the 
microwave frequency which in the high field approximation is 
equivalent. 
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transitions. This point is more fully discussed in the 
next section. 

In the ENDOR technique transitions for which 
Ams=0 are observed, and one flips either the donor 
nucleus (Amp= +1) or the Si®® nuclei (Amsi= +1). 

For the transitions of the donor nucleus we get a 
set of lines at a frequency vp given by 


hvp+= |hap¥ (un/Ip)H |, (5) 


where the upper sign refers to the ms=+} and the 
lower to the ms=—}4 set of levels (see Fig. 1). Since 
for such transition Ams=0 and Ams;=0, the AmsiAms 
terms do not contribute to the line width [see Eq. (2) ]. 
This is the reason why the ENDOR line width can be 
many orders of magnitudes smaller than the microwave 
electron spin resonance line width and therefore results 
in greatly improved resolution. This is only true as 
long as the electronic wave function of each center is 
the same. Differences in the wave function will broaden 
the ENDOR lines with a corresponding loss in resolu- 
tion. This situation has been encountered for example 
in phosphorus-doped silicon when a small percentage 
of Ge was added to the crystal. (See Sec. III F.) 
Another source of broadening in imperfect single 
crystals may arise from the anisotropic part of the 
wave function. If the center exhibits an isotropic line, 
a single crystal is not required. We have powdered a 
silicon crystal (400 mesh) and found no broadening of 
the phosphorus (ap) ENDOR lines. 

The transition frequency for flipping the /th Si 
nucleus obtained from Eq. (2) is given by” 


hy,+= | — (usi/Isi)H +30a,F}b,(1—3 cos’) |. (6) 


29 


Equation (6) represents two sets of lines centered 
around the unperturbed Larmor frequency of a Si” 
nucleus in an external field H (~2.6 Mc/sec at 3000 
oersteds). In all of our work only the higher frequency 


set of lines was analyzed. 


(2) The Energy Level Diagram 


The energy level diagram of the system discussed in 
the previous section is shown in Fig. 1 in which we 
consider for simplicity a donor having a spin of one-half 
(e.g., phosphorus). The main splitting hv. [see Eq. (4) ] 
is due to the electron spin in the external magnetic 
field and occurs at a microwave frequency. The next 
smaller splitting hvp* [see Eq. (5) ] due to the hyperfine 
interaction with the donor is of the order of tens of 
Mc/sec and in our case can still be resolved by ordinary 
paramagnetic resonance methods (see Fig. 2). The 
hyperfine splitting Ay,+— Husi/Isi [Eq. (6) ] due to the 
Si* nuclei ranges from a few Mc/sec to essentially zero 
for those Si® nuclei that are far removed from the 
donor and therefore do not interact with the electron 


2 Note that when 
upper levels in the Breit-Rabi diagram have crossed and Eq. (6) 
becomes hy;*= | $a;—$b:(1—3 cos) F (usi//si)H |. 


| $a,.—$:(1—3 cos) |>>(usi/Jsi)H, the 
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Fic. 1. Schematic representation of the energy level diagram 
of a donor electron in phosphorus-doped silicon. We assume for 
simplicity that the microwave field completely saturates part of 
the m;= +4 line. In the ENDOR technique a partial desaturation 
(i.e., increase in signal) is observed when the a; or ap transitions 
are induced. 


spin. In Fig. 1 these interactions are drawn for the sake 
of simplicity as discrete levels although the width of 
each level is actually larger than the spacing between 
them. In an ordinary electron spin resonance experi- 
ment these levels are therefore not resolved but are 
the cause of the observed line width. By means of the 
ENDOR technique, one can resolve and accurately 
measure these small interactions. 


(B) The ENDOR Technique 


(1) Discussion of the Technique 


The ENDOR technique is based on the fact that a 
small part of an inhomogeneously broadened resonance 
line may be saturated without appreciably affecting the 
rest of the line. This is made possible because different 
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parts of the line arise from different donors whose 
resonant frequencies have been modified by the effective 
magnetic fields created by the hyperfine interactions 
from various Si* configurations within the donor orbit. 
This behavior is just the defining property of an 
inhomogeneously broadened line as discussed by 
Portis" in connection with F centers. 

In the ENDOR experiments one sets the magnetic 
field Ho to the center of the microwave resonance line 
and applies an additional variable radio-frequency field 
at right angles to it. The electron resonance absorption 
is now saturated by applying a sufficiently strong 
microwave field, thereby decreasing the observed 
electron resonance signal. This situation is indicated in 
Fig. 1. The population of the upper and lower electronic 
states is equal corresponding to complete saturation 
and hence the signal is zero. Here is the total number 
of donors (i.e., unpaired spins) divided by the number 
of levels indicated. The remaining levels are undisturbed 
and their occupancy is given by the electronic Boltz- 
mann factor e=yoH/2kT as indicated. If one now 
sweeps the radio-frequency field covering the frequency 
hvp* or hv;* the population of the previously saturated 
levels will change. This change may be accomplished 
either by going through the nuclear transitions under 
adiabatic fast passage conditions!’ thereby reversing 
the population, or by saturating the nuclear transitions 
thereby equalizing the populations. In the first mode 
of operation the population of the electronic level 
should change by e, in the second by ¢/2. This change 
in population manifests itself as a change in the electron 
resonance signal and is recorded together with the 
nuclear frequency at which this change occurs. 

The foregoing discussion is illustrated for phosphorus- 
doped silicon in Fig. 2. The saturated middle region 
of the m;=+4 line demonstrates the inhomogeneous 
nature of the line. The trace was obtained by setting 
the magnetic field Hp on the center of the my= +} line 
and modulating it by an amount Hy coswyt; the 
modulation frequency in our experiments was 100 cps. 
The microwave magnetic field was then turned on and 
the central portion of the line was saturated. The 
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Fic. 2. Demonstration of the inhomogeneous broadening of the 
donor resonance in phosphorus-doped silicon (5X10!* P/cm3, 
T=1.25°K, H~3000¢). The center of the m;=+}4 line was 
saturated prior to the traversal. In the ENDOR technique the 
field is set to Ho. An additional rf field flips the spin packets as 
indicated by the arrows thereby desaturating the electron spin 
resonance line. 


18 A. M. Portis, Phys. Rev. 91, 1071 (1953). 
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dynamics of this saturation process is described in 
Appendix A-3. Upon sweeping subsequently through 
the two lines, the trace of Fig. 2 was obtained. One 
sees clearly that one can “burn a hole” of width 2H 
in the center of the resonance line without affecting 
the rest of it. It is of course important that the time 
interval between the saturation process and the sweep 
through the line be small in comparison with the spin- 
lattice relaxation and diffusion time (see Part II). The 
small line in the central region of the pattern in Fig. 2 
is due to exchange interactions with neighboring 
donors.'® We will not be concerned with such effects in 
the present investigation. 

In the ENDOR experiments the field remains set to 
H +H coswyt. The spin packets indicated by broken 
arrows in Fig. 2 may then be transferred into the 
“hole” by applying a field of the appropriate transition 
frequency. The “filling up” of the hole causes the 
observed increase in the electron spin resonance signal. 
In order to demonstrate this effect more clearly the 
value of 2H used to obtain Fig. 2 was chosen to be 
1.5 oersteds. In the actual experiments a ten times 
smaller field modulation was used. 


(2) Experimental Results 


The result of the double resonance experiment on 
P-doped silicon with an impurity concentration’® of 
5X 10'* P/cm is shown in Fig. 3. In the present work 
we are mainly concerned with the small part of the 
spectrum that corresponds to the hyperfine interaction 
with the Si” nuclei. However, before discussing it in 
greater detail let us consider briefly the behavior of the 
electron resonance signal as one sweeps the entire 
available radio-frequency range. 

The upper trace [Fig. 3(a) ] shows the increase in 
signal when the two donor hf interaction frequencies 
are traversed. The steep rise of the line is due to the 
small inherent line width of the spin packets, whereas 
the slow trailing off is associated with the time required 
to resaturate the line as discussed in Appendix A-3. 
We notice also that the second line that is traversed is 
larger than the first. This is the consequence of the 
redistribution of the population after the first traversal 
and has been discussed in detail elsewhere.” 

The second trace [Fig. 3(b)] is the one of main 
interest. It arises from the hf interactions with the Si” 
nuclei. We notice that some lines exhibit additional 
splittings which arise from the anisotropic part of the 

“Such “hole burning” experiments were first reported on 
nuclear system by Bloembergen, Purcell, and Pound, Phys. Rev 
73, 679 (1948). 

15C, P. Slichter, Phys. Rev. 99, 479 (1955); Feher, Fletcher, 
and Fere, Phys. Rev. 100, 1784 (1955). 

16 The impurity concentration in this part of the work was 
obtained from room-temperature resistivity measurements. For 
the latest values for the mobilities see for instance E. M. Conwell, 
Proc. IRE 46, 947 (1958). In Part II an exact knowledge of the 
impurity concentration is of greater importance and was obtained 


from Hall effect measurements. 
17 J. Eisinger and G. Feher, Phys. Rev. 109, 1172 (1958). 





ELECTRON SPIN RESONANCE 


hyperfine interaction [see Eq. (2) ]. The magnitude of 
these splittings is the largest for the most tightly bound 
donor, i.e., the one having the largest ionization energy. 
This turns out to be the As donor which was therefore 
investigated in more detail than the other two. The 
traces of the spectrum of interest for As-doped silicon 
are shown in Fig. 4 with the magnetic field pointing 
along a different principal crystalline direction in each 
of the traces. In order to obtain a more detailed picture 
of the anisotropic variations, the angle between the 
magnetic field and the crystalline axis was varied in 
steps of 5°. The nuclear frequency in those measure- 
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Fic. 3. Variation of the microwave electron spin resonance 
signal with the application of an additional rf field. The sample 
is phosphorus-doped silicon (5X 10!§ P/em’, 7=1.25°K, Ho~3000 
oersteds). Figure 3(a) shows the increase in signal when the donor 
hf interaction frequencies are traversed. Figure 3(b) arises from 
the hf interaction with Si®’s located at different lattice points 
(see also Figs. 4 and 13). Figure 3(c) is due to the hf interactions 
with Si®’s which are far removed from the donor. The decrease 
in signal in Fig. 3(d) is due an effect akin to rotary saturation.’ 


ments was swept at a much slower rate than shown in 
Fig. 4 in order to improve the accuracy with which the 
splittings could be determined. (See Sec. II C-2 and in 
particular Fig. 13.) The ENDOR line width is approxi- 
mately 10 kc/sec which is to be compared with ~ 10 
Mc/sec for the electron resonance line width. Thus 
the double resonance technique improved the resolution 
by three orders of magnitude. The anisotropic part 
plays an important role in the identification of the 
lines and is discussed more fully in Sec. II C-2. For the 
Sb and P donors the experiments were performed with 
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Fic. 4. The ENDOR signal from arsenic-doped silicon (8X 10" 
As/cm’, T=1.25°K, »,~9000 Mc/sec). The lines represent the 
hf interaction of the donor electron with the Si” nuclei at different 
lattice points. Note the change in the structure of the lines when 
the magnetic field points along the different crystalline directions. 
For the analysis of this anisotropic interaction the rate of fre- 
quency sweep was reduced (see Fig. 13). 


the magnetic field pointing only along the three 
principal crystalline axes. 

The trace of Fig. 3(c) arises from Si?® nuclei which 
are far removed from the donor. Their hf interaction 
is very small and cannot be resolved. Since there is a 
large number of such distant silicons the integrated 
signal is considerably larger than that due to the nearby 
silicons. There are several interesting features associated 
with this trace. First we see that the electronic signal 
decreases when the hf transitions are being induced. 
This would be impossible under the conditions depicted 
in Fig. 1, in which complete saturation (i.e., no signal) 
was assumed. In practice one does not, however, 
saturate the line completely (as indeed is indicated in 
Fig. 2) and therefore a reduction in signal is not 
excluded. This reduction in signal starts approximately 
at a splitting given by the radio-frequency vy~ guoH u/h. 
This suggests that when spin packets are flipped within 
the width of the saturated part of the resonance line a 
reduction in signal occurs. This presumably is the 
result of a de-phasing process between spin packets. 
The notch that occurs at the rf frequency vy= (usi/ 
Isih)H may be explained as follows: the Si® nuclei 
whose resonant frequencies are unperturbed and there- 
fore occur at the above vy do not interact with the 
electron (otherwise their resonant frequency would be 
shifted). Since they do not interact there is no reason 
why the electronic signal should be affected by them. 
The signal therefore tries to return to its undisturbed 
saturated value xe sar’. The pattern should be sym- 
metrical about the frequency vy = (usi/Isih)H [see Eq. 
(6) |. The observed small asymmetry is presumably 
due to relaxation effects. 

In a phosphorus-doped silicon sample which was 
10% compensated with boron an additional line was 
observed at the unperturbed Larmor frequency of the 
P*! nucleus. This signal arises from the phosphorus 
sites that have lost their donor electrons to the boron 
acceptors. The nuclei at those sites are only weakly 
coupled to the neighboring donors and therefore reso- 
nate at approximately the unperturbed frequency. 
This effect may be of importance if one wants to study 
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the nuclear resonance of centers that are not para- 
magnetic or whose resonance signal does not satisfy 
the conditions necessary to observe an ENDOR signal 
directly. If such centers are placed in the vicinity of 
“proper” paramagnetic centers the effect of flipping 
their nuclei may be investigated via the electron spin 
resonance signal of the nearby paramagnetic centers. 
Figure 3(d) shows a gentle reduction of the signal 
which has nothing to do with the Si*’s.!* The position 
of the dip is affected by the strength of the microwave 
magnetic field H,. This suggests that this phenomenon 
might be akin to the rotary saturation effect discussed 
by Redfield" for the case of a saturated nuclear system. 


(3) The Experimental Equipment 

The spectrometer used in this work operates at 
X-band (v.~9000 Mc/sec). It is a balanced bridge 
type so that the observed signal can be made propor- 
tional either to the real or imaginary part of the 
susceptibility. All the ENDOR experiments were done 
at 1.25°K. At this temperature the relaxation times are 
long and therefore the bridge was always tuned to the 
dispersion mode and the signals were observed under 
adiabatic fast passage conditions (see Appendix A). 
The spectrometer employs a superheterodyne detection 
scheme with an intermediate frequency of approxi- 
mately 60 Mc/sec. The ordinary electron spin resonance 
signals may be obtained in two different ways. One 
way is to connect the output of the i.f. detector to the 
recorder and sweep through the electron resonance 
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SILICON 
SAMPLE 5 
Fic. 5. Microwave cavity assembly with silicon samples and rf 
coil. The cavity is molded out of Pyrex and coated on the inside 
with silver. The slit in the coating reduces rf eddy currents. The 
magnetic field may be rotated in the (110) plane of the samples 
as indicated. 


18 A similar behavior was found in an experiment performed on 
triphenylmethyl [Weissmann, Feher, and Gere, J. Am. Chem. 
Soc. 79, 5584 (1957) ]. 

1 A. G. Redfield, Phys. Rev. 98, 1787 (1955). 
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lines without magnetic field modulation. This method 
is not very sensitive but is more straightforward and 
eliminates complications which may arise when field 
modulation schemes are used. In the ENDOR experi- 
ments where a higher sensitivity is required the mag- 
netic field is modulated at 100 cps. A signal of this 
frequency is thus observed when passing through a 
resonance line and is detected by a phase-sensitive 
detector which follows a 100-cps audio amplifier. Its 
output has an integrating network and is fed into the 
recorder. 

The rectangular microwave cavity operates in the 
TE. mode and is illustrated in Fig. 5. It is molded 
out of Pyrex and coated on the inside with silver 
paint.”° It consists of two \/4 sections in order to avoid 
breaks in the microwave currents. Slits were provided 
in the silver paint to allow the nuclear frequency, 
necessary for the ENDOR experiments, to penetrate 
into the cavity. The unloaded Q of such a cavity at 
liquid helium temperatures is about 5000. The silicon 
samples were cut along the principal crystalline direc- 
tions as indicated in Fig. 5 and held in place with 
styrofoam which filled the entire cavity. This cuts 
down the amount of helium that enters the cavity and 
thereby reduces the noise which arises from helium 
bubbles above the A point. The sample dimensions 
were 9 mmX15 mmX1 mm and for most of the 
ENDOR experiments contained between 4—8X 10'° 
donors/cm*. The rf is applied to a coil wrapped on the 
outside of the cavity. The coil is untuned and termi- 
nates a 50-ohm coaxial line. The rf power is obtained 
from a commercial bench oscillator* with a modified 
motor driven frequency dial. In order to improve the 
match into the coil the output of the oscillator was fed 
into a cathode follower. A more detailed discussion of 
the rest of the spectrometer is given elsewhere.” 


(C) Comparison of Experimental Results 
with Theory 

(1) The Theoretical Wave Function 
We will start by reviewing, briefly, the results of the 
theory of shallow donor states in silicon developed by 
Kohn and Luttinger.* They show that the wave function 
of a donor electron in its ground state can be approxi- 
mately represented by a linear combination of six wave 
functions corresponding to the six minima of the 
conduction band which for silicon lie along the [100] 

direction. The wave functions have the form: 


¥(H)=()E FO (uA) explike-t), (7) 
j=l 


where j refers to the different minima, u“” (r) exp[iko’-r ] 
is the Bloch wave at the jth minimum and F“(r) is a 


*” The silver paint used was Du Pont No. 4545. It is fired at 
550° and adheres very well to Pyrex. 

*1 Hewlett-Packard oscillators No. 650A and No. 608C. 

2 G. Feher, Bell System Tech. J. 26, 449 (1957). 
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Fic. 6. Wave function of donor electron in arsenic-doped silicon 
along the [110] direction, after theory of Kohn and Luttinger, 
assuming ko/kmax=0.85. Note that the wave function does not 
fall off monotomically with the distance from the donor. The 
largest hf interaction in this direction occurs with the Si®’s at 


the 440 site. 


hydrogen-like envelope function obtained by solving 
an effective mass Schrédinger equation into which the 
observed binding energy of the donor has been substi- 
tuted. 

From Eq. (7) we see that at the donor site (r=0) 
the six wave functions add and |W (0) |? has an appreci- 
able value. However, as r increases, the exp(iko’-r) 
terms will cause the six wave functions to interfere 
with each other. One would expect therefore the hyper- 
fine interaction with the donor nucleus (r=0) to be 
stronger than with the Si” nuclei, which indeed is 
found to be the case. Since the interference effects 
depend on the position of the conduction band minima 
a comparison of the experimental ENDOR results with 
theory should give a value for ko. The difficulty of 
this comparison lies in the fact that due to the inter- 
ference effects the wave function at the /th silicon, 
|W(r,)|?, does not decrease monotonically with in- 
creasing r;. One is faced therefore with the problem of 
correlating the observed experimental frequency of 
each line with the hyperfine interaction of a silicon at 
a specific lattice site r,. This point is illustrated sche- 
matically in Fig. 6 in which the wave function for the 
arsenic donor is sketched along the [110] direction. In 
this plot, |W(0)|? is taken from experiment and the 
|W(r,)|? are computed from Eq. (9). For the ko chosen 
(Ro/Rmax=0.85 which is the actual value obtained in 
Sec. II C-3), one sees that the hyperfine interaction 
with the 440 silicon is much stronger than with the 
220 silicon in spite of the latter being closer to the 
donor. The labeling of the lattice sites is such that four 
units correspond to the edge of the unit cell, which is 
5.43X 10-8 cm (see also Fig. 7). 
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Another important parameter that enters into the 
theory is the amount by which the conduction band 
wave function u(r) is concentrated at the lattice site 
r,. This is conveniently expressed by the dimensionless 
quantity » defined as 


n= |u (1) |2/(u (1) Pn, (8) 


where the average is taken over the unit cell. 

The quantity » has been estimated from nuclear re- 
laxation time measurements by Shulman and Wyluda.” 
They obtained the value 186+18 which was used in 
this paper. 

The experimental results discussed in the next section 
show that the main hyperfine interaction is isotropic 
and arises from the contact term which is proportional 
to |W(r,)|*. By expanding Eq. (7), one obtains 
|W (11) |?= 3 LF (r,) coskoxi + F™ (1) coskoy: 

+F(r,) coskoz: ?, (9) 
where xi, yi, 2 are the coordinates of the /th silicon 
measured from the donor along the [100] directions 
(see Fig. 8). The normalized anisotropic envelope 
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function F;‘)(r;) may be approximated by”'* 


a*3\} ye+ee 
P(r) = P(t) ae ( : ) exp -( —— 
a’b (na)? 


xr i Tl 
+o) /e-Ga) |) 
(nb)? na* 











Fic. 7. Silicon crystal with a substitutional donor. In order to 
obtain the symmetry of the anisotropic hf interaction the magnetic 
field is rotated in the (110) plane (see shaded area). From an 
inspection of the lattice it can be seen that the 400 site does not 
have axial symmetry. The principal axis of the anisotropic hf 
interaction corresponding to the 440 site makes an angle a with 
the [110] direction. 


%R. G. Shulman and B. J. Wyluda, Phys. Rev. 103, 1127 
(1956). 

%*W. Kohn, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5. 

26 W. Kohn (private communication). 
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Fic. 8. The square of the electron wave function | (r;)|? in arsenic-doped silicon as a function of the position of the conduction 
band minimum ko/kmax for different silicon lattice sites (see Fig. 8). The graph was calculated by Schechter and Mozer from the theory 
of Kohn and Luttinger® [see Eq. (9) ]. The shaded area indicates the position of ko/kmax obtained from a comparison of the experimental 
data with theory. 


where F(r,)isotr is the envelope function obtained by 6=14.210-8 cm, a*=21.0X 10-8 cm, and n= (0.029/ 
solving an isotropic effective mass equation using the £;)!, E; being the observed donor ionization energy in 
observed ionization energy and the expression in electron volts. The x-axis above is defined by the 
brackets is an anisotropy correction. For silicon the direction of the & vector. 

parameters entering Eq. (10) are: a=25.0X10-* cm, Similar expressions are obtained for F and F‘ by 
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appropriate permutations of x, yi, 2. The anisotropy 
of the envelope function as seen from Eq. (10) arises 
from the difference between the longitudinal and trans- 
verse effective masses (m,=0.98mo, me=0.19m0) which 
causes the wave function to be compressed along the 
[100] direction. Schechter and Mozer** have calculated 
Eq. (9) for different values of ko. Their results are 
plotted in Fig. 8 for a donor having an ionization 
energy of 0.050 ev corresponding approximately to the 
As donor.” Similar plots were obtained for £;=0.040 ev 
and 0.045 ev corresponding to the Sb and P donors.” 


2) Identification of the Lines 

As was pointed out earlier the interference effects 
make the identification of the lines a difficult task. If 
one had only the experimental values of the isotropic 
part of the hyperfine interaction, such an identification 
would be nearly impossible. Fortunately, there are two 
additional pieces of information available which help 
in the identification. One is the relative amplitudes of 
the ENDOR lines which have to be consistent with the 
number of equivalent occupied lattice points and the 
other is the additional structure on each line. From the 
angular variation of this structure one can find the 
symmetry of the particular lattice point with respect 
to the impurity center. After one or two lines have 
been identified one can use the theoretical! curves of 
Fig. 8 to obtain a rough value of ko/Rkmax and thereafter 
use Fig. 8 as a convenient guide to check the assignment 
of the remaining lines. 

To illustrate the method we shall now analyze 
several lines of the ENDOR spectrum for As-doped 
silicon. The lines of the spectrum are labeled in Fig. 4. 

(a) Line A.—This line is due to the Si*® nuclei which 
exhibit the largest hf interaction (see Fig. 4). It will be 
shown presently that this interaction arises from the 
silicons situated at the 400 site (fourth nearest neighbor). 
An inspection of Fig. 7 reveals that this site does not 
have axial symmetry. This is readily seen by looking 
along the [400] direction and noting that the two 311 
sites are nearer to the donor than the two 511 sites, 
thereby destroying the axial symmetry. One would 
expect therefore that the principal axes of the 400 site 
lie: one in the [100] direction and the other two in the 
two nonequivalent [110] directions. In Sec. II A-1 we 
derived the angular dependence for the anisotropic hf 
interaction assuming axial symmetry. For the case of 
nonaxial symmetry Eq. (6) should be modified to have 
the form?* 


hyy*= | — (usi/1 si) +3a:F4b,(1—3 cos*6) 


+ 43b)'(1—3 cos’g)|, (11) 


26D). Schechter and B. Mozer (private communication). 

27 Morin, Maita, Shulman, and Hanney, Phys. Rev. 96, 833. 
The value of 0.039 ev given for P is a misprint and should read 
0.044 ev. The fact that we used 0.001 ev higher values in our 
plots has a negligible effect on the results. 

28 That this is the right form can be easily seen by decomposing 
the nonaxial case into two axial ones at right angles to each other. 
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Fic. 9, Hf interaction of the donor electron in As-doped silicon 
with the Si” nuclei at the 400 site (see Fig. 8). The magnetic field 
is rotated in the (110) plane of the crystal, angles are measured 
from the [100] direction. The full lines represent the theoretical 
fit given by Eq. (11). This site does not have axial symmetry. 


where @ is the angle that the magnetic field makes with 
one principal axis (in this case the [100] direction) 
and ¢ is the angle it makes with the other principal 
axis (in this case one of the [110] axes,” see Fig. 7). 
The quantities a), b; and b,’ are the amplitudes of the 
hf interactions and may be obtained by fitting Eq. (11) 
to the experimentally determined hf interactions. 

Figure 9 shows a plot of the hf interaction for the As 
donor as a function of the angle between H and the 
crystalline axis. The magnetic field is rotated in the 
(110) plane of the crystal (see shaded area in Fig. 7) 
so that it can lie along all the three principal crystalline 
directions. The circles are the experimentally deter- 
mined points and the theoretical fit with }a,;=3.86 
Mc/sec, 36,=0.023 Mc/sec, $,/=0.020 Mc/sec is indi- 
cated by full lines. The numbers in parentheses indicate 
the expected relative amplitudes of the lines. They are 
obtained by considering which of the six 400 sites are 
equivalent when the magnetic field is applied and are 
in agreement with the experimentally observed ampli- 
tudes. The good fit of the experimental points with the 
predicted curves gives us confidence that the assign- 
ment of this line is correct. The only other sites with 
the same symmetry properties are the sites 800, 1200, 
etc. However, they can be safely excluded on account 
of their much lower hf interactions. 

By comparing 4a, of this line with the predicted hf 
interactions of Fig. 8 we find that ko/Rmax must be in 
the vicinity of ~0.8 or 0.2. The 0.2 value can be 
excluded because the observed 400 line exhibits the 
largest hf interaction in accord with the ~0.8 value. 
A more accurate value of ko/Rinax Will be obtained after 
all the lines have been analyzed (see Sec. II C-3). 

The hf interactions for the Sb and P donors were 
determined only for the magnetic field directions along 


2 Experimentally the two [110] axes cannot be distinguished 
from each other, i.e., we cannot find out from the experiment 
whether the hf interaction with the field in the (110) plane 
containing the 331 sites is smaller or larger than when it is in the 
(110) plane at right angles to it (i.e., containing the 551 sites). 
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TABLE I. The experimental and theoretical values of the hf interaction of the donor electron with the Si nuclei. 
The theoretical values are based on the theory of Kohn and Luttinger.* 


Line A 
(400) 
b’/2 


a/2 a/2 


Experiment 
As Theory: ko/kmax =0.83 
0/Rinax = 0.86 
Ey =0.050 ev ko/kmax =0.89 


3.86 0.020 0.052 
4.50 
5.01 


5.48 


0.023 


Experiment 0.017 0.014 
P Theory: ko/kmax =0.83 
ko/kmax =0.86 


Ei =0.045 ev ko/kmax =0.89 


2.98 
3.74 


Experiment 0.015 0.008 


Sb Theory: ko/kmax =0.83 
ko/kmax =0.86 
Ei =0.040 ev ko/kmax =0.89 


* See reference 6. 


the three principal crystalline axes. Once the site is 
identified this procedure is sufficient to obtain values 
for a), b,, b;’ which are tabulated in Table I. 

(6) Line B.—Having obtained from line A a rough 
value of ko/kmax One is now in a position to predict 
from Fig. 8 the remaining lines. The Si?* nucleus which 
has the second largest hf interaction is expected 
according to Fig. 8 to be at the 440 site (ninth nearest 
neighbor). As in the case of line A one first determines 
from simple symmetry arguments the direction of the 
principal axis of the anisotropic hf interaction. An 
inspection of the crystal lattice (see Fig. 7) shows that 
one axis must lie in the (110) plane (see shaded area 
of Fig. 7) but not necessarily along the line connecting 
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Fic. 10. Hf interaction of the donor electron in As-doped silicon 
with the Si” nuclei at the 440 site (see Fig. 8). The magnetic 
field is rotated in the (110) plane of the crystal, angles are meas- 
ured from the [100] direction. The full lines represent the theo- 
retical fit given by Eq. (11). Note that the principal axis makes 
an angle a with the [110] direction. 


b/2 /2 
Mc/sec Mc/sec Mc/sec Mc/sec Mc/sec Mce/sec 


Line C 
(333) ( 
b/2 / a/2 b/2 


(444) 
/ / a/2 
Mc/sec Mc/sec 


b’/2 a/2 


Mc/sec Mc/sec Mc/sec 





2.04 0.004 
2.05 
1.48 


0.95 


—0.006 0.80 0.55 
1.41 0.49 
0.92 


1.38 


0.92 
0.54 


1.64 
1.80 
1.28 
0.80 


<0.004 
1.08 
0.72 
0.44 


1.01 0.008 0.60 
1.18 0.73 
0.97 0.47 
0,69 0.28 


1.39 
1.56 
1.02 
0.64 


the 440 site with the donor. The reason is that the 
nearby 133 site can disturb the electronic wave function 
sufficiently to shift the axis. The angle a@ that the axis 
makes with the line connecting the 440 site with the 
donor is then an additional parameter that can be 
determined from experiment. Again one has no reason 
to assume that the hf interaction will have axial 
symmetry. It can be seen, however, from symmetry 
considerations that the second axis must be along the 
[110] (in Fig. 7 the [011 ]) direction. 

Figure 10 shows the experimental points and the 
theoretical fit for As-doped silicon. The parameters 
chosen for the theoretical curves are 


4a,=3.00 Mc/sec, 36,=0.052 Mc/sec, 
+b,’ = —0,006 Mc/sec. 


a= 23° 


9 ; 


From these values we see that the 440 site is almost 
axially symmetric, the axis being tilted®*® towards the 
[111] axis by 23°. This angle was found to be 19° for 
phosphorus and 15° for antimony-doped silicon. The 
deviation from axial symmetry for those two centers 
was too small to be determined from measurements 
along the 3 principal directions. Although the theo- 
retical fit for this line is not perfect there seems to be 
little doubt as to the symmetry of the center. It should 
be added however that any site lying in the (110) plane 
(e.g., 331, 551) may have such a symmetry. The final 
choice of the 440 site was based on Fig. 8. 

(c) Line C and D.—We treat line C and D together 
since they are both due to centers having [111] sym- 
metry. The [111] direction is the only one that must 
exhibit axial symmetry and should be therefore easily 
fitted with a theoretical curve. Unfortunately it turns 
out that the anisotropic part of the lines is small and 
line C splits only in the [111] direction (see Fig. 11) 
and merely broadens in the [110] direction. This 
behavior however is sufficiently distinct from lines of 
other symmetries to assign it to the [111] direction. 


%® Again from the experimental results one cannot deduce 
whether the axis tilts towards the 331 site (as indicated in Fig. 7) 
or away from it. 
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Line D is resolved in both directions and was fitted 
with a theoretical curve assuming 3a;=2.04 Mc/sec, 
3b,=0.004 Mc/sec. The fits for both lines are illustrated 
in Fig. 11 and the values of 3a; and 40; are tabulated 
in Table I. 

The precise assignment of the lines is considerably 
more difficult. Each of the lines may be due to the 333, 
444, or 555 site. From symmetry arguments alone one 
cannot of course distinguish between these sites and 
neither can one eliminate any of them by calling on 
Fig. 8; all three sites should have a comparable hf 
interaction for ko/Rmax in the neighborhood of 0.84 
0.86. One has to look therefore for other features that 
might distinguish between the three lines. One of them 
is the number of equivalent sites. There are eight 444 
sites but only four 333 and four 555 sites. From the 
relative amplitudes of line C and D to be discussed in 
Sec. II C-2e one can exclude the 444 site and is left 
therefore with the two choices corresponding to the 333 
and 555 assignments. The distinguishing feature of 
these two sites is their different distance from the 
donor nucleus. One would expect therefore that the 
ratio d333/ds55 would be large for electrons having a 
more tightly bound wave function, i.e., for donors 
with a larger ionization energy. Thus one expects 


(@333/@555) As> (@333/ G555) P> (@333/Gs55)sp. (12) 


This inequality should be independent of ko/Rimax 
although the absolute value of the ratios will depend 
on ko/Rmax- Table II summarizes the ratios of the 
observed hf interactions ac/ap together with the 
theoretical ratios @333/d555 assuming ko/Rmax=0.85. A 
comparison of the corresponding ratios leads us then 
to identify line C with site 333 (seventh nearest 
neighbor) and line D with site 555 (twenty-third 
nearest neighbor). 

(d) Line E.—Referring to Fig. 4 one sees an addi- 
tional line in the [111 ] direction which is not observable 
in the [100] and [110 ] directions. A closer examination 
of this line indicates that it must be a fragment of a 
line with a large anisotropic hf interaction. The circles 
in Fig. 12 show the experimental position of this 
fragment for 35°<6@<75°. (Note the compressed scale 
of the ordinate in comparison to Figs. 9, 10, 11). The 
entire line cannot be traced out since most of it merges 
with other lines at lower frequencies. The fragment 
itself disappears even before coinciding with other 


TABLE II. Identification of lines C and D by comparing the 
ratios of the observed hf interactions ac/ap with the theoretical 
values 333/ds55. Since the ratios increase with increasing ionization 
energy one is led to believe that line C is due to a nearer Si® 
nucleus than line D. 


4333/as55 (theory) 
(ko/Rmax =0.85) 


Ionization 
energy [ev] 


0.049 


ac/ap (exp.) 
1.58+0.01 i 
1.45+0.01 2 
1.38+0.01 L 
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Fic. 11. Hf interaction of the donor electron in As-doped silicon 
with the Si® nuclei at the 333 site (line C) and 555 site (line D). 
The magnetic field is rotated in the (110) plane of the crystals 
(see Fig. 8), angles are measured from the Pit0] direction. The 
full lines represent the theoretical fit given by Eq. (6). 


lines. Because of the large anisotropy of the line its 
sensitivity to angular variations is greatly enhanced at 
angles off the [111] direction and may account for its 
premature disappearance. 

Since the largest hf interaction always occurs along 
the axis of symmetry of a center one may assume that 
line E has a [111] symmetry. In view of the large 
anisotropy, discussed more fully in Sec. IL C-2f, it 
seems clear that line E is due to the [111] site (nearest 
neighbor). The amplitude of line E is consistent with 
this assignment. (See next section.) In view of the 
large dipolar interaction the silicon nucleus will not 
point along the external magnetic field but will be 
tilted toward the [111] direction. This results in a 
small correction term to be added to Eq. (6), which 
becomes 


| — psi ai b, : 
hv,+=|——H+—#F—(1—3 cos’) 
Si 2 2 


cos’@ sin?6 | 


( a) 

—})-— ——————— |. (13) 
2 2 — 2us:iH+}a,¥}b,(1—3 cos’6) | 

The theoretical fit of the [111] fragment with the 
observed experimental points is illustrated in Fig. 12. 
The parameters chosen were: }a4,=0.80 Mc/sec, 46, 
=0.55 Mc/sec. 

In P-doped silicon the line / was not found, pre- 
sumably, because it coincided with the lower frequency 
lines. 

(e) Relative amplitudes of the lines.—As pointed out 
in Sec. II(C)2e the relative amplitudes of the ENDOR 
lines should serve as an additional check on the proper 
identification of the lines. The problem is analyzed in 
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Fic. 12. Part of the hf interaction of the donor electron in 
As-doped silicon with the nearest neighbor Si nuclei (111 sites). 
The magnetic field is rotated in the (110) plane of the crystal 
(see Fig. 7), angles are measured from the [110] direction. The 
full lines represent the theoretical fit given by Eq. (13). 


Appendix B where it is found that the relative ampli- 
tudes depend on the setting of the magnetic field H 
with respect to the center of the electron spin resonance 
line. If the value of H corresponds to the center of the 
line the relative amplitudes A,(0) are proportional to 
the number of equivalent silicon sites (,) times a 
weighting factor h*(}a;) defined in Appendix B. Table 
III summarizes the experimental and predicted relative 
amplitudes normalized to line A. The experimental 
values were obtained for As-doped silicon (~8X 10'* 
As/cm*), For the lines that show a resolved anisotropic 
hf interaction the amplitudes were obtained by adding 
up all the individual peaks corresponding to the same 
line. This is illustrated in Fig. 13 which shows line B 
in arsenic-doped silicon with the magnetic field pointing 
along the [111] direction. The line is split into three 
components with an amplitude ratio 2:1:1 as expected 
from this site when H points along the [111] direction 
(see Fig. 10). The dotted lines indicate the base lines 
from which the amplitudes of the individual peaks are 
measured. In the case of line /, the observed amplitude 
was multiplied by four in accordance with its identifi- 
cation as a [111] fragment. 

In view of the simplifying assumptions made in 
arriving at A,(0O) the agreement shown in Table III is 
considered fair. The largest discrepancy occurs for line 
D which is 35% smaller than its predicted value. There 
are several possible explanations which may account 
for this discrepancy. Because of the smallness of the hf 
interaction of this line the spin packets that are re- 
sponsible for it are only 0.4 oersted removed from the 
saturated part of the electron spin resonance line and 
therefore may themselves be partially saturated. 
Furthermore because of the relatively large distance of 
this site from the donor atom, it is the most likely one 
to be broadened by interactions with neighboring 
arsenic donors which would also reduce its amplitude. 
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Fic. 13. Expanded trace of line B in As-doped silicon (see Fig. 
4) with the magnetic field along the [111] direction. The dotted 
lines represent the base lines from which the relative amplitudes 
are measured. Note from Fig. 10 that the expected ratio of 
amplitudes is 2:1:1 in approximate accord with the above trace. 
(8X 10!6 As/cm’, T=1.25°K, Ho~3050 oersteds.) 


It should be noted that a better agreement would 
be obtained if for line D we choose n;=3 instead of 4. 
However, there are mo silicon sites which have less than 
four equivalent sites so that the assignment 555 is the 
most plausible one in spite of the observed amplitude 
discrepancy. 

(f) Note on the anisotropic hf interaction.—So far we 
have considered the anisotropic hf interaction only as 
an aid in identifying the ENDOR lines. An exact 
knowledge of the donor wave function should enable 
one also to predict the magnitude of the anisotropic 
component. An attempt to predict the dipolar part of 
the interaction was made by B. Mozer.*! He used the 
Kohn-Luttinger wave function simplified by a tight 
binding approximation and obtained an equation similar 
to Eq. (6) where the cosines were replaced by sine 
functions. This expression failed completely to account 
for the relative amplitudes of the observed anisotropies. 
Anderson® suggested that polarization effects might 
play a predominant part in the anisotropic hf inter- 
action. This effect would be more pronounced for the 
nearest neighbors which see the unscreened positive 
charge. It presumably also accounts for the large 
anisotropy of the [111] site. 

It should be also noted that s- and p-functions alone 
must result in an axially symmetric hyperfine inter- 
action. The observation of the large deviations from 
axial symmetry (see line A) must therefore arise from 
higher angular momentum wave functions. 


(3) Determination of ko/Rmax 


Table I summarizes the experimental results and the 
predicted values based on the theory of Kohn and 
Luttinger.° The theoretical values were obtained for 
As from Fig. 8 and for the other two donors from 
similar plots, assuming three different parameters for 
ko/Rmax. They are all based on the value of n= 186.” 
A comparison of these values with the experimental 
ones shows that one cannot fit the data with a unique 
ko/Rmax as would be expected from a perfect theory. 
Line C and D would be best fitted with an average 

31 B. Mozer (private communication). 

® P. W. Anderson (private communication). 
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TABLE III. Comparison of the experimental and _ predicted 
ENDOR amplitudes assuming the assignment as_ indicated. 
Both A,(0) and the experimental values are normalized to line A. 


A B Cc D E 
Line site 400 440 333 111 


‘ .2 4 4 


ni 

Predicted amplitudes, 
A,(0) =n,h* (a;/2) 

Experimental amplitudes 


1. rp ; 11 
1.0 an 1.0 ¥ 0.9 


ho/Rwax=9.84 and 0.85, respectively, line B with 
ko/Rmax=9.9, line A with ko/kmax around 0.8. As 
expected from Kohn and Luttinger’s theory, which was 
developed for shallow donors, the worst agreement is 
observed in As which is the most tightly bound donor. 
The theory is also expected to become less reliable the 
closer one gets to the donor nucleus. This point is 
clearly exhibited by line A which shows the poorest 
agreement and is believed to be due to the closeness of 
the 400 sites to the donor. The relatively good agree- 
ment of the position of the nearby [111] sites seems 
somewhat fortuitous. By averaging all the values of 
ko/ Rmx required to fit the data we arrive at*:*4 
o/ Bmax = 0.85 £0.03. 


It should be noted that even if the assignment of line 
C and D should be reversed or even if either of them 
should be assigned to the 444 site, the value of ko/Rmax 
would still stay within the above uncertainty limits. 
These limits do not of course represent an experimental 
error but are based on the discrepancy of experiment 
with theory. An improvement in theory would lead to 
a more accurate determination of o/Rmax and also of 7. 
At present our limits on 7 are larger than the ones 
quoted by Shulman and Wyluda.”* 

With the value of Ro/kmax=0.85 the theory of Kohn 
and Luttinger predicts all the observed isotropic hf 
interaction to within about 50%. However, the attempt 
by Mozer* based on the simplified wave function of 
Kohn and Luttinger failed completely to account for 
the anisotropic part. 

The value of ko/kmax estimated by Phillips from the 
infrared work of Haynes ef al.**:* and the value obtained 
by McFarland* are consistent with the above value. 


(4) Hf Interaction with the Donor Nuclei 


The values of the hf interactions of the electron with 
different donor nuclei reported by Fletcher e/ al.4> were 

3 The preliminary value that we quoted at the Radio and 
Microwave Spectroscopy Conference, Durham, North Carolina, 
1957 (ONR Report ACR-31) was ko/kmax=0.86. 

3% An account of this work was given at the International 
Conference on Semiconductors, Rochester, New York, 1958, and 
published in J. Phys. Chem. Solids 8, 486 (1959). 

35 Haynes, Lax, and Flood, Bull. Am. Phys. Soc. Ser. II, 3, 31 
(1958). 

* Note added in proof —The original interpretation of the infra- 
red data seems at present doubtful. [See Haynes, Lax, and Flood, 
J. Phys. Chem. Solids 8, 392 (1959). ] 

36 Macfarland, McLean, Quarington, and Roberts, Phys. Rev. 
111, 1245 (1958). 
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TABLE IV. Hf interactions of the electron with different donor 
nuclei. The accuracy is required in connection with nuclear 
structure problems. 


|W (0) |? 
ap (cm) 
(Mc/sec) Experiments 


Sb! 186.802+0.005* 1.18X 10% 
Sb! 101.516+0.004* 1.18 104 
Pp 117.53 +0.02> 0.43 X 1074 
As?6 198.35 +0.02¢ 1.73 10% 


|W (0) |? 
(cm™) 
Donor Theory 


0.4 1074 


® See reference 17. 

> Taking this new value of a (P*) one obtains g7(P%?) = —2.526 which is 
within the experimental error of the previously quoted value (reference 34). 

¢ This value is to be compared with (198.42 +0.04) Mc/sec reported by 
J. W. Culvahouse and F. M. Pipkin [Phys. Rev. 109, 1423 (1958) ]. 

4 See reference 6. ‘ 


sufficiently accurate for “‘solid state” purposes. How- 
ever, in view of the recent applications of donor reso- 
nances to nuclear structure problems*’!758 more accu- 
rate determinations of @p are required. Table IV 
summarizes the results obtained by the ENDOR 
technique at 1.25°K. In computing @p from the experi- 
mentally observed transitions appropriate  correc- 
tions!’ to Eq. (5) were made to account for the fact 
that the experiments were not performed in the extreme 
high-field region. 


D. The Electron Spin Resonance Line Shape 
(1) The Experimentally Observed Line Shape 


In most electron spin resonance experiments one 
encounters electron spin-lattice relaxation times that 
are short in comparison to the time it takes to sweep 
through the resonance line or even through a single 
spin packet. In such “slow passage’! cases the line 
shape (or its derivative if a modulation technique is 
used) would be a faithful reproduction of the distribu- 
tion of local fields as seen by the individual spin packets. 
The importance of passage effects on the line shape in 
electron spin resonance experiments was first pointed 
out by Portis.*°*! In the early experiments” such effects 
were not appreciated and were at least in part respon- 
sible for the erroneous conclusions® reached. In the 
present study the relaxation times may be as long as an 
hour (see Part II) and in order to observe a signal one 
has to look at the dispersion mode under so-called “fast 
adiabatic passage’? conditions. Before comparing the 
observed line shape with theory one has to investigate 
how the experimentally determined line shape is ex- 
pected to differ from the distribution of resonance fields 
of the spin packets. 


37 F, M. Pipkin and J. W. Culvahouse, Phys. Rev. 106, 1102 

(1957). 

5 Feher, Fuller, and Gere, Phys. Rev. 107, 1462 (1957). 
N 


T 


39N. F. Ramsey, Molecular Beams (Clarendon Press, Oxford, 
1956). 

A.M. Portis, Phys. Rev. 100, 1219 (1955). 

41A. M. Portis, Technical Note No. 1, Sarah Mellon Scaife 
Radiation Laboratory, University of Pittsburgh, November 15, 
1955 (unpublished). 

* A. Honig, Phys. Rev. 96, 234 (1954). 

‘8 A. Honig and J. Combrisson, Phys. Rev. 102, 917 (1956). 
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The passage conditions under which the line shapes 
were determined are discussed in Appendix A. A 100-cps 
field modulation was used with an amplitude large in 
comparison to the microwave field H; but small com- 
pared to the line width AH. Each spin packet was 
traversed under adiabatic fast passage conditions. The 
magnetic field was slowly varied in such a way that for 
each value of Ho a steady state condition was reached. 
This was achieved by illuminating the sample (see 
Part II) and thereby reducing the relaxation time. The 
line shape under the above conditions is given by Eq. 
(38). 

Figure 14 shows the trace of one of the experimentally 
observed resonance lines in phosphorous-doped silicon 
(1.5 10'* P/cm*) at 1.25°K. The dotted line indicates 
the theoretical curve using Eq. (38) normalized to the 
half-power points. The parameters used are: 2AH=2.5 
oersteds and AH/H,= 300. It is shown in the Appendix 
that with this value of 6 the observed line width is 
~10% larger than that corresponding to the true 
distribution of spin packets. This correction was applied 
to the observed line widths (AH.»s) which are summar- 
ized in Table V, together with the predicted widths 
(AH rea) discussed in the next section. The good fit of 
the theoretical line shape with the experimental trace 
gives us some confidence that the assumption of a 
Gaussian distribution is justified. An additional con- 
firmation of the validity of this assumption is provided 
by the ratio 


I'= (M,4)/(3M2)’, (14) 


which should be unity for a Gaussian line shape and 
should deviate only by a negligible amount from unity 
if the shape is given by Eq. (38). Here M, is the fourth 
and M, the second moment of the line. Both moments 
were determined graphically from traces like the one 
shown in Fig. 14. 

Table V also shows the results obtained using an 
isotopically enriched Si?* sample.“ It has a reduced 
line width and the shape deviates appreciably from a 
Gaussian as exhibited by the large value of I’. Also the 
deviations for As from a Gaussian-are larger than those 
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Fic. 14. Electron spin resonance line shape in phosphorus-doped 
silicon (1.5X 10!* P/cm’, 7 = 1.25°K, Ho™=3200 oersteds). Magnetic 
field modulation was used and the microwave bridge was sensitive 
to the dispersion mode. The dotted line represents the expected 
shape as discussed in Appendix A-2. 

“ Feher, Gordon, Gere, and Thurmond, Phys. Rev. 109, 221 
(1958). 


FEHER 


for Sb and P. Both of these effects are explained in the 
next section. 

As shown in Appendix A-1, one would expect the 
shape of the resonance signals to be the same if one 
traverses the lines without magnetic field modulation 
under adiabatic fast passage conditions. In practice it 
was found however that the line shapes observed under 
these conditions were asymmetric and gave a 5-10% 
larger line width. This presumably is due to a spin 
diffusion process discussed in Part II (see also Appendix 
A-4). Because of the observed asymmetry this mode of 
operation was abandoned in the study of line shapes. 

It should be noted that the experimental errors 
quoted in Table V of AH and I are based on the 
reproducibility of data obtained on the same sample 
under similar conditions. More work needs to be done 
in order to establish the effect of spin diffusion on the 
line shape. We have assumed the complete absence of 
spin diffusion in arriving at the theoretical line shape. 


(2) The Predicted Line Shape 


Since the electron spin resonance line width arises 
from the hf interaction of the electron with the Si® 
nuclei one should be able to predict the line width from 
the hf interactions determined from the ENDOR 
experiments. One would of course need to know all 
the interactions in order to reconstruct the exact line 
shape. However, as will be shown presently about 80% 
of the line width arises from the four largest hf inter- 
actions (lines A, B, C, D summarized in Table I). The 
hf interactions of the rest of the Si*® “shells” may then 
be calculated from the theory of Kohn and Luttinger.® 

The resonance field of a donor electron having its 
Ith lattice site occupied by a Si® is shifted by +a, 
where a; is defined by Eq. (3). Hence one can write 
for the second moment Mz of the line 


(15) 


M.= Ad n= > fni(ai eA Oe 
l=0 


where m; is the number of equivalent Si sites* in the /th 
“shell” and f is the fractional abundance of Si® (f 
=(.047). fn; is then the probability of having the /th 
lattice site occupied with a Si**. Let us divide the 
summation into two parts: 


24 
AH ime’= YD fmilai/2)?+ YY  fmilai/2)*, (16) 


l=exp l=1 ,l#exp 

where the first summation includes only the first four 
largest hf interactions as determined by the ENDOR 
technique and the second summation extends over the 
first 24 nearest Si*® shells excluding the sites that were 
taken into account in the first summation. The different 
a;’s in the second sum were obtained by taking ko/Rmax 


4’ The nonequivalence due to the anisotropic part of the hf 
interaction can be neglected in this discussion. 
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TABLE V. Line width and moments of the electron spin resonance line for different donors. The experimental widths are corrected 


for passage effects (see Appendix A). The ratio M,/3M,? should be 
the hf interactions. Note that the half-width at the half-power 





Donor Concentration 


Sb 2.5X 10!6/cm 
P 1.5X 10'*/cm? 
As 1.8X 10!6/cmé 
P in isotopically purified Si~99.88% Si? 4 X101*/cm? 


unity for a Gaussian line. The predicted widths are derived from 


point AH is 1.18 times the second moment for a Gaussian line. 


2AM obs 2AH cor 2AH pres 
(oersteds) (oersteds) (oersteds) lr =M./3M2 


2.6 +0.1 2.3 2.3 1.0+0.1 
2.8 +0.1 2.5 2.5 1.0+0.1 
3.2 +0.1 2.9 5.2 1.3+0.1 
0.24+0.02 1.8+0.1 





=().85 and calculating the hf interactions from Eq. (9) 
as was done in the construction of Fig. 8. Since the 
donor electron wave function falls off exponentially 
the inclusion of only the first 24 shells seems adequate. 
The contribution of the second sum to AH;yms is only 
about 20%. Values of the line widths for different 
donors calculated from Eq. (16) are listed in Table V. 

The electron spin resonance line shape has been 
investigated by Kohn*®** who showed that if the 
electronic wave function extends over a very large 
number of Si” sites the line shape can be represented 
by a Gaussian function. This is a fair approximation 
for shallow donors in silicon and is born out by experi- 
ment as judged from the values of I listed in Table V. 

In the case of the isotopically enriched Si?* sample 
the number of Si® nuclei with which the electron 
interacts is greatly reduced and the line shape is 
expected to deviate from a Gaussian. The experimen- 
tally determined value of [=1.9 shows that this is 
indeed the case. By a similar argument one concludes 
that the largest deviation of I! from unity should occur 
for the tightest bound center which is arsenic. For this 
donor Kohn® calculates a value of !'~1.25 which is in 
good agreement with experiment. 

It is interesting to note that before the double 
resonance data were available Kohn*®*‘ calculated the 
line widths for different values of ko/Rmax. The best 
agreement with the experimental line-width results 
was obtained for ko/kmax=0.70+0.25 which is con- 
sistent with the more precise value of 0.85. 

In all the foregoing discussions it was assumed that 
the Si® spins point with equal probability along or 
opposite to the magnetic field. This results in a sym- 
metrical line having no odd moments. If one were to 
polarize the Si” nuclei (e.g., by an Overhauser effect) 
one should observe both a shift and an asymmetry of 
the line. No such effect was observed. The asymmetry 
noted under certain passage conditions is presumably 
due to a different mechanism as pointed out in the 
preceding section. 


E. Electronic g-Values 


(1) Experimental Results 
The original experiments of Fletcher et al.* indicated 
that the g-values of all the donors were the same and 
equal to the g-value of the conduction electrons in 
silicon.2 By improving the precision of the measure- 


ments we have determined the difference in g-values 
between the different donors and the conduction elec- 
trons. By conduction electrons we mean, here, the 
charge carriers in heavily doped silicon, in our case 
3X 10!8 P/cm®. Such a sample exhibits a single narrow 
homogeneously broadened resonance line similar in its 
behavior to the resonance lines obtained from conduc- 
tion electrons in metals. 

The experiments were performed by sandwiching 
two samples together. One was doped with the donor 
whose g-value was to be measured and the other (0.25 
mm thick) contained the heavy phosphorus doping. 
Figure 15 shows the experimental trace obtained on 
such a compound sample. In this case one silicon wafer 
was double-doped ~5X10 As/cm*® and ~5 X10" 
P/cm*. The trace clearly shows the difference in line 
shape between a slow passage (derivative of a dispersion 
line) obtained from the conduction electrons and an 
adiabatic fast passage as discussed in Appendix A-2. 
The upper trace in Fig. 15 shows the magnetic field 
markers obtained from a proton sample. In the determi- 
nation of the g-values the magnetic field sweep was 
slowed down by a factor of 20 and the gain increased 
by 20 db. The sample was illuminated in order to 
reduce the relaxation time (see Part II) and to get 
symmetrical lines. The reproducibility of determining 
their centers was within a few millioersteds. The g-value 
of the conduction electrons was found to be 


£c.2.= 1.99875 +0.00010. (17) 


The experimental error was estimated from the uncer- 
tainty in the field difference between the proton sample 
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Fic. 15. Electron spin resonance signals from two silicon 
samples. The central line is due to conduction electrons in a 
heavily doped sample (3X10!8 P/cm*), The sample with 
~5X10'5 As/cm’ and ~5X 10! P/cm? exhibits hf structure due 
to localized electrons. Field markers are derived from a proton 
sample. Note the difference in line shapes characteristic of “slow” 
and “‘adiabatic fast’’ passages." (See Appendix A.) (T=1.25°K, 
ve= 8845.3 Mc/sec.) 
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and the silicon samples. This uncertainty arises from 
variable field gradients (+30 millioersteds) and de- 
magnetizing fields presumably due to paramagnetic 
impurities embedded in the microwave cavity walls. 
The latter point was ascertained by rotating the 
magnetic field with respect to the cavity.** Because of 
the noncylindrical shape of the (glass) cavities used, 
apparent “g-shifts” of ~3X10-* were observed. In a 
brass cavity this effect was found to be larger by about 
a factor of four. The originally reported large anisotropy 
in the g-values> was presumably due to ferromagnetic 
inclusions” in the cavity walls. 

All the donor g-values (gp) are referred to the g-value 
of the conduction electrons (gc.z,). This eliminates the 
above mentioned uncertainties and increases the rela- 
tive accuracy by about one order of magnitude. Since 
we are not in the extreme high-field region the gp’s 
were obtained by using the exact Breit-Rabi formula® 
[instead of Eq. (4) ] rewritten for our purposes in the 
more convenient form*® 


woH\? 1 boll F poll 
ACY EN 
ap 4 Vet gmpoll ap 


. Vet gimoH . 
+(I+4)— (——— ) =0, (18) 
a 


where gr=gp+g1(m/M), m/M is the electron-nuclear 
mass ratio, mp is the nuclear magnetic quantum number 
corresponding to the transition under consideration, 
ap the hf interaction as listed in Table IV and wo is the 
Bohr magneton [1.39968 (Mc/sec)/oersted ]. 

The results for gp—gc.x. are listed in Table VI. 

It is worth pointing out that the silicon sample 
with 3X10'8 P/cm* used above meets all the require- 
ments of a useful field calibration sample (‘‘g-marker’’) : 
(1) It exhibits a narrow, symmetric resonance line. 
(2) The line is isotropic.t (3) The sample is stable for 
an indefinite period. (4) Its magnetization even at 1°K 
is low enough so that corrections due to demagnetizing 
fields are negligible. By comparison, the usual g-marker 
dipheny! picryl hydrasyl® falls short at low tempera- 
tures in all four respects. The amount of doping used 
seems to be near the optimum to give the minimum 
line width. If one reduces the number of phosphorus 


46 The g-value of the conduction electrons is isotropic because 
of the short collision time of the electrons. The g-value of the 
donor electron should be isotropic because of symmetry consider- 
ations. The measurements were made with Ho along the [110] 
direction. 

47 R. C. Fletcher (private communication). 

48 This corresponds to Eq. (4) of reference 17 where due to a 
misprint the first bracket was not squared. 

+ Note added in proof.—In view of the anisotropic line width 
found in the resonance absorption of shallow donors in germanium 
[Feher, Wilson, and Gere, Phys. Rev. Letters 3, 25 (1959) ] the 
isotropy of the line width in silicon was reinvestigated. Within the 
experimental accuracy (2%) no variation in line width with 
angle was detected. 

4 Holden, Kittel, Merritt, and Yager, Phys. Rev. 77, 147 (1950). 
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TABLE VI. Difference between the g-value of donor electrons 
(gp) and the unbound conduction electrons (gc.x.). The latter is 
obtained from a heavily doped phosphorus sample (3X 10!8 P/cm!, 
T =1.25°K; ».9000 Mc/sec). Note that the difference increases 
with increasing ionization energy E; of the donor. 





Donor 


Sb 3 (4,740.1) X10-* 
P — (2'54-0.1) 10-4 
As — (3:84.0.1) 10-4 


&D —8C.E. 


* See reference 27. 


impurities, the electrons are not as free to move through 
the crystal and therefore average out the local hyperfine 
fields less effectively, which results in a broader reso- 
nance line. This behavior is illustrated in Fig. 16 which 
shows the transition from a completely localized center'® 
[ Fig. 16(a)] to a free carrier [Fig. 16(d) ] as was used 
for the g-marker. A reduction in the number of im- 
purities from 3X10'8 P/cm* to 1.5X10!8 P/cm? in- 
creases the line width at 1.25°K from 0.5 oersted to 
1.2 oersteds, although the g value still stays within the 
above quoted limits. On the other hand an increase in 
the donor concentration increases the collision frequency 
of the electrons which again broadens the line. In 
addition it becomes difficult to make a highly con- 
ducting sample small in comparison to a skin depth. 
If this condition is not satisfied one obtains an asym- 
metric metal-like resonance line®® which would not be 
well suited for a g marker. 


2. Discussion of the Results 


The deviation of the observed g value of the conduc- 
tion electrons from the free electron value of 2.0023 is 
due to spin-orbit coupling and is of the order Ag 
~<)/AE,*! where \ is the spin-orbit coupling constant 
estimated by Elliott to be ~100 cm. From the 
observed g shift one obtains then for AZ, the separation 
of the nearest band that is admixed, a value of ~3.5 ev. 
This represents only an approximate estimate; an exact 
calculation would have to take into account the 
admixture of several bands and has not been carried 
out so far. 

In the last section it was found that the deviations 
of the donor g value (gp) from the conduction electron 
g value (gc.z.) increase with increasing ionization 
energy. This is not surprising since one would expect 
the largest deviations for the most tightly bound donor. 
In the limit of very small ionization energies gp should 
approach the value of gc.x.. The relative g values of 
the donors could be obtained if one knew the p-part 
of the wave function at all the lattice points. The 
experimental values of 6 provide such information [see 
Eq. (3) and Table I] for a limited number of sites. It 
seems, however, that the remaining sites contribute 

% G. Feher and A. F. Kip, Phys. Rev. 98, 337 (1955); F. J. 


Dyson 98, 349 (1955). 
51R. J. Elliott, Phys. Rev. 96, 266 (1954). 
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significantly to the g shift and must be taken into 
account. Calculations along these lines are presently 
being performed by Abrahams.” 

The contribution to the g shift from the spin-orbit 
coupling with the impurity atom itself seems to be 
very small. This may be concluded from the fact that 
no large change in the value of gp—gce.x. is observed 
between P and Sb whose atomic spin orbit couplings 
differ by more than an order of magnitude. 


III. MISCELLANEOUS CENTERS 


Besides the shallow donors As, P, Sb, discussed in 
the previous sections several other centers were found 
to exhibit a paramagnetic resonance signal. The experi- 
ments on these centers are briefly summarized in this 
section. The centers to be discussed were investigated 
in considerably less detail than As, P, Sb. This work 
should, therefore, not be considered as completed but 
merely as a basis for further experiments that are 
required to determine the detailed electronic structure 
of these centers. 


A. Bismuth 


Bismuth belongs to the Group-V elements and forms 
a donor in silicon with an ionization energy of 0.068 ev.?" 
Since its ionization energy is much larger than that of 
the other Group-V elements (As, P, Sb), the theory of 
Kohn and Luttinger is expected to be less applicable 
to this center. This is the reason why the results on Bi 
were not lumped together with those of the other 
three donors. The experiments were performed on a 
sample having a Bi concentration of ~2X 10!® Bi/cm’. 
The line width, g value, and hyperfine splitting with 
the Bi? (J=9/2) nucleus were found from the ordinary 
resonance spectrum at 1.25°K and ~9000 Mc/sec to 
have the values 


AH =4.5+0.2 oersteds, 
g=2.0003+0.0001, 


ap= 1475.4+0.1 Mc/sec; 
therefore, 
|W (0) |?= 1.4 10 cm-*, 

The larger line width is to be expected from the 
larger ionization energy of the center (see Sec. IID). 
It is of interest to note that the g shift does not follow 
the extrapolated monotonic increase with increasing 
ionization energy that is observed for the Sb, P, and 
As donors. The zero-field hf splitting Av lies in the 
microwave region and has a value 


Av=a(I+4)=7377 Mc/sec, 


The large splitting makes it possible to use this center 
for a two-level zero-field maser.* 4 
8 E. Abrahams (private communication). 

53 Combrisson, Honig, and Townes, Compt. rend. 242, 2451 
(1958). 
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Fic. 16. Electron spin resonance signal from silicon doped 
with varying amounts of phosphorus. The range covers the 
transition from localized centers (a) to free carriers (d) as were 
used for the g-marker. For concentrations between these two 
extrema the observed resonance signal is due to clusters of 
phosphorus atoms!® (b,c). This region marks the beginning of 
the impurity band conduction process. The different line shapes 
are a result of the change in relaxation times which cause the 
transition from “adiabatic fast” to “slow” passage conditions” 
(see Appendix A) (7 =1.25°K, ».~9000 Mc/sec). 


B. Lithium 


Lithium forms a donor in silicon®* with an ionization 
energy of 0.033 ev. The samples used in our experiments 
were prepared®® by diffusing ~3X 10!* Li/cm’ into high 
resistivity silicon. The electron spin resonance signal of 
this center was first observed by Honig and Kip** who 
reported a single resonance line at ~9000 Mc/sec. 

A closer inspection of the line shape at ~9000 Mc/sec 
revealed a marked asymmetry with the magnetic field 
pointing along the [111] direction. It was also found 
that the line width measured with H along the [110] 
direction gave a consistently higher value than with H 
along the [100] direction. These results suggested an 
anisotropic g value of the center which would result in 
an unresolved structure of the line. In order to test 
this hypothesis the experiments were repeated at 22700 
Mc/sec*’ and a structure was indeed resolved. The 
results are shown in Fig. 17 and can be fitted by 
assuming an axially symmetric g tensor with the axis 
of symmetry pointing along the [111] directions. The 
two principal g-values are: 


£111) = gu= 1.9978 +0.0001 
gi=1.9992+40,0001. 


544 C.S. Fuller and J. A. Ditzenberger, Phys. Rev. 91, 193 (1953). 

55 T am indebted to C. S. Fuller for preparing all the Li-doped 
and heat-treated samples used in this work. 

56 A. Honig and A. F. Kip, Phys. Rev. 95, 1686 (1954). 

57] am indebted to J. P. Gordon for the use of his K-band 
equipment and his assistance in this experiment. 
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Fic. 17. Electron spin 
resonance signal from Li- 
doped silicon with the mag- 
netic field pointing along 
the different crystalline di- 
rections (~3X 10!* Li/cm, 
T=1.25°K, »,~22700 Mc/ 
sec). The splitting is due to 
an anisotropic g-value. This 
indicates that the wave 
function of the donor elec- 
tron does not have tetra- 
hedral symmetry. 








Because of the four equivalent [111] directions the 
expected ratio of the amplitudes of the resolved lines 
is 3-1 in the [111] direction and 1:1 in the [110] 
direction. The small deviation of this ratio in the [110] 
direction (see Fig. 17) is presumably due to a slight 
misalignment of the sample. 

The line width (see Sec. IID) of the resonance line 
measured in the [100] direction was found to be 


AH=2.3+0.1 oersteds. 


The relaxation time of the sample with 3X10! 
Li/cm® was of the order of 10+? seconds (see Part II). 

The anisotropic g-value of Li indicates that the 
electronic wave function of this center, unlike that of 
the Group V donors, does not have tetrahedral sym- 
metry. This is not too surprising in view of the fact 
that Li is an interstitial impurity, whereas the Group V 
donors from substitutional impurities. A possible 
position of the Li, consistent with the symmetry of the 
g tensor, would be along the [111] axis between the 
000 and 333 position in the unit cell as indicated in 
Fig. 7. 

The hf interaction of the electron with the Li’ and 
Li® nuclei? was obtained by the ENDOR technique. 
Figure 18 shows part of the spectrum with the field 
pointing along the [111 ] direction. An additional struc- 
ture is observed on the Li’ lines (see arrows in Fig. 18). 
The separation of the two lines of this structure from 
the central peak is +37 kc/sec. In the other crystalline 
directions the pattern of this structure becomes more 
complicated and was not investigated in detail. In the 
sample doped with the enriched Li® isotope no corre- 
sponding structure was observed on the Li® lines. From 
this we conclude that the splitting of the Li’ lines is 
due to an interaction between the electric field gradient 
and the quadrupole moment of Li’ which is about one 
hundred times larger® than the quadrupole moment of 
Li®. The hf interaction constants were obtained from 
the distance between the two central peaks with the 





MEGACYCLE'S /SECOND 


Fic. 18. The ENDOR signal from Li-doped silicon (~3X 106 
Li/cm*, T=1.25°K, v,9000 Mc/sec). The additional structure 
on the Li’ lines is due to a quadrupole interaction. 


magnetic field pointing along the [111] directions. 
The values are 
a(Li?) =0.845 40.003 Mc/sec, 


a(Li®) =0.316+0.001 Mc/sec; 


therefore, 
(0) |2=0.33X 102 cm-, 


The foregoing value is to be compared with |¥(0)|? 
=0.2X 10” cm~ obtained by Kohn and Luttinger® for 
an interstitial center with an ionization energy of 
0.033 ev. 

It is of interest to compare the experimentally 
determined ratio of the hf interactions 


a(Li’)/a(Li®) = 2.67 £0.01, 


with the experimentally observed ratio of nuclear 
g~values®® 


g(Li?)/g(Li®) = 2.6403 +-0,0008. 


Since the hf structure anomaly for the Li®-Li’ pair® 
due a nuclear size effect is only about 1 part in 10, 
the larger observed discrepancy between the ratio of 
the a’s and g’s has to be attributed to a solid-state 
effect. Several such effects were discussed in connection 
with the Sb”!-Sb™ hf structure anomaly®!” and were 
found to be negligible. However, in the case of Li the 
effect due to the difference in zero-point vibration 
amplitudes for the two isotopes is more pronounced 
because of the smaller masses of the isotopes (i.e., 
larger amplitudes) and their larger fractional mass 
difference. The crude estimate of reference 17 when 
carried over to Li predicts a difference between the 
ratios of a and g of ~1% which is consistent with the 
experimentally observed value. An effect of presumably 
similar origin, was found by Klein®’ who observed a 
discrepancy of the ratio of the Knight shifts to the 
nuclear g values in the Li®’ isotopes. 

It should be pointed out again that we have taken 
the central peaks in order to determine the a’s. Although 


58 This value was obtained from the ENDOR traces. It is more 
precise than the ratio of the hf interactions because the frequencies 
involved are higher. It is in agreement with the values obtained 
from nuclear resonance measurements (see reference 39, p. 173). 

5°T would like to thank R. G. Shulman for a stimulating 
discussion of these effects during which he pointed out the possible 
effect of lattice vibrations on the hf interaction. 

6 M. Klein (private communication). 
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this is a very plausible procedure, in view of the 
incomplete understanding of the structure of this line, 
it lacks at present rigorous justification. 

In conclusion, we would like to mention an experi- 
ment performed on a silicon sample prepared by the 
floating zone method. As before 3X10!* Li/cm* were 
diffused into the silicon. However, no electron spin 
resonance signal could be observed in this sample. One 
of the main differences between zone-refined and pulled 
crystals is the amount of oxygen present in the crystal. 
A pulled crystal has of the order of 10!* oxygens/cm? © 
which suggests that perhaps a lithium-oxygen complex 
is required to produce a center that exhibits a para- 
magnetic resonance. Such complexes have been dis- 
cussed by Pell. 


C. Heat Treatment Centers 

It was shown by Fuller e¢ al. that when silicon is 
heated to temperatures between 300°C and 600°C 
donors are produced. The ionization energies of these 
centers varies between 0.033 ev and 0.13 ev”? which 
indicates that one is not dealing with a unique center 
but with a variety of species. The recent work of 
Kaiser, Frisch, and Reiss™ and Hrostowski and Kaiser® 
shows that the centers are due to different size aggre- 
gates of oxygens which in ordinary pulled crystals are 
dissolved in concentrations of the order of 10! O/cm*.@ 

The observation of an electron spin resonance line 
due to this center has been reported by Fletcher and 
Feher.® The most striking feature of these centers is 
the lack of correlation between the total number of 
donors introduced by the heat treatment and the 
number of centers that give rise to a resonance signal. 
In the previous section a similar situation was discussed 
in connection with lithium diffused into zone refined 
silicon. The ratio of the total number of donors to the 
number of centers contributing to the resonance de- 
pends on the heat treatment (temperature and length 
of time) and varies from crystal to crystal. Variations 
in the g-value and line width were also observed 
between different samples. Since no systematic study 
of these variations was made, only a few representative 
results will be quoted. 

One set of samples was cut from a crystal grown in 
a hydrogen atmosphere and was heat treated®* for 24 
hours at 430°C. The total number of donors introduced 
was ~10'*/cm*. About 30% of them contributed to 
the resonance signal. This number was obtained by 
comparing the integrated signal from this center with 
that obtained from a phosphorus doped silicon sample, 


61 Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 (1956). 

® FE. M. Pell, presented at the Brussels Conference, 1958. 

6 Fuller, Ditzenberger, Hannay, and Buehler, Phys. Rev. 96, 
833 (A) (1954). 

* Kaiser, Frisch, and Reiss, Phys. Rev. 112, 1546 (1958). 

65 H. J. Hrostowski and R. H. Kaiser, Phys. Rev. Letters 1, 
199 (1958). 

66 R. C. Fletcher and G. Feher, Bull. Am. Phys. Soc. Ser. II, 
1, 125 (1956). i 
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The inhomogeneously broadened line width was 2AH 
=1.5 oersteds. The g value was 2.0023+0.0001. The 
ENDOR spectrum did not show a resolved line. Only 
the broad line due to the weakly interacting Si” nuclei 
was observed [see Fig. 3(c)]. This again is consistent 
with having a variety of centers. 

The second set of samples was obtained from a 
crystal grown in a helium atmosphere and heat treated 
in the same way as before. The total number of donors 
obtained during the heat treatment was again ~ 10!*/ 
cm, However, the number of centers contributing to 
the resonance signal was less than 10"/cm*. In both 
crystals the number of electrically active impurities 
before the heat treatment was of the order of 10"/cm‘. 


D. Iron 

So far we have discussed only centers with ionization 
energies that are small in comparison to the energy gap. 
The electronic wave function of these ‘‘shallow” donors 
extends over hundreds of lattice points and can be 
described by the effective mass formulation of Kohn 
and Luttinger.® In addition several donors have been 
found which have deep levels (i.e., large ionization 
energies) associated with them. An example is Fe in 
silicon.® It has one donor level at 0.40 ev above the 
valence band and one 0.55 ev below the conduction 
band. The electron spin resonance from this center has 
also been reported by Ludwig et al.**-} 

The samples used in our experiments were prepared 
by diffusing approximately 10!* Fe/cm* into phosphorus 
doped silicon (~10!* P/cm*). The procedure has been 
described by Collins and Carlson® and should result in 
a center with the lower energy level. The experimental 
results on this sample are shown in Fig. 19. The reso- 
nance line exhibits a broad background and a narrow 
central peak that resolves further into a set of lines 
with a spacing of about 0.5 oersted. This spacing is 
independent of the applied magnetic field.** This would 
be consistent with assigning the origin of the splitting 
to the hf interaction of the electron with the Si’ nuclei. 
The width of the broad background line varies with the 
direction of the magnetic field with respect to the 
crystalline axes. It was also found to depend on the 
method of preparation of the sample. The width 2AH 
(in the [111] direction) varied in different samples 
between three and ten oersteds. This suggests that the 
width of the background line may be governed either 
by clumping effects or strains in the sample. From the 
spin-spin interactions discussed in Part II it seems 
clear, however, that the resonance is due to iron atoms 

67 C, B. Collins, Bull. Am. Phys. Soc. Ser. II, 1, 49 (1956); 
C. B. Collins and R. O. Carlson, Phys. Rev. 108, 1409 (1957). 

68 Ludwig, Woodbury, and Carlson, Phys. Rev. Lett. 1, 295 
(1958). 

t Note added in proof.—An additional resonance spectrum was 
reported in iron doped silicon by Ludwig et al. [Ludwig, Carlson, 
and Woodbury, Bull. Am. Phys. Soc. Ser. II, 4, 22 (1959) ]. This 


additional spectrum was subsequently attributed by them to 
Chromium impurities. 
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Fic. 19. Electron spin resonance signal from iron doped n-type 
silicon (~10'§ Fe/cm’, ~10'§ P/cm*, 7=1.25°K, »,—~9000 
Mc/sec). Note the difference in line shape as the magnetic field 
points along the different crystalline axes. By decreasing the 
sweep speed, the center of the line was resolved into several 
components. 


that are reasonably well dispersed throughout the 
silicon. The electronic g-value of the center at 1.25°K 
was found to be g=2.0702+0.0001. 

Heating the sample for 24 hours at 85°C produced no 
noticeable change in the resonance signal. This is 
surprising in view of the reported change in the energy 
levels of this center during such a heat treatment. The 
resonance signal disappears when the sample is heated 
to 250°C for one hour. 

The nature of this spectrum bears no resemblance to 
the Fe+*++ and Fet* spectra observed in ionic crystals® 
and is at present not understood. 

Other deep centers in silicon in which electron spin 
resonances were observed include Mn impurities studied 
by Ludwig et a/.7° and centers associated with radiation 
damage studied by Schultz-Du Bois et al.” and Bemski 
et al.” 


E. Centers Associated with the Surface 


In the early resonance experiments on silicon an 
additional resonance line was observed‘: and was 

® See for instance tha review article by K. D. Bowers and J. 
Owen, in Reports on Progress in Physics (The Physical Society, 
London, 1955), Vol. 18, p. 304. 

” Ludwig, Woodbury, and Carlson, International Conference 
on Semiconductors, Rochester, New York, 1958, published in J. 
Phys. Chem. Solids 8, 490 (1959). 

” Schultz-Du Bois, Nisenoff, Fan, and Lark-Horowitz, Phys. 
Rev. 98, 1561 (1955). 

7 Bemski, Feher, and Gere, Bull. Am. Phys. Soc. Ser. II, 3, 
135 (1958). 

8 Portis, Kip, Kittel, and Brattain (private communication). 


thought to be associated in some way with the surface 
of the silicon. This conclusion is consistent with our 
observations. 

We have found that a resonance line appears when 
the surface of the sample is sandblasted, polished or 
when the crystal is broken up into small particles. The 
line could not be eliminated by treating the samples 
for a few minutes with concentrated HCl, HNOs, or 
HF. None of these acids remove an appreciable amount 
of silicon but change the surface conditions of the 
samples (i.e., produce or remove oxide films). If, 
however, ~10~ cm of the silicon surface is removed 
by a HF+HNO; etch, the resonance line disappears. 
If such a sample is sandblasted or polished the resonance 
line reappears. This cycle of etching and sandblasting 
was repeated and found to be reproducible. This 
behavior suggests that the paramagnetic centers are 
associated with the damage created during the me- 
chanical treatment of the samples and may extend 
through many atomic layers. 

The total number of centers estimated by 
comparing the integrated resonance signal of these 
centers with the signal obtained from a known amount 
of copper sulphate. When the silicon samples were 
sandblasted with 600 mesh of SiC, ~3X10" centers/ 
cm? were created. The resonance line was homogene- 
ously broadened (T7=1.25°K, v.=9000 Mc/sec) with 
a relaxation time of ~10~® sec and a line width of 6 
oersteds (full width between inflection points of the 
resonance line which in this case is proportioned to 
dx"’/dH). The electronic g-value was 2.0061 +0.0002. 

The same resonance line was observed both in n-type 
(~2X 10" P/cm*) and p-type (~5X 10" B/cm*) silicon. 
We believe that the resonance line previously attrib- 
uted™ to free holes within the bulk of silicon is the 
same as the “surface‘resonance”’ described here. 


Was 


F. Effect of Germanium on the Phosphorus 
Centers in Silicon 


Silicon and germanium form substitutional alloys in 
which the atoms are situated randomly at the lattice 
sites of a diamond-type crystal. The band structure of 
such an alloy has been discussed by Herman.” The 
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Fic. 20. Electron spin resonance signal from phosphorus-doped 
silicon with 1.3 atomic percent of germanium. (T=1.25°K, 
ve—~9000 Mc/sec). The broadening of the line is due to variations 
in the value of |W(0)|?. The two markers on the trace were 
obtained from a separate phosphorus-doped silicon sample with 
isotopically purified Si**. 

74F, K. Willenbrock and N. Blombergen, Phys. Rev. 91, 1281 
(1953). 

75 F, Herman, Phys. Rev. 95, 847 (1954). 
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effect on the spin resonance behavior of phosphorous- 
doped silicon (3X10'® P/cm*) was investigated with 
1.3% of the silicon atoms replaced by germanium. The 
results are illustrated in Fig. 20 and may be summarized 
as follows: 


(1) The line shape is asymmetric and the width 
increased by a factor of two over the width in a pure 
silicon crystal. This increase in width is due to a 
variation of the hf interaction from one donor to 
another. This was proven by repeating the experiment 
on an alloy with only 0.4% of germanium. In this case 
the widths of the ENDOR lines due to the phosphorus 
and Si** nuclei were larger by a factor of ~ 20 than the 
corresponding widths in a pure Si crystal. 

(2) From the line shape one finds that the change in 
|\W(0)|? may be either positive or negative. It should 
be noted that effects like variations in the dielectric 
constant would result only in a decrease in |W(Q)|*. 
The average hf interaction as measured from the 
distance between the centers of gravity of the two 
lines is reduced from 117.5 Mc/sec (see Sec. II-C-4) to 
113.4 Mc/sec. The distance between the peaks of the 
lines is 121.5 Mc/sec. The spread in the wave function 
as obtained from the total line width is about 16 
Mc/sec, as compared with ~0.05 Mc/sec in a pure 
silicon sample. 

(3) The g-value of the phosphorus donor electron in 
the 1.3% alloy is lower than in the pure silicon crystal 
by an amount 


6g= gce-si(P) — gsi(P) = (—5.6+0.1) K 107+. 


Since a Ge-Si alloy is not a periodic structure, the 
crystal parameters (e.g., effective mass, bandgap, 
ko/Rmax, etc.) do not have sharp values. One might, 
therefore, expect local variations in |¥(0)|? which 
would result in an increased line width. The additional 
g-shift is presumably due*® to the larger spin-orbit 
coupling in germanium. So far, no calculations have 
been made to account for these effects in a quantitative 
way. 
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Fic. 21. Distribution of spin packets in an 
inhomogeneously broadened line. 
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VI. APPENDIX 


(A) Behavior of an Inhomogeneously Broadened 
Line Under Adiabatic Fast Passage Conditions 


(1) Line Shape in the Absence of Magnetic 
Field Modulation 


An inhomogeneously broadened" line arises from a 
distribution of spins resonating at different magnetic 
fields H; centered about Ho (see Fig. 21). Following 
Portis’s treatment the distribution is given by the 
shape function 4(H;— Ho) subject to the normalizing 


condition 
+20 
h(H;— Ho)dH;=1. (19) 


2) 


The magnetization due to spins having resonant fields 
in an interval dH; is given by 


dM ;= Mh(H ;— Hy) dHi, (20) 


where My is the static magnetization which may also 
be written as xoH. Under adiabatic fast passage condi- 
tions!” one is interested only in the part of the magnet- 
ization that is in phase with the microwave field H, 
(i.e., x’). Going into a frame of reference’® rotating with 
the microwave frequency w=~7H;, one obtains for the 
projection of the magnetization along H; (see Fig. 22) 


Hy, 
dM ;,=dM, cos6;=+dM —_ (21) 


where H, is the amplitude of the circularly polarized 
component of the microwave field. The plus sign 
corresponds to the establishment of equilibrium of the 
magnetization above the resonance field, i.e., (H— Ho) 
>0O and the minus sign below the resonance field. 


7 Rabi, Ramsey, and Schwinger, Revs. Modern Phys. 26, 167 
(1954). 
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Fic. 22. The effective mag- 
netic field seen by different spin 
packets in the rotating coordi- 
nate system. Experimentally 
one observes the magnetization 
along the microwave field //, 
[see Eqs. (22), (24) ]. 
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Assuming that the relaxation times are longer than 
1/yH, the line width of an individual spin packet will 
be given by H,. For the contribution of all the spin 
packets to the magnetization along H,, one obtains 


te h(H.— Ho) 
M(U)=Mof mmemmremecnilil, (22) 
[1+ (H.—H)/He} 


This expression represents the general relation be- 
tween the observed line shape M,(H) and the distri- 
bution of spin packets given by the shape function 
h(H;— H,). In order to evaluate Eq. (22) let us assume 
that the shape function is a Gaussian, i.e., 


1 0.69\3 H;—Hv\? 
h(H;— Ho) -—(—) exp| - (—) 060 (23) 
AH\ x AH 


where AH is the half-width of the distribution at the 
half power point. 

From Eqs. (22) and (23) one gets for the observed 
line shape 


My /0.69\3 
2) 
AH\ 
Hy)*/(AH) 10.69} 


ie exp{[— (Hi— 
xf ser 
[i+( (Hi- — H)*/H;}} 


—® 


M (H)= 


H;. (24) 


An inspection of the above expression shows that 
for vanishingly small H; the Gaussian envelope re- 
mains undistorted. 


For larger H;, the above integral can be evaluated 
by an appropriate expansion, and one obtains 
0.69)? Hy 
M,(H)= +u(— ae exp(—0.69x?)e®K 9(8) 
A 


+ 1.3882°LK (8) — Ko(8) J 
+} (1.388)*a4LK0(8) — (1-36) K(8)], 


where «= (H—H»)/AH, B=0.69H*/(2AH?) and Ko, Ki 
are the Bessel functions of zeroth and first order.” 

Assuming that 61 and iii expression (25) 
simplifies to 


(25) 


0.69\? A, 
M(H) = Mol — exp(—0.69x?)e®K 9(B) 
AH 


Tv 


0.69 
ole 1.3882"( 1+ — 38 ) Ki). (26) 


Equation (26) is plotted in Fig. 23 for different values 
of AH/H;,. In our experiments AH/H, was chosen to 
be approximately 10° which makes the observed line 
width about 8% larger than would correspond to e 
Gaussian distribution of spin packets. The ratio of tha 
observed line width to the width of the distribution of 
spin packets for different values of AH/H, is plotted in 
Fig. 24. 

The plot of Fig. 23 shows all the curves normalized 
to the maximum magnetization. One can get the value 
of the magnetization for x=0 from Eq. (26) by ex- 
panding Ko for small arguments”? 


xoH 40.69 1.7AH 
M ,(H»)- ~s(—) Ay in ). (27) 
AH Tv HH, 
The susceptibility x’=M,/2H, is then given by 


xo H 0.69\! /1.7AH 
x (Heya —(—) in( - ). (28) 
2 AH\ x AH, 
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Fic. 23. The line shape of an inhomogeneously broadened line 
observed under adiabatic fast passage conditions for various 
ratios of AH/H;,. The distribution of spin packets is assumed to 
be Gaussian. 


77 —. T. Shittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1950), p. 375. 
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Fic. 24. ratio of the observed width to the width of the distribution 
of spin packets for different values of AH/H,. 


The above expression agrees with the one given by 
Portis.” 

From Eq. (28) one sees that, neglecting the loga- 
rithmic term, M,(Ho) is proportional to H;. This 
behavior can be qualitatively understood from Fig. 22. 
For a single spin packet the maximum magnetization 
M, is independent of H; and equal to M; for 6=0. 
This is the same as one obtains for a homogeneously 
broadened line under adiabatic fast passage conditions. 
However, if we are dealing with an inhomogeneously 
broadened line, the angle @ that each spin packet makes 
with H, decreases as H; increases and therefore it 
contributes more effectively to M,. 


(2) Line Shape with Magnetic Field Modulation 

In this section we wish to consider the amplitude of 
the signal when the magnetic field is set to the center 
of the resonance line and is modulated over a fraction 
of the line width thereby flipping back and forth all the 
spin packets that are within the modulation amplitude. 
This corresponds to the experimental situation encoun- 
tered in the ENDOR technique and with an additional 
linear variation of the magnetic field describes the 
situation that is commonly encountered in ordinary 
paramagnetic resonance techniques. The spin packets 
will be affected differently according to how far they 
are removed from the value of the dc magnetic field Ho. 
Figure 25 illustrates this situation for one particular 
spin packet which has an amplitude M; before the 
modulation field is turned on. The problem is to find 
the steady-state value Mr to which M;, decays after 
many modulation cycles and the time constant associ- 
ated with this process. 

We assume again that the spin packets are traversed 
under idealized adiabatic fast passage conditions. This 
process should therefore not destroy the magnetization 
during a single passage but merely turn it over so that 
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during the time ¢; (see Fig. 25) the magnetization will 
point opposite to the magnetic field. In this position 
the magnetization will decay to its equilibrium value 
with its characteristic spin lattice relaxation time 7. 
The magnetization after a different number of tra- 
versals (V—1), NV, (N+1) as indicated in Fig. 25 is 
then given by 


My=My-1€ u/iT_ YM (1—e al?) 
Myy1= Mye—®!/T+M ,(1—€-"!7), 


(29) 
(30) 


where /2 is the time interval per cycle during which M 
points along H. After a number of passages a steady- 
state is reached in which case My_1=Myy,. and one 


obtains 
de—/T— e ~—(ty+tg)/T 1 


My'=M- 


1—e (tte) /T 


(31) 


Je t2/T — g—(ttta)/T_ 4 


My4 1 = M; ’ 


1— ee fttte)/T 





(32) 


where My’ is the observed steady-state value of the 
magnetization after the time interval 4; and My. after 
the time interval fy. (See Fig. 25.) Equations (31) and 
(32) are identical with the equations used by Chiarotti 
et al.’® to measure nuclear relaxation times. 

In all the experimental cases that we studied t:<<T 
and tT which simplifies the expression to 


My’ = My =Mi(be—h)/ (itt) =Mr. 


For a sinusoidal field modulation H= Hp+ Hy sinw ml 


(33) 





Fic. 25. The idealized behavior of an inhomogeneously broad- 
ened line when a sinusoidal field modulation is applied. The 
initial magnetization M; decays to the steady-state magnetization 
Mr. The spin packets are traversed under adiabatic fast passage 
conditions. 


78 Chiarotti, Christiani, Giulotto, and Lanzi, Nuovo cimento 
12, 519 (1954). 
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it follows from (33) that the magnetization My will be 
given by 


M p=M,,(2/x) sin (H—Ho/H). (34) 


This steady-state magnetization is indicated by the 
dotted line in Fig. 25.” 

In order to evaluate the output signal one needs to 
know the time variation of Mr. From Eq. (34) we see 
that M,y will vary linearly with time, i.e., one gets a 
triangular output. Since the signal is fed into a narrow 
band amplifier we are only interested in the funda- 
mental frequency component which is 


steady-state output signal « M;(8/z?) coswut, (35) 


where wy is the modulation frequency. 

Before the steady-state condition as given by Eq. 
(35) is reached the output signal will be larger since 
the magnetization did not have a chance to decay to 
its final value. This means that if one turns on the 
microwave power, M; will at first be a constant resulting 
in a square wave output whose fundamental will be 
given by 


transient output signal « M;(4/m) coswyl. ‘36) 


Thus the expected steady-state output signal should be 
smaller by (2/m) than the signal obtained at ¢=0. 

The foregoing considerations lead immediately to the 
simple “passage cases” which were the ones most 
commonly dealt with in the semiconductor work 
described in this article. 

If the modulation field satisfies the adiabatic fast 
passage condition (wyvHw<yH,?; wy>>1/T) and the 
modulation amplitude is large in comparison to the 
spin packet (Hs,>>H;,) and one traverses the resonance 
line in a time short compared to the spin lattice relax- 
ation time, the output of the narrow band amplifier 
will be obtained by combining Eqs. (36) and (24). 


9 = M(H;— Ho) 
signal~(—)ate f ee 
7 _« (1+ (H;—H)?/H?}! 


X (coswyt)dH,;, (37) 


or for small enough H, the susceptibility x’(H) will be 
given by: 


2x0 H 0.69 4 H;- Hy = 
cnn) of) fo 
xn AH\ x AH 


1.7AH 
x (cose) In(——). (38) 


1 


If one traverses the line in a time long in comparison 
to a relaxation time, the signal will be of the same 

” Note that in Fig. 25, the modulation amplitude has been 
exaggerated. In practice it is much smaller than the line width 
so that we can neglect the variation of M; over the modulation 
field. 
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form as Eq. (38) but with an amplitude reduced by 2/7. 
It is interesting to note that the output signal is 
independent of the amplitude of the field modulation. 
This, of course, holds only as long as our assumption 
Hx> H, is satisfied. This behavior was experimentally 
verified by observing the output signal as a function 
of Hy. The amplitude of the signal remained approxi- 
mately constant for Hy>H; and started to decrease 
as Hy approached the value of H;. This procedure 
could therefore be used to determine the width of spin 
packets in inhomogeneously broadened lines. 

The ac signal given by Eq. (38) is usually converted 
to a de signal by means of a phase sensitive detector.” 
In this case, as opposed to the direct detection scheme 
discussed previously, the sign of the signal is inde- 
pendent of the value of the external magnetic field at 
which the magnetization is equilibrated. Other passage 
cases have been treated by Portis.“ 


(3) Rate of Saturation of an Inhomogeneously 
Broadened Line 


We next inquire what happens when the magnetic 
field is set to Ho +H 17 coswyt and the microwave power 
is turned on in a time much shorter than the relaxation 
time 7. This is closely related to what happens in an 
ENDOR experiment where instead of the microwaves 
power being turned on, the population difference is 
suddenly changed. In both cases we are concerned with 
the rate at which the signal is being saturated, i.e., the 
decay of the signal from the value given by Eq. (36) 
to that given by Eq. (35). This effect is responsible for 
the trailing off of the ENDOR signal as seen in Figs. 
3(a), (4), and (13). It is characteristic of the transient 
mode of operation associated with the long relaxation 
times encountered in silicon. In systems with a shorter 
relaxation time a steady-state mode of operation is 
possible. 

From Eqs. (29) and (30) one obtains 


Myy1=Mj(1—2e-#/T7 ee (ut ta) /7 


+M V ye (tt t2)/T. (39) 


After m modulation cycles the amplitude M,, will then 

be given by 

M m= M,(1—2e-*/7 +-e-*) (1+-6-*+-*2-+ - - -e-™) 
+M je —(m+1) a 

e (mt+l)a 1 


= M ,(1—2e-*/7 +-e—*) ____+- Me“*)2,, (40) 
e7—1 


where a= (f;+/2)/T. For ma<1, this expression can be 


8 Such systems include for instance color centers in alkali 
halides. A brief discussion of the requirements of this mode of 
operation was given by G. Feher, Proceedings of the Kamerlingh- 
Onnes Memorial Conference on Low-Temperature Physics, Leiden, 
1958 (Suppl. Physica 24, 80 (1958) ]. 
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expanded to give 
M»~M {1 —2(m+- 1)t:/T ]. 


The number of modulation cycles in a time ¢ is t/ (ti: +12). 
The initial decay of the magnetization is then described 


by 
ty t 
mya 1-2 )-| 
itt. T 


where /1/(¢i:+/¢2) is the fraction of the modulation cycle 
during which the magnetization points opposite to the 
_ magnetic field. This means that the rate at which the 
spin packets saturate is smallest for the ones near the 
extreme excursions of the field modulation. The spin 
packet at Hp (i.e., 4:=¢2) decays fastest with an initial 
time constant equal to the relaxation time T. 


(41) 


(42) 


(4) Comparison of the Predicted Behavior 
with Experiment 


In all the preceding sections we have assumed the 
absence of spin-spin interactions. The predictions based 
on this assumption are in general qualitative agreement 
with the experimental findings (e.g., one observes the 
line shape as given by Fig. 23; one can “burn holes” 
in the lines, etc.). However, in some cases serious quanti- 
tative discrepancies are observed. All of them can be 
traced to one phenomenon, namely, the partial de- 
struction of the magnetization when the resonance line 
(or a part of it) is traversed. The origin of this effect 
lies presumably in the spin diffusion process as described 
in Part II of this paper but more generally it could be 
due to any interaction that causes a “dephasing” of 
the spin packets. 

The most clear-cut experiment that demonstrates 
the loss of magnetization is illustrated in Fig. 26, which 
shows several successive traversals of the resonance 
line. This is accomplished by sweeping the magnetic 
field from a value below to a value above the resonance 
field Ho and then reversing it. No other field modulation 
was applied in this experiment. The trace in Fig. 26 
was derived directly from the output of the i.f. amplifier. 
Since the time between two successive traversals 
(t=10 seconds) was short in comparison to the relax- 
ation time (7,=30 minutes), one would have expected 
the magnetization to remain unchanged. That this is 
not the case is clearly illustrated in Fig. 26, where a 
fractional loss of the magnetization of ~10—20% is 
observed after each passage. This effect, incidentally, 
should be taken into account in the polarization of 
nuclei by the method of adiabatic fast passages*! and 
plays also an important part in the operation of two 
level solid-state masers.“ 

There are several other consequences of this effect: 
(1) When a field modulation detection scheme is used 
(see Sec. II D-3) the loss of magnetization is much more 


81 G. Feher, Phys. Rev. 103, 500 (1956). 
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Fic. 26. Reduction of the magnetization during successive 
adiabatic fast passages. The time between two passages is short 
in comparison to the electron spin relaxation time T, (7,40 
minutes). No magnetic field modulation was used to observe the 
signal. The sample is phosphorus-doped silicon (~10!® P/cm’, 
T =1.25°K, v.<~9000 Mc/sec). 


pronounced resulting under certain conditions in a 
complete saturation of the line. This is because the 
magnetic field sweeps many times over a given set of 
spin packets, each time causing a reduction in the 
magnetization. This was found to be a convenient 
property in the study of relaxation times (see Part II). 
The magnetization is destroyed by sweeping through 
the line with the field modulation turned on. The growth 
of the magnetization is subsequently observed by 
sweeping through the line after different time intervals. 
(2) The rate of saturation of the line is faster than 
predicted by Eq. (42) and the steady-state amplitude 
of the signal is smaller than given by Eq. (35). This 
makes it difficult to derive quantitatively the absolute 
magnitudes of the ENDOR signals. (3) The shape of 
the region that has been saturated by applying a 
sinusoidal field modulation over a fraction of the line 
differs from the one shown in Fig. 25. The saturation 
is more complete than predicted at the extreme excur- 
sions of the field modulation sweep (see Fig. 2). This 
presumably is because the time spent at those extreme 
spin packets is longer than at the others. 

One could rework Eqs. (29) and (30) in a purely 
phenomenological way by assuming a given loss of 
magnetization per passage. However, at present such a 
treatment would be only of limited use since the 
detailed dependence of the loss of the magnetization 
on the microwave power and the time spent on the line 
is not understood. 


(B) Relative ENDOR Amplitudes 


As pointed out in Sec. C-2e the relative amplitudes 
of the ENDOR lines serve as an additional tool in the 
identification of the lines. In this section the problem is 
considered under the following simplifying conditions: 
(1) All spin packets that give rise to the ENDOR lines 
are turned over and saturated by the same amount. 
(2) The line width of all the individual lines is the same. 
It will be shown that even under these simplifying 
assumptions the relative amplitudes will not be equal 
to the relative number of occupied lattice sites but will 
depend on the hf interaction a; and the value of the 
DC magnetic field with respect to the center of the 
electron spin resonance line. 
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Fic. 27. ENDOR amplitude of line A (see Sec. II C-2) in 
arsenic-doped silicon for different settings of the magnetic field 
with respect to the center of the line. Solid curve indicates ex- 
pected amplitude, circles represent experimental points. Arrows 
pointing towards P indicate the contribution to the magnetization 
from two sets of spin packets. (~2X10'* As/cm’, 7=1.25°K, 
v-—~9000 Mc/sec.) 


Let us suppose that the electron resonance line at 
the microwave frequency vy, and the corresponding 
external magnetic field H is saturated. If one now flips 
a Si” nucleus at the /th lattice site which has a hf 
interaction a;, the observed ENDOR signal will be 
caused by spin packets that see an effective field H+a, 
and upon application of the proper frequency cause a 
partial desaturation of the microwave line at H. (The 
+ sign arises from the fact that the Si? moment can 
be either parallel or antiparallel to the direction of the 
electron spin.) The amplitude of the signal (i.e., the 
amount of desaturation) will then be proportional to 
the number of Si” nuclei at the /th lattice site which 
see an effective field H +a;. 

The distribution of resonant fields of centers having 
a single® Ith lattice site occupied by a Si*® nucleus may 

® For simplicity we will not consider centers having two or 
more lattice sites occupied with Si® nuclei. In view of the small 


fractional abundance of Si® (0.047) this is quite a good approxi- 
mation. 


be obtained as follows. One imagines that all the Si? 
nuclei are removed from the /th lattice site, and then 
the normalized shape function due to the hf interaction 
of all (except the /th Si®’s will be given by h*(H—Hp). 
This shape function is the same as the one defined in 
Appendix A-1 modified in order to take into account 
the removal of the Si*® from the /th lattice site. The 
reintroduction of the Si will shift the distribution by 
+a, and one obtains for the distribution of Si® spins 
pointing along the field 34*(H—H o—}a,) and against 
the field 34*(H—H + 4a,). If one sets the magnetic 
field to a given value H, spin packets may be flipped 
from both distributions. The amplitude A of the 
ENDOR signal will then be proportional to 


Ai~ ni $h*(H—Hot+ Say) +3h*(H—Ho— 4a) |, (43) 


where m; is the number of equivalent Si lattice points 
of the /th site. Setting the magnetic field at the center 
of the electron resonance line (H=Hp) the relative 
amplitudes of the ENDOR lines will be given by 


A,(0) = nyh* (3a). (44) 


Figure 27 illustrates the above discussion for line A 
(see Sec. II C-2) in As-doped silicon. The distribution 
h* was assumed to be Gaussian with an effective full 
width AHyms* given by 


AB rms*?= AB rms?— ni far, (45) 
where AH;s is the experimentally observed line width 
corrected for passage effects. (See Appendix A-1.) The 
dotted arrows indicate the spin packets that contribute 
to the ENDOR signal when the magnetic field is set to 
P. The circles on the graph represent experimental 
points normalized to fit the predicted curve. Although 
the agreement between the experimental values and 
the theory is not perfect, the essential features of this 
simple treatment seem to be borne out. 
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The different relaxation processes that connect the four energy 
levels in phosphorus doped silicon have been investigated experi- 
mentally. The relaxation time 7, (Am,=+1, Am;=0) was found 
to be independent of phosphorus concentration below ~10'* 
P/cm*. Its value at 3200 oersteds and 1.25°K was ~3X10*3 
seconds and varied as 1/T for 1.3°K<7T<2°K and as 1/7” for 
2.5°K <T<4.2°K. The magnetic field dependence in the 1/T 
region suggests a direct phonon process. In the 1/77 region 7, was 
independent of the magnetic field between 3000 and 8000 oersteds. 
Above a concentration of 10'6 P/cm? 7, varied rapidly with donor 
concentration, dropping to 10~* seconds at 3X10"? P/cm’. In this 
concentration dependent region 7, was independent of the mag- 
netic field but depended on the number of acceptors present. None 
of the 7, mechanisms can at present be accounted for by the 
theories of Pines, Bardeen, and Slichter, and Abrahams. The 
relaxation time 7, (Am,=+1, Am;=1) was ~30 hours at 
3000 oersteds and ~5 hours at 8000 oersteds in fair agreement with 
the theory of PBS. The relaxation time 7'y (Am;= +1, Am,=0) at 
1.25°K exceeded 10 hours. 

The effect of light was investigated with a monochromator for 
0.5 ev<hvy<2 ev. The number of carriers introduced by light was 


I. INTRODUCTION 


HE first relaxation time measurements on donors 

in silicon were performed by Honig.! He found, 
what seemed then, unusually long relaxation times 
(tens of seconds at 4°K) and concluded that they were 
associated with a nuclear relaxation process. It was 
subsequently shown by him? and others* that one is 
dealing with long electron spin relaxation times. The 
work to be reported in this paper is essentially an 
outgrowth of these early experiments. In continuing 
them we were stimulated by the theoretical work of 
Pines, Bardeen, and Slichter,® and Abrahams,® and by 
the hope that with such a well understood system as 
donors in silicon’ progress could be made towards 
a better understanding of electron spin relaxation 
processes. 

After a few preliminary experiments it became evi- 
dent that the problem was more complicated than had 
been originally anticipated. Different relaxation mecha- 
nisms were found to be effective at different tempera- 
tures, impurity concentrations, magnetic fields and 
numbers of free carriers. For this reason it was decided 


1A. Honig, Phys. Rev. 96, 234 (1954). 

2 A. Honig and J. Combrisson, Phys. Rev. 102, 917 (1956). 

3A. Abragam and J. Combrisson, Compt. rend. 243, 576 
(1956). 

4 Feher, Fletcher, and Gere, Phys. Rev. 100, 1784 (1955). 

5 Pines, Bardeen, and Slichter, Phys. Rev. 106, 489 (1957). 

6 E. Abrahams, Phys. Rev. 107, 491 (1957). 

7 For a review article on this subject see W. Kohn—Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
New York, 1957), Vol. 5. 


obtained from the Hall coefficient. In a sample with 7X10" 
P/cm’, T, was reduced to 25 seconds by 210° electrons/cm*. 
Under the same conditions the spin-spin time 7, was reduced to 
1 second. The bottleneck in the 7,-spin exchange mechanism sug- 
gested by PBS is the spin-lattice relaxation time of the free 
carriers. This bottleneck is absent in a double spin exchange 
mechanism suggested by Anderson and is responsible for the 
observed 7, process. 

A resonant spin-spin interaction was observed between the 
electron bound to an iron impurity and the phosphorus donor 
electron when the magnetic field at which the two resonance lines 
overlap was traversed. The application of this ‘‘mixing”’ effect to 
a nuclear polarization scheme is discussed. A complete mixing 
of two levels was also observed in phosphorus doped silicon at a 
magnetic field of 40 oersteds. 

A spin diffusion process capable of transmitting a spin excitation 
to different parts of the resonance line was observed in arsenic 
doped silicon. This process proceeds in discrete steps with fre- 
quencies determined by the different Larmor frequencies of the 
Si® nuclei situated at various lattice sites relative to the 
donor atom. 


to concentrate mainly on the simplest impurity center 
namely phosphorus which has a nuclear spin of 4. Even 
with this restriction imposed, the present work does 
not claim to be an exhaustive treatment of this very 
large subject. It is intended to point out several of the 
mechanisms that have been isolated, to give representa- 
tive values of the observed relaxation times and to 
show how they are influenced by different external 
parameters. Only two of the observed mechanisms can 
at present be accounted for by the theory of PBS.® 
One involves a simultaneous electron-nuclear spin flip 
(T,), and the other a spin exchange mechanism that 
occurs when carriers are introduced by light. 

In addition to the spin lattice relaxation times, 
several types of spin-spin interactions were observed. 
One results from the interaction between an iron im- 
purity and a phosphorus hyperfine line and provides an 
effective nuclear polarization scheme. Another type of 
spin interaction that involves the flipping of Si® nuclei 
was observed. It results in a “discrete” spin diffusion 
process which connects spin packets within the reso- 
nance line. 

Besides the fundamental interest in the relaxation 
mechanisms of the donor electrons there are several 
“practical” consequences which hinge on the presence 
or absence of specific relaxation processes. Among these 
are several nuclear polarization schemes,*:*:*.* the ability 


8 G. Feher, Phys. Rev. 103, 500 (1956). 
9F. M. Pipkin and J. W. Culvahouse, Phys. Rev. 109, 1423 
(1958). 
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Fic. 1. Various relaxation processes indicated by arrows that 
connect the levels in a system with J=4$, S=}4. This corresponds 
to phosphorus doped silicon. The processes may be distinguished 
experimentally by disturbing the equilibrium population in 
different ways. The (+4, +4) <— (—}, —4) transition is for 
bidden and is therefore not indicated. 


to apply the ENDOR technique to these centers (see 
Part I) and their applications to masers.!!:!* 


II. THE DIFFERENT RELAXATION PROCESS 


Let us consider the simple system of an electron with 
S=} coupled to a nucleus with J=}. This corresponds 
to the phosphorus donor and because of its simplicity 
was the center that was investigated in most detail. 
The energy levels of such a system are shown in Fig. 1 
in which the various possible relaxation processes that 
are operative between the different levels are indicated 
by the arrows T,, T,, Ts,, Ty. (We shall use these 
symbols to identify the relaxation processes as well as 
the relaxation times which characterize them.) In any 
relaxation time measurement one has to disturb the 
thermal equilibrium that exists between two levels. 
The relaxation times are then obtained by either 
measuring the microwave power required to cause a 
deviation from the equilibrium or else by observing the 
rate at which the spin system returns to equilibrium 
after it has been disturbed. A convenient “disturbance” 
is accomplished by either completely saturating the 
spin system or reversing its direction by an adiabatic 
fast passage."* The latter approach is particularly ad- 
vantageous when one deals with relatively long relaxa- 
tion times and was used in all our experiments except 
when dealing with relaxation times below one second. 
The present system, as illustrated in Fig. 1, is com- 
plicated by the fact that we are dealing with a variety 
of relaxation processes. One has to devise, therefore, 
methods of disturbing the equilibrium population in 
different ways in order to disentangle the different 
processes. We will not enter at present into the details 
of the 1 experimental procedures used to accomplish this 

0G. ;. Feher, preceding paper [Phys. Rev. 114, 1219 (1959) ]. 

a”, ombrisson, Honig, and Townes, Compt. rend. 242, 2451 
(1956). 

2 Feher, Gordon, 


109, 221 (1958). 
8 F, Bloch, Phys. Rev. 70, 460 (1956). 


Buehler, Gere, and Thurmond, Phys. Rev. 
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but will present later several examples to illustrate the 
principles involved. In essence we measure the instan- 
taneous population difference A(/) between the “dis- 
turbed” levels by performing a paramagnetic resonance 
experiment on the donor electron. The relaxation time T 
is then obtained from an expression of the form A (t) 
=A 1—exp(—t/T)] where Ao is the equilibrium 
population between the two levels under scrutiny. In 
those cases in which one observes a deviation from this 
exponential form the relaxation time is arbitrarily 
defined as the time taken for the magnetization to 
build up to (1—1/e) of its final value. It should be 
noted that each process, designated by an arrow, may 
itself represent several different physical mechanisms 
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Fic. 2. Electron spin relaxation rate vs donor concentration in 
phosphorus doped silicon (7=1.25°K), H=3200 oersteds). The 
donor and acceptor concentrations were obtained by measuring 
the Hall coefficient vs temperature. Sample VIII-215 exhibited 
impurity band conduction which prevented the accurate determi- 
nation of the boron concentration. 


that are capable of bringing the two corresponding 
levels into thermal equilibrium. Once the different 
processes have been separated experimentally, one is 
left with the more usual problem of trying to under- 
stand the relaxation mechanism (or mechanisms) re- 
sponsible for a particular process. 


Ill. CONCENTRATION DEPENDENCE OF T, 
When the silicon sample is placed into a magnetic 
field, the two spin-lattice processes that can build up 


14 Strictly speaking one is really measuring spin-bath relaxation 
times, but because of the low concentrations of the paramagnetic 
centers used throughout our experiments the lattice-bath time 
does not enter. At higher concentration this need not be the 
case [see J. H. Van Vleck, Phys. Rev. 59, 724 (1941); Gorter, 
Van der Marel, Bolger, Physica 21, 103 (1955); Giordmaine, 
Alsop, Nash, and Townes, Phys. Rev. 109, 302 (1958) J. 
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an appreciable magnetization are T, and T,. In phos- 
phorus doped silicon 7, was found to be predominant 
in all cases. A description of the experimental procedure 
used to distinguish between T, and T, is postponed till 
the end of the next section where the 7, mechanism is 
discussed. The values of 7, vary over a wide range and 
depend very strongly on the donor concentration.*:!® 
Figure 2 illustrates the concentration dependence of 7, 
in phosphorus doped silicon at 1.25°K and ~9000 
Mc/sec. From this plot it is apparent that we are 
dealing with at least two distinct mechanisms. Below 
~10'® P/cm’ a concentration independent and above 
~10!6 P/cm* a concentration dependent 7, mechanism 
predominates. Accordingly we have divided our dis- 
cussion into two sections, although it should be noted 
that this division is somewhat arbitrary and applies 
strictly only to T, at 1.25°K and 3200 oersteds, at 
which the data of Fig. 2 were taken. The results of 
Fig. 2 were obtained on samples cut from single (pulled) 
crystals.* The donor (phosphorus) and acceptor (boron) 
concentrations were determined by measuring the Hall 
coefficient between room temperature and 20°K.!® For 
this purpose standard six arm bridges!’ were cut from 
the same samples on which the relaxation time measure- 
ments were made. 

The sample with 3X10! P/cm* had a carrier con- 
centration at 20°K of ~10" electrons/cm*. This is 
approximately four orders of magnitude larger than one 
would expect for noninteracting centers. This behavior 
as well as the low mobility at 20°K of 50 cm?/v sec 
indicates the presence of impurity band conduction.'® 


The resistivity of this sample at 4°K was ~107 ohm-' 


cm. The boron concentration in this sample is believed 
to be below 10° B/cm*, but because of the impurity 
band conduction process could not be measured accu- 
rately. 

In measuring the long relaxation times encountered 
in this work great care had to be taken to prevent light 
and also room temperature radiation from reaching 
the sample. (See Sec. VI.) This was accomplished by 
wrapping the glass cavity in several layers of aluminum 
foil with carbon paper interposed. The inside of the 
waveguide leading to the cavity was filled with styro- 
foam and at one place a 1 mm glass window was 
inserted in the guide to absorb the room temperature 
radiation. 


15 G, Feher and E. A. Gere, Bull. Am. Phys. Soc. Ser. IT, 3, 415 
(1958). 

* Note added in proof.—An additional measurement was made 
on a zone refined crystal with 3X10!5 P/cm’. The relaxation rate 
at 1.25°K and 3200 oersteds was found to be ~2X10™ sec™. 
When dealing with such extremely slow relaxation rates the 
presence of paramagnetic impurities which escape detection may 
be of importance. In view of the small number of measurements 
made in this concentration region, the strict concentration inde- 
pendence should be therefore taken with some reservations. 
Honig and Stupp [Bull. Am. Phys. Soc. Ser. II, 4, 261 (1959) ] 
report for this region a concentration dependent relaxation mecha- 
nism superimposed on a concentration independent mechanism. 

16 F, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 

17P, Debye and E. Conwell, Phys. Rev. 93, 693 (1954). 
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IV. RELAXATION TIMES IN THE CONCENTRATION 
INDEPENDENT REGION 


A. The 7, Process 


The experiments were performed on sample VIII-64 
which had a donor concentration of 7X 10'® P/cm? (see 
Fig. 2). The temperature dependence of 7, is illustrated 
in Fig. 3. In the temperature region between 1.25°K 
and 2°K the relaxation time is approximately inversely 
proportional to the first power of temperature. This 
dependence was also found by Honig and Stupp'® and 
is consistent with a direct phonon process. Above 2°K 
the temperature dependence becomes more pronounced 
and between 3°K and 4.2°K T, becomes inversely 
proportional to the seventh power of the temperature 
indicating that a new mechanism predominates. The 
strong dependence of 7, on temperature above 3°K 
suggests that we are dealing with a Raman type 
mechanism. 

It should be noted that the 7” fit extends only over 
a narrow temperature region. As a consequence the 
experimental data can also be fitted fairly well with 
an exponential temperature dependence of the form 
T,~exp(AE/T) where AE~25°K. Such an activation 
energy could, for instance, arise from the first excited 
donor state.’ Since the position of this excited state is 
expected to depend on the chemical impurity the experi- 
ments were repeated on an arsenic doped silicon sample 
with 10'® As/cm*. The relaxation rate in this sample at 
4.2°K was found to be 1/7,=2.5X10~-* sec~ and again 
obeyed a 77 law between 3°K <7T<4.2°K. 
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Fic. 3. Electron spin relaxation rate vs temperature in phos 
phorus doped silicon (7X 10'® P/cm*, 173200 oersteds, Sample: 
Si VITI-64). The break in the curve is presumably due to a transi- 
tion from a direct phonon to a Raman type process. 

18 A. Honig and E. Stupp, Phys. Rev. Lett. 1, 275 (1958). 

19 T. Waller, Z. Physik 79, 370 (1932); R. De L. Kroenig, Physica 
6, 33 (1939); J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 
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Fic. 4. Illustration of the method used to determine T, in the 
presence of a much shorter 7, in phosphorus doped silicon (7 X 10'S 
P/cm’, T=1.25°K, H3200 oersteds, Sample: Si VIII-64). 
From the amplitudes of the lines and the time interval during 
which 7, was operative one obtains at 3200 oersteds a value of 
T,=30 hours. Note that the saturation procedure results in a 
normal Overhauser effect and gives rise to the predicted nuclear 
polarization. 


T, was also measured at 20°K by the microwave 
saturation method.” dx”/dH was found to drop to half 
its unsaturated value for a microwave field of H,;=0.25 
oersteds. In order to obtain the relaxation time 7, one 
has to know the functional dependence of the micro- 
wave signal dy’’/dH on the saturation parameter 
(1/4)(H;)*7,T2. This dependence is well known for 
both homogeneously” and inhomogeneously”! broadened 
lines. The saturation behavior of the phosphorus line at 
20°K showed that it was inhomogeneously broadened 
(e.g., the line width did not increase, for large values 
of the saturation parameter) and had a relaxation rate 
of 1/T,~10* sec—'. T, in the expression for the satura- 
tion parameter is obtained from the width of a single 
spin packet which in our case was assumed to be equal 
to the microwave field of 0.25 oersteds.*? If one extrapo- 
lates the 77 dependence from the 4.2°K data one obtains 
for the relaxation rate a value of 2 10** sec—!. The fact 
that one observes a much faster rate suggests that at 
20°K another mechanism has taken over. It would be 
instructive to extend the temperature region above 
4°K in order to establish the 77 law more firmly and 
also find the transition to the other temperature de- 
pendence. 

The magnetic field dependence was reported by 
Honig and Stupp.'* They found that 1/7, varied as H'* 
above 8000 oersteds. Below this field they observed a 
slower variation indicating a contribution from a field 
independent relaxation mechanism. All of our experi- 
ments were performed at fields below 8000 oersteds and 
are in general agreement with their observations. At a 


” Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

21 A. M. Portis, Phys. Rev. 91, 1071 (1953). 

* Note that for a homogeneously broadened line 72 corresponds 
to the entire width of the line. This would result in a relaxation 
rate of 1/7,~10** sec“. In the presence of spin diffusion the 
relaxation rate assumes a value between the two extrema. 
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temperature of 3.5°K at which the 7” process pre- 
dominates, 7, was found to be independent of the 
magnetic field (3000 oersteds< H<8000 oersteds). At 
the highest fields a small correction due to the contribu- 
tion of the direct phonon process was applied. 

The experimental procedure used to investigate the 
magnetic field dependence was as follows: After satu- 
rating the resonance lines at ~ 3200 oersteds, the mag- 
netic field was set to any desired value and after 
different time intervals returned to the monitoring 
field of 3200 oersteds at which all our measurements 
were performed. Because of the long relaxation times 
involved one can safely neglect small changes in the 
magnetization that occur during the time interval in 
which the magnetic field is being changed and the 
resonance lines are being monitored. 

A theoretical estimate of T, was made by PBS® who 
assumed a modulation of the spin orbit coupling by 
lattice vibrations. At 9000 Mc/sec and 1.2°K they 
obtain a value of T,>4.5X 10° sec which, as they point 
out, is an enormous overestimate of the effectiveness of 
the mechanism. Abrahams® reinvestigated the same 
mechanism taking into account certain cancellations in 
the matrix element that were neglected by PBS.* He 
arrives at a value of T,~10° sec which, of course, could 
never be observed. Abrahams also investigated a Raman 
type process in which a phonon is scattered from one 
state into another while the electron spin flips. His 
result for this type of mechanism is T,~10"%7—*. Both 
the absolute value of the relaxation time and its tem- 
perature dependence are at variance with the observed 
relaxation times above 2.5°K, where one presumably 
might be dealing with a Raman type process. It must 
be concluded therefore that the origin of both 7, 
mechanisms remains at present unexplained. 


B. The T, Process 


We proceed now to a discussion of the 7, process 
which involves a simultaneous electron-nuclear spin 
flip (Am;=+1, Am,=1). This relaxation process is 
of importance in several nuclear alignment schemes and 
has been the subject of previous investigations.®:5.%.%4 
In order to find experimentally the value of 7, in cases 
in which 7,>>7,, one has to eliminate first the short 
circuiting effect of T,. This is conveniently done by 
saturating (i.e., equalizing populations) the two elec- 
tronic transitions as indicated for phosphorus doped 
silicon in Fig. 4. After T, has had time to establish an 
appreciable Boltzmann factor between the (+3, —} 
and (—43, +3) levels,> the nuclear Avy* (see Fig. 3) 
transition is induced by an adiabatic fast passage.” 

my, W. Culvahouse and F. M. Pipkin, Phys. Rev. 109, 319 
Om C. Feher, Proceedings of the Kamerlingh-Onnes Memorial 
Conference on Low-Temperature Physics, Leiden, Holland, 1958 
(Suppl. Physica 24, 80 (1958) ]. 

25 We use the (m,,m;) notation to identify the levels. Note that 


the transition between the (+4, +4) and (—4$, —4) levels in- 
volves a Am=2 change and is therefore forbidden. 
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Fic. 5. Illustration of the method used to determine Ty in the presence of a shorter 7, (but longer T,) in phosphorus doped silicon; 
(a) The magnetization is brought to thermal equilibrium at a high field. The corresponding Boltzmann factor is 2e*; (b) After a double 
adiabatic fast passage the mz levels are preferentially occupied; (c) The populations after ¢>7,; (d) The experimental trace from phos- 
phorus doped silicon (7X 10!5 P/cm’, T=1.25°K, H =3200 oersteds). The expected ratio of amplitudes is ~(1+e*)/(1—*). From the 
rate at which the amplitudes of the two lines tend to equalize Ty may be obtained. Note the large nuclear polarization that is obtained 


during this procedure. 


This exchanges the population between the two nuclear 
levels, and results in a population distribution as indi- 
cated in Fig. 4. If one sweeps now the magnetic field, 
one resonance line corresponding to an emission and 
one to an absorption is obtained. By varying the time 
interval during which the 7, transition is allowed to 
operate one finds a value of 7,-~30 hours for H=3200 
oersteds, T7=1.25°K and 7.5 hours for H~8000 
oersteds, T=1.25°K. The 30 hours relaxation time was 
calculated from the observed amplitude after a 6 hour 
saturation time and from the known equilibrium ampli- 
tude at 3200 oersteds. The saturation is accomplished 
by continuously sweeping through both resonance lines, 
but turning off the microwave power while the mag- 
netic field sweeps through the value corresponding to 
the T, transition. Note that the saturation procedure 
results in a normal Overhauser*®.® effect and gives rise 
to the predicted nuclear polarization. 

PBS® have investigated theoretically the relaxation 
mechanism that arises from the modulation of the 
hyperfine interaction by the lattice vibrations. They 
predict that T, should be inversely proportioned to H?, 
and for phosphorus doped silicon should have a value 
of T,~10 hours (H= 3000 oersteds, T=1.25°K). This 
is in fair agreement with the experimental values and 
for low donor concentrations leaves little doubt as to 
the mechanism involved. At high phosphorus concentra- 
tions a much shorter 7, process was found,’ but so far 
has not been investigated quantitatively. 

For the As and Sb donors 7, was found to be shorter 
than 7,. Since the nuclear spins of these donors are 
larger than 3, T, may be determined from the time 
dependence of the amplitudes of the lines corresponding 
to different m; values. These procedures as well as the 


26 A. W. Overhauser, Phys. Rev. 92, 411 (1954). 
27 Feher, Fuller, and Gere, Phys. Rev. 107, 1462 (1957). 


experimental results on As are discussed in detail by 
Abragam® and Culvahouse and Pipkin.” 


C. The Ty Process 


The Ty relaxation process was measured at 1.25°K 
and 3200 oersteds on sample VIII-64 containing 7 10" 
P/cm*, The experimental procedure as illustrated in 
Fig. 5 was to populate preferentially the two m;=—}4 
levels. This was accomplished by equilibrating the 
magnetization at a high field and subsequently per- 
forming two adiabatic fast passages.* The first involves 
the electronic transition hy, and the second the nuclear 
transition hvy*+. The level populations after the two 
transitions are indicated in Fig. 5(b), where e* denotes 
the electronic Boltzman factor corresponding to the 
high equilibration field (in our case ~8000 oersteds). 
After 7, has had time to establish a Boltzman factor 
corresponding to the monitoring field of 3200 oersteds, 
one expects the ratio of the amplitudes of the two 
resonance lines to be (1+ *)/(1—*). This is illustrated 
in Fig. 5(c) and the corresponding experimental trace 
in Fig. 5(d). The two relaxation processes that can 
equalize the amplitudes of the two lines are T, and Ty. 
Since T, has been found previously we were able to 
establish that Ty>10 hours. This relaxation process is 
of importance in connection with nuclear orientation 
schemes since it represents the minimum rate at which 
transient nuclear orientations are destroyed. 

It should be noted that the Ty process does not 
necessarily involve the actual flipping of a donor 
nucleus. The transfer of the donor electron from one 
donor to another may accomplish such a process if the 
two donor nuclei in question are in a different m;, state. 
If during this process the electron spin also flips, a 7,, 
process results as discussed in the next paragraph. It is 
not too surprising that neither of the two mechanisms 
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Fic. 6. Electron spin relaxation rate vs temperature in two 
samples with different amounts of compensation. Note the faster 
relaxation rate in the compensated sample in spite of its lower 
donor concentration. (T= 1.25°K, H3200 oersteds.) 


proved to be very effective at the low temperatures 
and low donor concentrations used. 


D. The 7,, Process 


The 7,, process was investigated at 1.25°K and 3200 
oersteds on the previously discussed sample. The experi- 
mental procedure was to invert only one of the my lines 
by sweeping through it under adiabatic fast passage 
conditions. The 7,, process then aids the 7, process in 
relaxing this line. The amplitude of the line that was 
not inverted will be diminished by the 7,, process. 
(For an illustration of this effect see Sec. VI and Fig. 8.) 
No such effect was found in this sample which estab- 
lished a lower limit of 7,,>5 hours. 

One of the possible physical mechanisms responsible 
for the T,, process was already discussed in the previous 
section. Another possible mechanism involves a simul- 
taneous electron spin-spin flip. This becomes possible if 
the exchange interaction between the two electrons is 
large enough.** If there are free carriers present in the 
sample a double exchange scattering” mechanism also 
provides an effective T,, mechanism (see Sec. VI). 


V. RELAXATION TIMES IN THE CONCENTRATION 
DEPENDENT REGION 


For a donor concentration exceeding ~10'* P/cm‘, 
the relaxation time 7, is a strong function of the 
number of impurities as illustrated in Fig. 2. All the 
experimental points, except on the sample with the 
highest impurity concentration, were obtained by ob- 
serving the amplitudes of the resonance lines at different 
time intervals after they were saturated. The relaxation 
time of sample VITI-215 containing 3X10" P/cm* was 
obtained by the microwave saturation method.” The 


28 These exchange interactions have been calculated by A. Miller 
and E. Abrahams (to be published). 

* This mechanism was suggested by P. W. Anderson (private 
communication). 
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saturation behavior of the line indicated that it was 
homogeneously broadened (e.g., the line width in- 
creased with increasing microwave power). 

The temperature dependence® of sample VIII-230 
containing 7X10! P/cm* is shown in Fig. 6. It does 
not show the sharp break that 1/7, exhibited in the 
concentration independent region (see Fig. 3), although 
at the lowest temperatures 1/7, seems to approach 
again a T' dependence. 

The magnetic field dependence was investigated on 
the same sample. At 1.25°K 7, was found to be inde- 
pendent of field in the range between 3000 and 8000 
oersteds. This indicates that, unlike in the concentration 
independent region, the observed relaxation mechanism 
does not proceed via a simple direct phonon process. 

PBS?® have calculated a concentration dependent re- 
laxation time which arises from a modulation of the 
exchange coupling between neighboring impurities. 
Both the order of magnitude of this relaxation time and 
its dependence on temperature and field rule out the 
importance of their mechanism. 

The effect of the acceptor concentration on 7, was 
investigated on a compensated sample (IX-99) con- 
taining 4X10'* phosphorus donors/cm* and 1X10'6 
boron acceptors/cm*. The temperature dependence of 
1/T, is shown in Fig. 6 and deviates significantly from 
the uncompensated sample. The coincidence of the 
relaxation rates at 1.25°K of the two samples is for- 
tuitous. The enhanced relaxation rate of the com- 
pensated sample is illustrated in Table I where its 
rate is compared with two uncompensated samples 
containing only 2X10"* B/cm*. One of these has the 
same number of donor electrons (i.e., un-ionized donors) 
and the other the same total number of donors (both 
ionized and un-ionized) as the highly compensated 
sample. In each case the relaxation time is considerably 
longer than in the compensated sample. The effect of 
the acceptors is to empty an equal number of donors. 
This allows the “hopping” of an electron from an 
occupied to an unoccupied donor and is responsible for 
an impurity conduction process as postulated by Mott*! 


TABLE I. Effect of the acceptor concentration on the relaxation 
rate 1/T, of the donor electrons (T=1.25°K, »e~9000 Mc/sec). 
The data on the uncompensated sample were obtained from 


Fig. 2 








No. of donor 
electrons 


No-Na 1/T, 
3X 10!6/cm* 2X 107 sect 
4X 10!6/cm3 3X10- sec 
3X10!*/cm® = =1.5X 107 sec 


No. of boron 
acceptors 


No. of phos- 
phorus donors 


No Na 
4X10!® P/cem? =1X10!* B/cm? 
4X10! P/cm? = 2X10'* B/cm? 
3X10!° P/em® 2X10" B/cm* 








* A temperature independence was previously reported for T, 
in this sample (see reference 15). The origin of this discrepancy is 
possibly due to an ree gS shielding of the sample in the 
previous experiment (see Sec. VI). 

3tN. F. Mott, Can. J. Phys. 34, 1356 (1956). 
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and Anderson.” So far no successful theoretical esti- 
mates have been made on the effect of such a process 
on the electron spin relaxation time. 

In concluding this section we wish to point out that 
there are a number of other imperfections which, unlike 
the number of acceptors, have not been kept under 
proper control. Notable among them are dislocations 
and dissolved oxygen which in a pulled rotated crystal 
is present in amounts of the order of 10'* O/cm*.* In 
this connection it seems worthwhile to mention an 
experiment on a phosphorus doped silicon crystal 
(~5X10'* P/cm*) which contained 1.3 atomic percent 
of germanium (see Part I, Sec. III-F). The relaxation 
time 7, on this sample was reduced by not more than 
about a factor of two or three over the relaxation time 
in pure silicon. In another experiment ~10'* iron im- 
purities/cm* (see Part I, Sec. III-D) were diffused into 
a sample with 10'® P/cm*. The relaxation time of the 
phosphorus donor electron was not affected (except at 
a particular field as discussed in Sec. VII) and fell very 
near the curve of Fig. 2. 


VI. EFFECT OF LIGHT ON THE RELAXATION TIME 


In the early experiments performed in collaboration 
with Fletcher, it was found that light had a pronounced 
effect on the observed relaxation time. Recently Honig*® 
reported that wavelengths between 2 and 25 microns 
are principally responsible for the reduction in the 
relaxation times. In this section we wish to discuss 
several aspects of this effect. 


A. Dependence of the Light Effect on 
the Photon Energy 

The first question we wished to answer quantita- 
tively was the wavelength dependence of the reduction 
in the relaxation time. The experiments were performed 
by shining light from a Gaertner quartz monochromator 
(Model L234-150) on the sample. For this purpose 
part of the silver coating was removed from the walls 
of the microwave cavity and Dewars with transparent 
windows were used. The absolute light intensity was 
obtained with a lead sulfide cell put inside the micro- 
wave cavity in place of the sample. The lead sulfide 
cell in turn was calibrated with a thermocouple.** The 
important quantity affecting the relaxation time is not 
the number of photons, but the number of free carriers 
(and the sign of charge) that they produce. Since no 
data on the photoionization of impurities and the 


® This mechanism was independently suggested by P. W. 
Anderson (private communication) who worked on the theory in 
collaboration with D. Pines and E. Abrahams [see D. Pines, 
Can. J. Phys. 34, 1367 (1956) ]. 

% Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 (1956). 

34 G. Feher and R. C. Fletcher, Bull. Am. Phys. Soc. Ser. II, 1, 
125 (1956). 

35 A. Honig, Proceedings of the Kamerlingh-Onnes Memorial 
Conference on Low-Temperature Physics, Leiden, Holland, 1958 
(Suppl. Physica 24, Sept. (1958) ]. 

36 We would like to thank R. J. Collins for helping with the 
calibration of the thermocouple. 
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Fic. 7. The effect of light of different wavelengths on the 
relaxation rate in phosphorus doped silicon (710° P/cm', 
T=1.25°K, H3200 oersteds). The sharp increase in relaxation 
rate occurs at the band gap where electron-hole pairs are produced. 
The number of free carriers produced by the light was obtained 
from the Hall coefficient. 


electron-hole pair production in silicon at helium tem- 
peratures could be found, a separate set of experiments 
was performed in order to obtain these quantities. For 
this purpose a standard” six-arm Hall-bridge was cut 
from the same crystal from which the 7X10" P/cm* 
sample for the relaxation time measurements was ob- 
tained. The Hall coefficient was obtained at H=4000 
oersteds*? and 1.25°K by shining light on the sample. 
A vibrating reed electrometer (Applied Physics Cor- 
poration, Model 31) was used to measure the current 
and the Hall voltage. The sign of the Hall coefficient 
corresponded to electrons throughout the spectral region 
investigated. 

Figure 7 shows the results obtained on the phosphorus 

37 Tf one assumes a unity quantum yield, one obtains from the 
number of incident photons/cm? and the number of carriers/cm* 
a recombination lifetime of the order of one microsecond. Some of 
the other properties of the silicon sample (Vp=7X10'5 P/cm', 
Na=5X10" B/cm’) that were investigated at 1.25°K with 
extrinsic light were as follows: The electronic mobility u,= 12 000 
cm*/v sec. Ohm’s law was satisfied up to the highest electric 
fields used (Emax =5 v/cm). The magnetoresistance Ap/p between 
1000 and 8000 oersteds was found to be proportional to H*! 5, 
A deviation from the usual H? relationship is to be expected if 
impurity scattering is present (C. Herring, private communi- 
cation). 
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doped silicon sample with 7X10!* P/cm*. One curve 
represents the observed reduction in the relaxation 
time, the other curve has been normalized to a constant 
photon flux of ~3X10" photons/sec incident on the 
sample. (For a discussion of sample geometry see 
Part I, Sec. II B-3.) This curve was calculated by 
assuming that the reduction in relaxation time is 
proportional to the number of incident photons. This 
assumption was justified in detail for one wavelength 
only (hkv~1.2 ev). The number of electrons created by 
light follows approximately the normalized curve below 
hv<1.15 ev. For this region we find that ~5X10'* 
electrons/cm* reduce T, to about 300 sec. The large 
discontinuity in the relaxation time at the energy gap 
of ~1.15 ev corresponds to the production of electron- 
hole pairs. The measurements in this region are less 
reliable because the large absorption coefficient of the 
sample prevents a uniform distribution of free carriers 
through the sample. (Note that the diffusion length of 
the electrons at this temperature is of the order of 
10~* cm.) As a consequence different parts of the sample 
will have different relaxation times.** In the analysis of 
our experiments the longer times are weighted more 
heavily and may account for the drop in the observed 
effectiveness of the carriers (i.e., 5X10" electrons/cm* 
produced a 7, of ~15 sec). The predominant charge 
carriers in this region were found to be electrons with a 
mobility approximately equal to the carriers produced 
in the extrinsic region.*” It should be noted at this point 
that there are several uncertainties involved in repro- 
ducing the same conditions for the sample used in the 
Hall effect measurement and the spin resonance experi- 
ment. For this reason no attempt was made to obtain 
the absolute values for the effectiveness of the carriers 
in producing a given relaxation time to better than 
about a factor of two. 

In order to study the details of the relaxation 
mechanisms that are involved, the light intensity was 
increased by replacing the monochromator with filters. 
The extrinsic region was investigated with a germanium 
filter that transmits light with an energy of hy <0.66 ev. 
The lower limit was set by the glass Dewars which 
transmit Avy>0.5 ev. The intrinsic region was studied 
by using a 3-cm thick water filter which transmits light 
with an energy of hy>0.9 ev. 


B. The Spin Exchange Mechanism 


In this section we wish to discuss the mechanisms 
that are responsible for the reduction of the relaxation 
times by free carriers. In order to distinguish between 
the 7, and T,, process the magnetization of the sample 

88 This effect could be used to determine diffusion lengths at 
these low temperatures. By shining light with a frequency Avy>>1.15 
ev carriers will be produced only at the surface. They will be 
responsible for building up the magnetization to a value given 
approximately by Mo d/d where ) is the diffusion length, d the 
thickness of the sample and Mo the maximum magnetization due 
to all the donors. 


AND E. A. 


GERE 


nti +€) 


T=20 SEC 


Fic. 8. The T, and 7,, mechanisms in phosphorus doped silicon 
with ~4X10'* conduction electrons/cm* introduced by light 
(0.5 ev<hv<0.66 ev). When both lines are inverted by an 
adiabatic fast passage only the 7, mechanism is effective. With 
only one line inverted the 7,, mechanism is seen to be pre- 
dominant. From the above traces one finds that 7,25 sec. 
Ts—~1 sec. The large difference between 7, and 7,, indicates the 
polarization of conduction electrons by exchange scattering 
(T=1.25°K, ~7X10" P/cm’, H=3200 oersteds). 


was “prepared” in the following way: First the spin 
system was brought to thermal equilibrium at 3200 
oersteds by illuminating the sample. Next the popula- 
tions corresponding to either one or both of the hf lines 
were inverted by performing an adiabatic fast passage. 
No light was allowed to fall on the sample during this 
process. The decay of the magnetization was subse- 
quently observed by performing a spin resonance 
experiment after illuminating the sample for different 
periods of time. The results of this experimental pro- 
cedure for light in the extrinsic region (0.5 ev <hy<0.66 
ev) are illustrated in Fig. 8. 

When both hf lines are inverted, 7, is the only relaxa- 
tion time that can fully restore the magnetization to its 
thermal equilibrium value. The 7, mechanism under 
these conditions can at most equalize the populations in 
all the levels. By inducing the hvy*+(Am,=0, Am; = +1) 
transitions after the lines had partially relaxed the 
amplitudes of the two hyperfine lines remained the 
same. From this we conclude that 7,>T,. The T:, 
mechanism in this case is inoperative since the popula- 
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tion difference in both lines is the same at all times. 
The results for this case are shown on the left half of 
Fig. 8. The number of electrons ».~4X 10°/cm* and the 
measured relaxation time 7,~25 sec. 

A different situation is encountered if only one of the 
hf lines is inverted. In this case both the 7, and T7,, 
mechanism is effective. One can show that under those 
conditions the amplitudes of the resonance signals A 
and B corresponding to the two hf lines are given by: 


A/Ag=1—e7#!/Ts(1+ 7! Ts) , (1) 
B/Bo=1—e7#! 7*(1—e-#/ 788) , (2) 


where / is the time interval measured from the instant 
that line A was inverted. A» and Bp are the equilibrium 
amplitudes of the two lines (49= Bo). An inspection of 
Fig. 8 immediately reveals that 7,, is more effective 
than 7,. A quantitative analysis shows that for 


n—~4X 108 electrons/cm’ 
one obtains 


T.2=1sec, T,=235 secs. 


A similar set of experiments was performed with 
intrinsic light (kvy> 1.15 ev). The light intensity was cut 
down to obtain the same relaxation time 7, as was 
obtained with extrinsic light. Under those conditions, 
the ratio 7,/7,, was approximately the same as that 
obtained before. In addition, however, an admixture 
of T, was observed. 

The fact that 7;, is more effective than T, provides a 
clue as to the mechanism involved. PBS® proposed a 
spin exchange mechanism in which the conduction 
electron collides with the impurity and exchanges the 
spin in the process. The conduction electron in turn 
has to relax to the lattice. The relative ineffectiveness 
of this process arises from the fact that 7 10!° donor 
electrons have to be relaxed by only 4X 10° free carriers. 
In order to reduce 7; to one second, the spin lattice 
relaxation time 7, of the conduction electrons has to be 
shorter than 10~-* sec, otherwise they will become 
polarized and ineffective. It was pointed out by 
Anderson*®® that a double spin exchange, i.e., a Ts, 
mechanism would leave the spin of the conduction 
electron unaltered, thereby remove the 7, bottleneck 
and result in an increase in the effectiveness of 7,,. 

The cross section for the 7,, mechanism may be 
estimated as follows: The number of collisions that are 
effective in producing a double exchange is given by 
(1/T4,) = (1/4)ovn,, where v is the velocity of the con- 
duction electrons (~ 10° cm/sec) and o is the capture 
cross section. (The factor of four arises from the fact 
that in each collision the two electrons may have their 
spins in the same state.) Substituting the experimentally 
found values one arrives at o~2X10~- in good agree- 
ment with the estimate of PBS.° 


3 P. W. Anderson (private communication). 
“ This agreement is better than expected in view of the simplify- 
ing assumptions made by PBS5 and the experimental uncertainties 
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In the extreme case in which the 7, mechanism is 
limited by 7, one may write’ 7,=7.Np/m,.. Substi- 
tuting the experimentally found values one obtains for 
T.<~10-* sec. This time is much shorter‘! than the 
relaxation time 7,* of unbound electrons in degenerate 
samples which have a value of 7,*-~3X10~" sec (see 
Part I, Sec. IIE). The star indicates that one is not 
dealing with the same kind of carriers in both cases. 
The electrons in the degenerate samples discussed in 
Part I move in an impurity band, whereas in the light 
experiments they are raised into the conduction band. 
Another difference between the two cases is the number 
of carriers participating in the conduction process. In 
the light experiments one is dealing with few carriers 
which may be effectively relaxed by a relatively small 
number of fast relaxing impurities. A possible source 
of such impurities may be for example clusters of 
phosphorus atoms. 


C. Saturation of a Background Line 
During Illumination 


Before concluding this section we would like to 
present some experimental results for which we have no 
adequate explanation at present. It was found that when 
the microwave power was turned on during the time 
the sample was illuminated (0.5 ev<Av<0.66 ev) the 
equilibrium magnetization acquired by the donor elec- 
trons was reduced. This reduction in magnetization was 
most pronounced when the magnetic field was set 
during the illumination period to a value corresponding 
to g=2.00+0.01, i.e., between the two phosphorus hf 
lines. With the external dc magnetic field set to this 
position, a microwave field of H~~0.05 oersted reduced 
the magnetization of the donor electrons to half their 
maximum value. With the dc magnetic field set at 
+200 oersteds from the value corresponding to g= 2.00, 
the carriers created during the illumination were able 
to build up the magnetization of the donor electrons to 
75% of their maximum value. 

Phenomenologically such a behavior would be ex- 
pected if one saturated paramagnetic centers that are 
in contact with the conduction electronst and have a 


in the determination of m, as discussed in the text. It should be 
pointed out that in the experiments described one measures spin 
exchange cross sections at electron energies that are more than 
two orders of magnitude lower than the binding energy of the 
donor electron. In the analogous atomic experiments of scattering 
electrons from hydrogen, serious experimental difficulties are 
encountered when one tries to reduce the electron energies below 
about one tenth of the ionization energy of hydrogen. [See the 
experimental data of Bederson, Hammer, and Malamud quoted 
in the article by S. Borowitz and H. Greenberg, Phys. Rev. 108, 
716 (1957). ] 

41 A. Honig [Bull. Am. Phys. Soc. Ser. II, 3, 377 (1958) ] also 
finds that 7.* <T.. 

t Note added in proof.—Additional evidence in support of the 
presence of such paramagnetic centers comes from the study of 
hot electrons in silicon (G. Feher, to be published). When con- 
duction electrons were accelerated in an electric field and acquired 
a temperature in excess of the lattice temperature (i.e., were 
“hot’’), their spin temperature remained relatively low indicating 
a cooling mechanism by the background impurities. 
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total width of 400 oersteds and a g-value of 2.00. The 
nature of these centers is at present not understood. 
They may be related to the centers discussed in con- 
nection with the 7,.* mechanism in the previous section. 
A similar behavior was observed when light with an 
energy of hy>0.9 ev was used. In this case, however, 
the 7, transitions were also partially saturated when 
the microwave field was turned on during the illumina- 
tion period. We recall in this connection that with the 
microwaves turned off a 7, admixture in this region of 
light energies was found. This behavior indicates that 
the centers which are responsible for the 7, or T, 
relaxation mechanism can be saturated by the micro- 
wave field, thereby reducing their effectiveness. The 
nature of the center responsible for the 7, mechanism 
is particularly puzzling. They promote the (m,=+3, 
m;= —4) <> (—4, +4) transitions (see Fig. 1) which 
involve no change in total angular momentum.” 


VII. RESONANT SPIN-SPIN INTERACTIONS 

In this section we wish to discuss processes in which 
the total magnetization of the sample remains un- 
changed. These take place when two spins perform a 
mutua! spin flip without changing the total energy of 
the system. The 7,, mechanism described earlier does 
not fall into this category because the energies of the 
two lines corresponding to the two my, values differ by 
the hf interaction energy. In order to make a resonant 
spin-spin-interaction possible the Zeeman levels must 
be equidistant. 


A. Interaction Between Two Different 
Chemical Impurities 

A system that satisfies the requirements of having 
equidistant energy levels is provided by silicon doped 
with both phosphorus and iron (see Part I, Sec. III D). 
Since the electronic g-values of the P and Fe centers 
are different, there exists a critical “‘mixing” field Hyrx 
at which one of the P lines overlaps with the Fe reso- 
nance line.“ The value of this field is given approxi- 
mately by 


g(P) ol ixt}a(P) = g(Fe)ywoH rx, (3) 


where a (P) is the hf interaction of the phosphorus 
donor electron (see Part I, Sec. II C-4). For the P and 
Fe centers Hyrx-~600 oersteds. 

In order to observe the spin-spin interaction one must 
make the Boltzmann factor associated with the Fe levels 


“ M. Lax (private communication) has suggested that perhaps 
the annihilation of excitons may induce this transition. It is also 
interesting to note that the transition between the first excited 
donor state and its ground state’ involves no change in total 
angular momentum. 

A similar interaction between two electron spin resonance 
lines has also been observed in Gadolinium Ethyl Sulfate 
[G. Feher and H. E. D. Scovil, Phys. Rev. 105, 760 (1957) ]. 
The interaction between different nuclear levels has been investi- 
gated in detail by A. Abragam and W. G. Proctor [Phys. Rev. 
109, 1441 (1957) }. 
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Fic. 9. Spin-spin interaction between the electron associated 
with the Fe impurity and the donor electron; (a) The spectrum 
without interactions after the magnetization had been equi- 
librated at ~3000 oersteds; (b) The spins were brought to thermal 
equilibrium at 3000 oersteds. The trace shows the spectrum after 
the lines were made to overlap at the mixing field of ~600 
oersteds; (c) Same as (b) except that the sample was equilibrated 
in zero magnetic field. For complete mixing the m;= +} line in 
trace (b) and (c) should have the same amplitude. Note that this 
system may be used to polarize the phosphorus nuclei as discussed 
in the text (~10!® P/cm’, ~10'* Fe/cm’, T=1.25°K, ».<9000 
Mc/sec). 


(c) 








different from the one corresponding to the phosphorus 
levels. This is easily accomplished since the relaxation 
time 7, (Fe) is several orders of magnitude shorter 
than 7, (P). Both centers were equilibrated at Hreu 
3000 oersteds whereupon the field was reduced to the 
critical value at which the resonance lines overlapped. 
The electron system associated with the iron impurity 
relaxed in a fraction of a second and came to thermal 
equilibrium with the lattice at the field Hx. Since at 
this field one of the phosphorus lines (m;=-+ 4) was in 
thermal contact with the Fe line via a spin-spin inter- 
action, it also acquired the Boltzmann factor corre- 
sponding to Hyrx. The other phosphorus line (m;= — 3 
was unaltered since it could come to thermal equilibrium 
only via its own 7, which is long in comparison to the 
times involved in our measurement. 

The experimental results are illustrated in Fig. 9. 
The upper trace shows the resonance signal when the 
sample was equilibrated at 3000 oersteds. Both P lines 
had approximately the same amplitude. Trace 0} in 
Fig. 9 indicates the effect of the spin-spin interaction 
when the magnetic field was reduced to the critical 
value Hy1x-~600 oersteds. The m;=+ 4 phosphorus 
line which was made to overlap with the Fe line is 
clearly smaller although the reduction falls somewhat 
short of the theoretically predicted value indicating an 
incomplete spin-spin interaction. The effect can also be 
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demonstrated by reducing the magnetization due to the 
phosphorus donors to zero, either by saturating the 
line or by waiting for several relaxation times at H=0. 
After traversing the critical field Hynx, the amplitude 
of the m;=+}4 line exceeded the amplitude of the 
m= —%3, the former having again acquired the Boltz- 
mann factor via the Fe line [see Fig. 9(c) ]. 

The spin-spin interaction described above may be 
used to polarize the donor nuclei without the necessity 
of a microwave source. After one of the donor levels has 
acquired the desired Boltzmann factor, the radio fre- 
quency transition hyy+(m,= +4, m)= +4) (+4, —4) 
is induced. This results in a nuclear polarization 7 which 
for a donor with 7=} has the maximum value of 


N- N guoll 
je — = (1/2) tanh( ) 
N_j+N4, 2kT 


guo( Hrqu— Hix) 
4kT 


(4) 


where Hgau is the field at which the centers are 
equilibrated, Hux is the critical field at which the two 
lines overlap and N_;, V,, are the populations in the 
respective mr levels. 

Another possible use of this mixing technique is the 
indirect observation of a resonance line too weak or too 
broad to be observed directly. If its relaxation time is 
short enough, it may be studied by observing its effect 
on the relaxation time of the donor“ at different mag- 
netic fields. 


B. Interactions Between the Same 
Species of Donors 


A spin-spin interaction may also take place at a 
magnetic field at which one has equidistant energy 
levels belonging to the same donor. In trying to realize 
one of the polarization schemes in phosphorus doped 
silicon suggested by Abragam,*® we found* that the 
population differences between the levels disagreed with 
the predicted values. Anderson*® pointed out that a 
spin-spin interaction should occur at the critical field H, 
given by 

[(un/Ip)+8(P) uo ]JH-=a(P). 


This interaction results in the population differences as 
indicated in the level diagram of Fig. 10. The experi- 
mental traces in Fig. 10 show the amplitudes of the 
resonance lines that result from this mixing. The experi- 
mentally observed ratio of amplitudes is 2.4 in good 
agreement with the predicted value of 7/3 corresponding 

“It is possible that at least part of the relaxation effects 
observed by Townes and co-workers [Giordmaine, Alsop, Nash, 
and Townes, Phys. Rev. 109, 302 (1958) ] may be due to such a 
“background” line [G. Feher, Bult. Am. Phys. Soc. Ser. IT, 3, 
180 (1958) J. 

45 A, Abragam, Compt. rend. 242, 1720 (1956). 

46 G. Feher, Bull. Am. Phys. Soc. Ser. IT, 1, 384 (1956). 
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Fic. 10. Spin-spin interaction in phosphorus doped silicon at 
x=1 (H&40 oersteds). The magnetization was allowed to equi- 
librate at 8000 oersteds. The field was then reduced to different 
values of Hyrn in a time short compared to 7, and raised again 
in order to observe the signal (10!6 P/cm*, T=1.25°K, v.~9000 
Mc/sec). The theoretical ratio of amplitudes for complete mixing 
at x=1 is 7/3. This mixing results again in a nuclear polarization 
as given in the text. 


to complete mixing at the critical field. This and similar 
effects are discussed in more detail by Abragam and 
Combrisson.* The nuclear polarization resulting from a 
complete mixing is given by: 


N. a NV, } guoll 


pees (5) 
NitNy, 1287 


i] = 


VIII. SPIN DIFFUSION WITHIN THE LINE 


In all our previous discussions it was assumed that no 
spin diffusion takes place from one part of the resonance 
line to another, i.e., that one deals with a truly inhomo- 
geneously broadened line.*! In this section it will be 
shown that this assumption is not rigorously justified 
and that a special kind of “discrete” spin diffusion is 
observed. 

The experimental procedure used to observe the spin 
diffusion was as follows. The dc magnetic field was set 
to the center of the resonance line and the microwave 
field was turned on to saturate a narrow region of the 


47 A, Abragam and J. Combrisson, Suppl. Nuovo cimento 6, 
No. 3, 1197 (1957). 
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Fic. 11. “Discrete” spin diffusion in As-doped silicon (~2X 10'* 
As/cm’, T=1.3°K, H=3200 oersteds). The line was saturated 
by setting H=Hpo and then turning the microwave power on. 
(H,=10~ oersteds for ~10 sec.) The notches are displaced from 
Hy by amounts corresponding to the Larmor frequencies of the 
Si” nuclei at the different lattice points; (a) Direct detection 
without field modulation. (b) With magnetic field modulation. 


line. In the absence of spin diffusion one would not 
expect the saturated region to diffuse and spread 
throughout the line. This indeed was found to be the 
case at 1.25°K both in As and P-doped silicon when the 
saturating microwave field was left on for a short time 
(of the order of a second). This is demonstrated in 
Fig. 2 of Part I where the steep sides of the saturated 
region and the undisturbed remaining part of the line 
indicate the absence of spin diffusion.** When the line 
was saturated for a longer period (of the order of 
10-100 sec) it was found that although the “burned 
out hole” remained sharp, subsidiary holes appeared at 
frequencies which differed from that of the center of the 
line by an amount, 


(usi/1si)+}a1, (6) 


where @, is the hf interaction of the electron with the Si* 
nucleus at the /th lattice site. (See Part I, Sec. II.) This 
is illustrated in Fig. 11 for As-doped silicon (T= 1.25°K, 


“4 P. W. Anderson, Phys. Rev. 109, 1492 (1958). 
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H=~3200 oersteds). The subsidiary holes indicate the 
presence of a “discrete” spin diffusion process that took 
place while the microwave field was inducing transitions 
between the electronic levels. 

Equation (6) shows that the observed spin diffusion 
occurs in jumps corresponding to the Larmor fre- 
quencies of the different Si** nuclei. This suggests that 
in this process Si?* nuclei flip and thereby change the 
resonant frequency of a given spin packet. One possible 
mechanism by which this spin diffusion may take place 
has been proposed by Bloembergen.** It involves the 
simultaneous flip of two Si*® nuclei occupying similar 
position in neighboring donor orbits. This mechanism 
should result in a symmetric pattern around the 
saturating field Ho, since energy is conserved in each 
Si*® double flip. 

A possible consequence of this discrete spin diffusion 
process is a reduction in the magnetization when the 
resonance line is traversed under adiabatic fast passage 
conditions. This is easily seen if one considers the dis- 
tribution of spin packets after the line has been par- 
tially traversed. In this situation some spin packets 
point along and others point opposite the external 
magnetic field. A spin diffusion process therefore tends 
to connect spin packets pointing in opposite directions 
and thereby reduces the magnetization. This process 
may account for the observed anomalies discussed in 
Part I, Appendix A4. 


It should be pointed out that—in principle at least— 
the discrete spin diffusion process may be used to 
obtain the hyperfine interaction constants a;. Because of 
the reduced resolution and more complex nature of the 
spectrum, this method is, however, inferior to the 
ENDOR technique. 
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t Note added in proof.—Another mechanism which would ac- 
count for the observed spectral diffusion arises in the following 
way. Because of the presence of the dipolar interactions, the 
microwave field can induce transitions in which both the electron 
and the Si® nucleus flip [i.e. (++ «+ ——) and (+— «+ —+) 
transitions ]. This would result in the saturation of spin packets 
at the observed frequencies. 

© N. Bloembergen (private communication). 





PHYSICAL REVIEW VOLUME 


Oe oy 


NUMBER 5 JUNE 1, 1959 


Change in Velocity of Sound between Normal and Superconducting States in Tin 


D. F. Grspons anp C. A. RENTON 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received January 8, 1959) 


The difference in the velocity of sound between the normal and superconducting state in tin was measured 
at 80 kilocycles sec". A maximum change of ~2 parts in 10 is found for a longitudinal wave in the [001] 
direction. Any change in velocity is <2 parts in 10’ for a longitudinal wave along the [100] direction or a 
torsional wave along the [001] direction. This disagrees with some previous determinations, but is in accord 
with other thermodynamic measurements. The effect of strain amplitude and magnetic field on the velocity 
and attenuation of the sound wave in the normal state has also been investigated in some detail. 


INTRODUCTION 


NUMBER of determinations of the change of the 

velocity of sound between the normal and super- 
conducting states have been attempted. Most of this 
work has been with tin due to its convenient transition 
temperature, 3.73°K, in the middle of the readily 
accessible helium range, and its ease of handling. From 
thermodynamic considerations and the measured 
change of the transition temperature with pressure! it 
is found that the expected change in velocity is of the 
order of one to two parts in 10® at the transition tem- 
perature. In the early work?“ the sensitivity of measure- 
ment was not enough to detect this small change, and 
in fact, it was not this thermodynamic change which 
was being sought, but rather an attempt to see whether 
any grosser changes also occurred. More recent accurate 
determinations have been made. Measurements at 60 
megacycles made by Bémmel and McSkimin® are in 
agreement with thermodynamic considerations. How- 
ever, there have been notable discrepancies with the 
measurements at lower frequencies ~50 kilocycles. 
Landauer® has measured longitudinal and shear ve- 
locities in single crystals of different orientations. For 
longitudinal modes changes of ~5 in 108 at T. were 
found whilst the shear mode gave even larger changes. 
More recently studies of Welber and Quimby’ have 
disclosed a possible fault in the work of Landauer in 
that the velocity is strain amplitude dependent and 
the strain amplitude is different in the normal and 
superconducting states. This work has determined the 
changes in velocity for polycrystalline tin and while it 
gives the correct magnitude at 7T., the change with 
temperature is still in marked disagreement with the 
work at high frequencies. Furthermore Grenier® has 
recently measured the change of the critical field H, 


1D. Schoenberg, Superconductivity (Cambridge University 
Press, Cambridge, 1952), pp. 73-77. 

2 W. J. de Haas and M. Kinoshita, Leiden Comm. No. 187 (b) 
(1927). 

3 McLennan, Allen, and Wilhelm, Trans. Roy. Soc. Can. III 
25, 13 (1931). 

4H. E. Bommel and J. L. Olsen, Phys. Rev. 91, 1017 (1953). 

5 W. P. Mason and H. E. Bimmel, J. Acoust. Soc. Am. 28, 930 
(1956). 

6 J. K. Landauer, Phys. Rev. 96, 296 (1954). 

7B. Welber and S. L. Quimby, Acta. Met. 6, 351 (1958). 

8 C, Grenier; Compt. rend. 240, 2302 (1955). 


under uniaxial deformation, from which can be deduced 
the changes in the velocity of sound in different direc- 
tions. To clear the confusion existing in this low- 
frequency field it was felt necessary to use an oscillator 
of much greater stability than those previously used. 
With the availability of such an oscillator redeter- 
minations have been carried out on a series of single 
crystals. 


MATERIALS AND TECHNIQUES 


The pure tin used in this investigation was obtained 
from the Vulcan DeTinning Company and is nominally 
99.998% pure. The tin crystals were grown in a spec- 
troscopically pure graphite boat in vacuo. Each speci- 
men was cut from the crystal with an acid saw® which 
ensured that the specimen was not plastically deformed 
in any way. In each case the specimen was oriented 
along the reported axis to within +1°. The specimen 
was then annealed for 2 hrs. at 210°C in vacuo before 
sealing to the quartz transducer. The seal was made 
with a thin film (~6 microns) of thiokol (Minnesota 
Mining Mineral E.C. 801 cement) which is cured at 
160°F for 12 hrs. 

The elastic moduli s;; were measured by the com- 
posite piezoelectric resonance technique" at 80 kilo- 
cycles. In all cases the composite was driven in the 
fundamental mode where E=4/f*/’p and /=\/2. The 
apparatus for making the measurements at helium 
temperatures has been described elsewhere.” The 
maximum strain amplitude, €max, developed in the 
composite resonator was obtained from the electrical 
impedance of the transducer as a function of frequency 
about the resonant frequency.’* Because of the small 
change in frequency encountered in this investigation 
it was found necessary to use an oscillator whose 
stability was better than 2 parts in 10’. A prototype 
oscillator capable of this stability, was kindly lent to 
us by Mr. J. Israel of Bell Laboratories, Murray Hill. 

A magnetic field could be applied to the specimen 


®R. Maddin and W. R. Asher, Rev. Sci. Instr. 21, 881 (1950). 

10 F, C. Rose, Phys. Rev. 49, 50 (1936). 

1 W. P. Mason, Piezoelectric Crystals and Their A pplication to 
Ultrasonics (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1950), pp. 83, 90, 151. 

12M. E. Fine, Rev. Sci. Instr. 25, 1188 (1954). 

18 A. S. Nowick, Phys. Rev. 80, 249 (1950). 
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Fic. 1. Variation of attenuation and velocity of a longitudinal 
wave in [001] direction with maximum strain amplitude. 


either parallel or transverse to the specimen axis. The 
direction of the transverse field could be rotated through 
360° about the specimen axis. 


RESULTS 


When a specimen of the pure tin was excited in a 
longitudinal mode along the [001 ] direction at 4.2°K 
the attenuation (Q~') and resonant frequency of the 
sample were dependent upon the strain amplitude of 
the composite resonator. Figure 1 shows the attenuation 
and change in resonant frequency (A/) of the specimen 
at 4.2°K as a function of the maximum strain ampli- 
tude, €max, and neither Q~' nor Af is independent of 
strain amplitude at any strain amplitude. However, the 
variation with é€max appears to be linear when €max 
<20X10~" so that it is possible to extrapolate to 
€max=0. This is in accord with the observations of 
Welber and Quimby.’ The situation is complicated 
further by the observation that at constant strain 
amplitude both Q-' and Af are dependent upon the 
magnitude of the magnetic field, either transverse or 
longitudinal. The transverse field is the more interesting 








ATTENUATION Q”' 


RENTON 


and Fig. 2 shows the variation of attenuation with field 
strength (H) and Fig. 3 shows a polar plot of attenu- 
ation with the orientation of a constant transverse 
magnetic field about the [001] direction. In spite of 
these uncertainties it was possible to measure the change 
in velocity between the normal and superconducting 
states of a longitudinal wave along the [100] direction 
as a function of temperature below 7., this is plotted 
in Fig. 4 (the probable error is however large ~4.0 in 
10’). For specimens of the pure tin excited in a longi- 
tudinal mode along the [100] direction or a torsional 
mode along the [001 ] direction there was no observable 
change in frequency between the normal and super- 
conducting states (i.e., any change must have been 
less than 2 in 10’). 

The values of the elastic moduli and attenuation at 
€max=0 for the pure tin specimens at 4.2°K are given 
in Table I. 
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Fic. 3. The attenuation of a longitudinal wave along the [001] 
direction as a function of the orientation of a constant transverse 
magnetic field of 750 gauss. 


Since it is believed that the dependence of the 
attenuation and velocity on magnetic field was a result 
of the appreciable mean free path of the conduction 
electrons in the pure tin, crystals were obtained’® 
containing ~0.1% indium in solid solution which 
appreciably decreases the conductivity. Figure 1 shows 
Q and Af as a function of €max for such a specimen 
excited in a longitudinal mode along [001] direction 
at 4.2°K. It can be seen that below €max~20X 10-7, Af 
is independent of strain amplitude. For these impure 





| 

| 

500 1000 1500 
MAGNETIC FIELD STRENGTH, H IN GAUSS 














Fic. 2. The attenuation of a longitudinal wave along the [001 ] 
direction as a function of transverse magnetic field at 4.2°K for a 
pure tin specimen. 


In the composite resonator technique it can be shown” that 
the actual change in frequency of the specimen is [(m,-+-mz2)/ 
m2 ]Afovs, Where m, is the mass of quartz transducer and mz the 
mass of specimen. The velocity of an acoustic wave is given by 

=2/l for the fundamental mode, therefore the change in velocity 
‘Ao/e i is equal to Af/f. 

16 These crystals were kindly supplied by A. L. Schawlow and 

G. E. Devlin of the Bell Telephone Laboratories. 
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specimens there was no observable effect of the magnetic 
field on either Q~ or Af. This enabled a much more 
accurate extrapolation to zero strain amplitude. Figure 
5 shows Af as a function of €max in the normal and super- 
conducting states at 3.67°K. The change in velocity 
between the two states as a function of temperature is 
plotted in Fig. 4. These points have a much smaller 
probable error than for the pure specimens and the 
curve is drawn taking into account only the results 
from the impure sample. It is emphasized that there is 
good agreement between the values obtained from the 
pure and alloy specimens considering the higher 
probable error in the pure tin. 


DISCUSSION 


From the thermodynamics of the norma! to super- 
conducting phase change it can be shown that there is 
a difference in the compressibility of the two phases. 
In brief this is derived from the relation 


G,—G,= (H.2/8r)V., (1) 


which says that the difference in the free energy of the 
two phases equals the magnetic energy required to 


sij (cm? dyne™) 





Longitudinal mode in Sty direction $33 =1.16 X1072 
Longitudinal mode in [100] direction 5:1: = 1.45 K107™" 
Torsional mode in [001] direction s6s =3.89 X107" 


2.2 X10~% 
3.0 X1075 
2.0 X10~5 


destroy the superconductivity in the volume of the 
superconductor by the critical field H.. 

Now the entropy S and the strains u,; are direct 

functions of G of Eq. (1) according to the equations 
S=—- (0G/OT)ui;; 45j3=— (0G/dT;;)r. (2) 

Differentiating the strain difference u,;;*—u;;" by Ty, 

the stress 

(0/87 x1) (mij? — 445") = (Sijna*— Sijnr”) 

1 0H. dH. dH, 
-—{#,——+— | 

4r OT ;;0T x1 OT; OT x1 
Specifically at T, and using the standard two number 
notation for moduli 

AS = 543° 541"= (1/41) (0H ./d7T))?, 
As33= (1/4) (0H ./dT;)?, 
Asee= (1/4) (0H ./dT 6)’. 

It is our object to show that the measured changes 
of sound velocity are in good agreement with the 
changes of H, under uniaxial deformation as measured 
by Grenier.’ Before completing this comparison it is 
necessary to consider any applicable corrections. First, 
if there is a change in length of the specimen between 
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Fic. 4. The change in velocity between the normal and super- 


conducting states of a longitudinal wave along the [001] direction 
as a function of temperature. 


the two states there will be a change in the resonant 
frequency without there having to be a change in the 
elastic constants, such that 


Af/f=Al/l. 


The measurements of Lasarew and Sudovstov'* show 
that at T., AV/V is zero and rises to approximately 
10-7 at 2°K. Thus the maximum change in resonant 
frequency due to this cause is less than 1 part in 10° 
which is below the limit of accuracy of the measure- 
ments. 

In the measurement of the velocity of sound at a 
particular frequency it is necessary to decide whether 
the conditions of measurement are adiabatic or iso- 
thermal. In a longitudinal wave there are temperature 
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Fic. 5. The change in velocity between the normal and super- 
conducting states for a longitudinal wave along the [001 ] direction 
as a function of maximum strain amplitude at 3.67°K. (Velocity 
not corrected for mass ratio between specimen and transducer.) 

16 B. G. Lasarew and A. I. Sudovstov, Doklady Akad. Nauk. 
S.S.S.R. 69, 345 (1949). 
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TABLE II. Thermodynamic values for tin. 





Reference 


Value 


Con 0.0218 joules mole °K™ at 7, 
Coe 0.0345 joules mole °K at 7, 
Vin 16.3 cm* mole 

0H ./aT —151 oersted °K~ at T, 

OH ./ap 6.8X10~ oersted dyne™ cm? at 7, 
B 4.5X 10" dyne cm 

’ 1 

/ 


Quantity 





* W. H. Keesom and P. H. van Laer, Physica 5, 193 (1938). 

> See reference 1. 

¢N. L. Muench, Phys. Rev. 99, 1814 (1955). 

4 See reference 5. 

¢ It has been shown by one of us, D. F. Gibbons, Phys. Rev., 112, 136 
(1958), that at temperatures low compared to the Debye temperature, 
Griineisen's factor, y, is reduced from its high-temperature value and so 
choosing 7 =1 is even an overestimate. 


changes at the nodes relative to the antinodes. Con- 
ditions are isothermal if the path length necessary for 
thermal equilibrium (A/2) is short enough to establish 
this equilibrium in the time of a half cycle of the sound 
wave. 

It can be easily shown that the time constant for 
thermal equilibrium is given approximately by 

cP?/8K, 

where c is specific heat in joules cm~, / is path length 
to come into equilibrium, K is thermal conductivity in 
watts °K~' cm~. The path length, J, to come into 
equilibrium is a half wavelength of the sound wave, 


l=d/2=0/2f, 


where » is the velocity of sound and f the frequency of 
measurement. The cross-over region from adiabatic to 
isothermal conditions is then given by 


1/2f=cr®/32K f2 or f=cv®/16K. (4) 


We can make an estimate of this for tin at 7... Since the 
thermal conductivity varies from specimen to specimen 
only a very approximate estimate can be made. Using 
K=} watt °K~ cm“, »=2.5X 105 cm sec", and c from 
Table II, it is found that 


f~108 cycles sect. 


Thus the measurements described at 80 kilocycles are 
essentially adiabatic, whilst those above 1 megacycle 
are isothermal. 

In order to compare these adiabatic velocity changes 
with Grenier’s isothermal data, consideration must be 
taken of the difference between the adiabatic and 
isothermal moduli. Zener gives!” 

(s4;°—$;;*)/s4j=ai0jT/SijCv, (5) 
where a is the linear coefficient of expansion, c, is the 
specific heat in erg cm~* °K~. (The superscript, a, 
represents an adiabatic change and, 7, an isothermal 
change.) 


17 C, Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, 1948), p. 89. 
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Now along with the change in compressibility there 
is also expected to be a change of expansivity! given by 


1 0H, 0H, 
"de aT Op 


Aa=a,—a at 2. 


Using the values given in Table II 
Aa=8.2X 10-*. 


Since no experimental values exist, a, can only be 
deduced in order of magnitude from Griineisen’s factor 


aB/c,=y. 
Whence, using the values given in Table Ii, at 7, 


a,=3X10-8. 
Therefore, 
a,=—5.2X 10-8. 


These esimated values of a, and a, are the coefficients 
of volume expansion. In lieu of any knowledge of the 
anisotropy, the coefficient of linear expansion can be 
estimated as } of the coefficient of volume expansion. 


(—) (=) ~(= An" 
533 533 533 \ Cvs Con 

The right-hand side of this equation gives 3X10~-° 
and this is well below the limits of experimental error. 
Thus the experimental values of the change of resonant 


frequency of the specimen can be directly compared to 
Grenier’s results. 


Af As; 1 s0H.\? 
2 -—-__( ) : (6) 
f Siz 4s, NOT; 


Grenier® has found that dH,./d7,;=0.6X10-°¢ cm? 
dyne, 0H./dT;=64X10-%y cm? dyne", 0H./dT¢s 
<1.0X10-°y cm* dyne~. Using the value for s33 of 
1.16 10-" cm? dyne~, given in Table I, we get from 
Eq. (6) 


Asyi/Si1 and As33/S33 


=28.2X10~, 


and Asee/see< 1077 


from Grenier. Whilst from present results 


and and As33/s33 


= (32+4)X10~. 


Asee/Sep< 4X 10-7 


/ 
Asii/Si1 


Thus at the transition temperature there is good 
agreement between the two different types of experi- 
ment. Actually the measurement of Af was made at 
3.67°K which is below T,. Since Af is increasing rapidly 
near T, (Fig. 4) the value of Af at T. will be less and 
the agreement closer still. 
® It remains to be seen what conclusions can be drawn 
from the temperature variation of As33/s33 determined. 
According to Grenier’s data, (0H ./dT;)? at 1°K is one 
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third of its value at T.. Equation (3) can then be used 
to determine the magnitude and temperature variation 
of @H./dT;, which is found to be ~210—%y cm! 
dyne~ at 1°K and ~4X10-" at 7T.. This is subject to 
error such that the results are compatible with a con- 
stant value of 0?H./dT;?~3X10-. To this we can 
contrast the data of Chester and Jones!* on the change 
of critical temperature with pressure. Their data has 
been fitted to a straight line assuming 0?H,/dp?=0. 
The possible error in their data would allow for a value 
of @H./dp? up to 1.5X10-'*. Without further infor- 
mation it is not possible to compare in more detail the 
relationship of these second derivatives, one being a 
volume effect and the other a uniaxial effect. It must, 
however, be considered satisfactory that they are only 
a factor 2 apart. 

These results can now be compared with the other 
similar determinations which have been made in this 
frequency range. In Landauer’s work no account was 
taken of the effect of strain amplitude on the resonant 
frequency of the specimen. Since he worked with pure 
material there would undoubtedly be a different loss in 
the normal and superconducting states. Thus for the 
same driving voltage the measurements would corre- 
spond to different strain amplitudes and cannot be 
directly compared in the absence of further data. In 
the work of Welber and Quimby this effect was detected 
and corrected for, indeed, at 7, their measured change 
in velocity is of the correct order of magnitude. But the 
change is the same as their experimental accuracy and 
so no actual value can be assigned. The most marked 
disagreement with the present experiments comes at 
temperatures below T,. By 3.0°K they find that 
Af/f=6X10-®. From the foregoing reasoning, ascribing 
changes to the term in 0?H,/0p’, their results are no 
longer compatible with the data of Chester and Jones. 
Since they had used a polycrystalline sample, a check 
experiment was then performed to see if this could be 
the cause. A different oscillator with a stability of 
+1.5X10-® was used and at 1°K any change was less 
than the oscillator stability; this is in close agreement 
with the single crystal results. There is no obvious 
reason why the two results on polycrystalline material 
should differ. 

The least understood aspect of this work is the reason 
for the variation in Af with strain amplitude (Fig. 1) 
in the pure tin specimen at 4.2°K. When émax is large, 
> 2010-7, both alloyed and pure specimens behave 
in a similar manner, and this is presumably an anelastic 
effect caused by the motion of dislocations in the stress 
fields of the acoustic wave. However, when €max 


18 P, F, Chester and G. O. Jones, Phil. Mag. 44, 1281 (1953). 
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<20X10-" the pure tin is still dependent upon émax 
whereas the alloyed specimen is invariant. It seems 
unlikely that dislocations would contribute an anelastic 
effect at such small strains. A more probable reason, it 
is felt, for the variation of Af and Q~ in the pure tin, 
is that it is a dispersion effect associated with the con- 
duction electrons. That is, there is a strain amplitude 
dependence of attenuation due to the large mean free 
path of the conduction electrons in the pure specimen. 
The observed orientation dependence of the loss in 
a transverse field is of considerable interest. Since the 
effect is not observed in alloyed crystals it is reasonable 
to assume that it is a result of the difference in mean 
free path of the conduction electrons between the pure 
and alloyed specimens. The theories of Mason,° Kittel,'® 
and Pippard” predict a loss which is proportional to the 
conductivity when the mean free path for electrons (/) 
is of the same order as the acoustic wavelength (A). 
This has been confirmed by Bémmel.' A more inter- 
esting effect akin to a “geometrical cyclotron effect” 
occurs in a magnetic field when />X. The tin used in 
this investigation is of comparable purity to that 
reported by Kunzler and Renton” in which /~0.05 cm; 
however, \~4 cm, therefore the effect reported here is 
most probably the result of a normal magneto-resis- 
tance. In fact, the variation of loss with field direction 
about the [001] direction agrees with the magneto- 
resistance data for Kunzler* as measured by a dc 
technique for specimens of similar purity. It is hoped 
to make a more detailed comparison after the magneto- 
resistance of this specimen has been measured. 


CONCLUSION 


Good agreement has been found to exist between the 
most recent determinations of the change of elastic 
constants between the normal and superconducting 
states. Specifically it is shown that, in contrast to some 
previous results, the change in the velocity of sound at 
80 ke. in the two states at 7, is that expected from 
thermodynamic arguments. Some new data is presented 
showing that even at these low frequencies the con- 
duction electrons have a measurable effect upon the 
attenuation of a sound wave. An acoustic magneto- 
resistance exactly analogous to the electrical magneto- 
resistance has been found. This, in conjunction with 
the acoustic magneto-resistance determined at higher 
frequencies should prove useful in the understanding 
of the “geometrical cyclotron effect.” 


19 C. Kittel, Acta Met. 3, 295 (1955). 

2% A. B. Pippard, Phil. Mag. 46, 1104 (1955). 

21 J. E. Kunzler and C. A. Renton, Phys. Rev. 108, 1397 (1957). 
2 J. E. Kunzler (private communication). 
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Electroluminescence of AIN 
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Electroluminescence in the visible region is observed when AIN is excited by either ac or dc. The emitted 
spectra consist of narrow bands in the 400-500 my region and broad continuous bands in the 500-700 my 
region. The broad bands vary according to the activator agents. With ac, the luminescence is in phase with 
the applied voltage. With dc, light is emitted in the vicinity of the cathode and decays with time. This decay 
can be explained by polarization. The presence of a barrier at the cathode is indicated. Impact excitation 


is proposed. 


INTRODUCTION 


LECTROLUMINESCENCE in the visible region 
has been observed in BN,! GaP,?* Ga(P, As), and 
(Ga, In)P.4 Other III-V compounds, such as GaN and 
AIN show the same effect. GaN, prepared by thermal 
decomposition of (NH,), GaF¢,° or by the reaction of 
Ga,® (GaCl; or GaP with NH; at elevated temperatures, 
shows a bluish-white electroluminescence which is low 
in intensity. Efforts were concentrated on AlN’ to deter- 
mine whether or not this material could be made to emit 
a brighter luminescence than that produced in GaN. 
Experimentation has shown that this can be accom- 
plished. Observed light intensity compares favorably 
with that of ZnS. 


EXPERIMENTAL DATA 

AIN is prepared by the reaction of high-purity Al‘ 
with Ne at high pressure and temperature. The hard 
sintered mass formed by this reaction is first ground to 
a powder, treated with Cl, to remove excess Al and 
other impurities, and then activated with a Group II 
element, or with Cu or Mn. Luminescence is produced 
when the activated material is placed between two 
electrodes and either ac or dc is applied. 

The luminescent spectra were photographed on East- 
man 103f film in the 400-700 my spectral region. In the 
400-500 my region, the spectrograms show what appear 
to be lines, and in the 500-700 my region broad con- 
tinuous bands are seen. The lines in the 400-500 mu 
region are, in fact, a series of narrow bands identified 
from data by Pearse and Gaydon’ as the second positive 
system of N2. The same system, observed in the tribo- 


1S. Larach and R. E. Shrader, Phys. Rev. 102, 582 (1956); 
and 104, 68 (1956). 

2 Holt, Alfrey, and Wiggins, Nature 181, 109 (1958). 

3 Wolff, Hebert, and Broder, Phys. Rev. 100, 1144 (1955). 

‘Wolff, Hebert, and Broder, Proceedings of the International 
Colloquium on Semiconductors and Phosphors, Garmisch, 1956 
(Interscience Publishers, New York, 1958), p. 547. 

5H. Hahn and R. Juza, Z. anorg. allgem Chem. 244, 111 (1940). 

6 Johnson, Parsons, and Crew, J. Phys. Chem. 36, 2652 (1932). 

7 Electroluminescence in AIN has also been mentioned by A. 
Fischer [Physik. Verhandl. 7, 204 (1957) ]. 

§ Through the courtesy of Dr. A. Imich and Mr. I. Stelzer, 
United Mineral and Chemical Corporation, New York, New York. 

9R. W. B. Pearse and A. G. Gaydon, The Identification of 
Molecular Spectra (Chapman and Hall, Ltd., New York, 1950), 
p. 169. 


luminescent spectrum of arsenic trioxide, was reported 
previously.”® Since no electrical sparking is seen in the 
excitation of the luminescence, it is believed that the Ne 
system is excited by no known type of discharge or exci- 
tation and, in some cases, is an integral part of the exci- 
tation source for the broad bands which are emitted at 
longer wavelengths. The specific activation agents re- 
sponsible for these broad bands have not been identi- 
fied and only a preliminary indication can be given. 
Spectrochemical analysis shows the purest AIN pre- 
pared to be approximately 99.99% pure. This pure 
material emits predominantly the N2 system in the 
400-500 my region and when activated with a doping 
agent broad bands then appear in the 500-700 my 


Fic. 1. Electroluminescent spectra emitted from AIN. (a) This 
spectrum is emitted from 99.99% pure sample. In the 400-500 my 
region is the narrow band structure of the second positive system 
of Ne, and in the 650-700 my region is a broad band. This spectrum 
is common to all other spectra regardless of the activator. The 
electroluminescence is blue in appearance. (b) This spectrum is 
emitted from sample with trace of Mn(0.001%). A broad band is 
seen in the 600-630 my region in addition to spectrum A. The 
electroluminescence is red in appearance. (c) This spectrum is 
emitted from sample activated with a high concentration of Mn 
(~1.%). Broad bands appear between 500 and 700 mu. Note 
fine structure in the 650-700 my region. The electroluminescence 
is green in appearance. 


10 Stranski, Strauss, and Wolff, Z. Elektrochem. 59, 341 (1955). 


1262 





ELECTROLUMINESCENCE 


region. Figure 1 shows various electroluminescent spec- 
tra of AIN samples. 

The efficiency of the electroluminescence of AIN (Mn) 
was found (with the aid of Williams, Studer, and 
Roberts) to be 10~* lumens/watt when dc was applied. 
With ac (60 cps) and the sample either placed in direct 
contact with the electrodes or separated from them by 
polystyrene foils, the efficiency was found to be of the 
same magnitude, although some smaller values have 
been measured. The two latter values have been deter- 
mined by photomultiplier measurements using the first 
value (dc) as a standard. 

Pure crystals of AIN obtained by sublimation are 
found to be neither fluorescent nor phosphorescent." In 
some crystals a weak electroluminescence was detected. 
AIN is also found to be relatively weak in electrolumi- 
nescence when either excess Al or excess doping agent 
is present or when prepared by another method such as 
by the thermal decomposition of NH3- AlCl." Samples 
which electroluminesce also phosphoresce with the same 
color. One exception has been found in AIN(Mn) which 
emits a green electroluminescence but which phos- 
phoresces with a deep blue color. A weak phosphor- 
escence is observed immediately upon removal of the 
electrical field and persists for about ten minutes. X-ray 
diffraction patterns reveal traces of a-Al,O3 in a few 
samples. To check the possibility of this being the source 
of the observed electroluminescence and phosphores- 
cence, both pure and doped Al,O3 were tested. Although 
a faint, bluish-white electroluminescence in a-AlsO3 was 
detected, it was not sufficient to account for the in- 
tensity and variety of colors observed in AIN. 

The electroluminescence of AIN is emitted from the 
cathode region, the same as in ZnS'*~"® and GaP.’ Cur- 
rent and luminescence both decrease with time, proba- 
bly as a result of internal polarization of the sample. 
Early samples show the time decay of both current and 
light to be linear in a log-log plot with a negative slope 
of 0.2 for current and 0.16 for light. Later samples show 
only a slight decay. The schematic diagram in Fig. 2 
illustrates this behavior. The conducting glass plate and 
the metal base are electrodes 1 and 2, respectively. 
During the ‘forward period” at electrode 2, being cath- 
ode, a luminescence of moderate intensity is emitted 
which slowly decays. A ‘“‘reverse-period”’ follows, with 
electrodes 1 and 2 changing to cathode and anode, re- 
spectively. During this period, a short light flash from 
electrode 2 is followed, within five seconds, by a build-up 
of a fairly intense light emission at electrode 1. As oc- 
curred previously at electrode 2, the luminescence at 
electrode 1 then slowly decays. Upon a second reversal of 


1 Also see C. Buhrer and E. Banks, Electrochem. Soc. Abstracts, 
Spring Meeting, 1958, p. 22. 
12 Tiede, Thimann, and Sensse, Berichte 61B, 1568 (1928). 
18 W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952 
14 W. W. Piper and F. E. Williams, Suppl. Brit. J. Appl. Phys. 
4, 39 (1955) ; Solid-State Physics edited by F. Seitz and D. Turnbull 
(Academic Press, Inc., New York, 1958), Vol. 6, p. 96. 
18D). R. Frankl, Phys. Rev. 111, 1540 (1958). 


OF AIN 1263 
the field, electrode 1 again becomes the anode, and an 
intense burst of light is emitted at electrode 1, followed 
by a build-up of luminescence at electrode 2 with sub- 
sequent decay, and so on. The burst of light, which 
appears immediately after the field reversal, is emitted 
only when the opposing field was applied for a sufficient 
duration. The current increases rapidly to a peak value 
and then decays slowly. This occurs during each reversal, 
following a short delay. Prolonged irradiation with infra- 
red light reduces the current decay after reversal, but 
has no appreciable influence upon the light decay. 
Changing the contacts by either moving or lifting the 
conducting glass plate restores the original behavior. 
Ultraviolet or y-irradiation leaves the electrolumines- 
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Fic. 2. Schematic diagram showing the change of electrolumi- 
nescence intensity and current with time as a function of the 
electric field applied to AIN crystals. These crystals are placed 
between conducting glass (electrode 1) and a metal plate (elec- 
trode 2). Electrode 1 is placed next to the photomultiplier. During 
the “forward period” electrode 1 and 2 are anode and cathode, 
respectively; they change accordingly in the next—‘‘reverse’”’— 
period to cathode and anode, respectively. Note that the light 
flash immediately following the first application of a field is not 
observed. The flash appears only upon field reversal. The scale 
for the light intensity values (given in photomultiplier current) 
is broken. A schematic view of the experimental arrangement is 
shown at the top. 
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Fic. 3. Oscillogram of electroluminescence intensity (upper 
curve) synchronized with the current through the crystal layer 
(60 cps; lower curve). The current is nonsinusoidal due to the 
nonohmic characteristic of the crystals. The more intense light is 
emitted from the electrode 1 which is next to the multiplier. 


cence and conductivity of the sample virtually un- 
affected. In a first approximation, the logarithm of the 
electroluminescence is a linear function of the inverse 
square root of the ac voltage. With ac, a slower decrease 
with time in current, and light is observed. In this 
case, the light, current, and voltage are in phase up to 
2000 cps (Fig. 3). 

When the crystals are insulated with mica or poly- 
styrene sheets from the electrode, light is emitted only 
in the first instance following each field reversal. With 


ac, voltage and light are in-phase while current and 
light are out-of-phase (Fig. 4). 


DISCUSSION 


The behavior of the electroluminescence of AIN is 
explained as follows: Electron multiplication and lumi- 
nescence is caused by impact excitation, following the 
acceleration of electrons across the rectifying metal- 
semiconductor and/or p-n barriers.’ When the dec field 
is applied, the high-ohmic semiconductor behaves like a 
dielectric in a condenser, with fair insulation at the 
anode, and even better insulation at the cathode barrier 
region. While the current flows, within a few seconds a 
field is slowly building up at the cathode until at a 
critical field value impact excitation sets in. The elec- 
trons, elevated to the conduction band, recombine with 
co-activator traps in the cathode region. Because of the 
electrons trapped in this region, the internal field in- 
creasingly counteracts the external field. Thus, the lumi- 
nescence decreases appreciably within an hour or so. 
Upon field reversal, the barrier in this region (now 
anode) has disappeared. Thus, it is only within the very 
first moment that a flash can appear. This results from 
the strong field between the metal anode and the semi- 
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Fic. 4. Oscillogram of photomultiplier current (upper curve) 
synchronized with the voltage across the crystal layer (60 cps; 
lower curve). The crystals are placed between insulating poly- 
styrene foils. 


conductor which had, in this region, sufficient trapped 
electrons from the start. Since upon reversal the field 
decreases instantaneously below the critical value, elec- 
tron multiplication ends in this region. Once again, the 
field builds up at the other, second electrode, now cath- 
ode and barrier region, and the process is repeated. The 
ac polarization seems to be simply the result of estab- 
lished preferred and permanent barriers. This occurrence 
is such that, in some of the AIN crystals, the current is 
flowing from electrode 1 (anode, the barrier in the re- 
verse direction being at electrode 2), while upon reversal 
the current in other crystals, with the barrier at elec- 
trode 1 (now the cathode), flows from electrode 2 (now 
the anode). The fact that with ac the luminescence glim- 
mers and fluctuates until the barriers are formed in all 
crystals supports this concept. Ultraviolet has no effect 
since no light in the effective range <250 my!1617 
reached the material. The effect produced by infrared 
is not so clearly interpreted since it seems to break down 
the barriers, and the effect is annihilated after changing 
the contact points by moving the AIN cyrstals within 
the electrodes. 
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Electron Characteristic Energy Losses in Some Intermetallic Compounds* 
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Measurements have been made of the characteristic energy losses of 30-kev electrons in transmission 
through thin films of indium, indium antimonide, cadmium telluride, and zinc telluride; for comparison, 
the electron energy losses in antimony, cadmium, tellurium, and zinc have been reinvestigated. The energy 
loss spectra in these intermetallic compounds appear significantly different from a simple superposition or 
average of the energy loss spectra of the component metals. Some detailed interpretations of the character- 


istic energy losses in In and in InSb are suggested. 


INTRODUCTION 


i a previous study! a similarity was found between 
the electron energy loss spectra in some metals and 
the loss spectra in their oxides or sulfides. The same 
study showed only a slightly higher energy loss value 
in an intermetallic compound as compared to that in the 
less electronegative (i.e., the more metallic) component. 
However, the spectrum of the more electronegative 
component appeared definitely different from that of 
the intermetallic compound. 

As these observations were made on compounds of the 
sodium chloride type of crystal structure, the present 
study was undertaken to determine whether the same 
behavior might be observed in intermetallic compounds 
having the zinc sulfide type of structure. In this study 
the electron characteristic energy losses were measured 
in the intermetallic and semiconducting compounds, 
indium antimonide, cadmium telluride, and zinc tel- 
luride, all of which have the same number of valence 
electrons and a mostly covalent chemical bonding. In 
addition, to obtain a more significant comparison be- 
tween the energy loss values in these compounds and in 
each of their components, the energy losses were re- 
investigated in antimony, cadmium, tellurium, zinc, and 
more particularly in indium, which had previously been 
studied only in reflection.” 


EXPERIMENTAL PROCEDURE 


Energy losses were observed by passing the electron 
beam through thin films. A Mollenstedt-type spectrom- 
eter, which has been described previously,! was used. 
The detecting device consisted of a fluorescent layer 
viewed by a photomultiplier tube. The accelerating 
voltage was 30 kv and the mean thickness of the speci- 
mens was of the order of 500 A. The solid films were self 
supported and, except for one zinc specimen, were pre- 
pared by vacuum deposition onto a cleaved rock salt 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t On leave of absence from the Laboratoire de Chimie-Physique, 
University of Paris, on an appointment supported by the Inter- 
national Cooperation Administration under a program adminis 
tered by the National Academy of Sciences. 

1L. B. Leder, Phys. Rev. 103, 1721 (1956). 

2 W. Kleinn, Optik 11, 226, (1954). 


substrate. They were then floated off on water and 
picked up on the specimen holder. The evaporation time 
was between 10 and 20 seconds. Some specimens of 
InSb were annealed by vacuum heating for two hours 
at 250°C. 

RESULTS 


Indium.—A total of 81 spectra were recorded and 
measured, using many different specimens from two 
separate evaporations. All these spectra show a main 
loss line at 20.5 ev, and often a weaker one at 5.7 ev 
(Fig. 1); there are also a few indications for an energy 
loss value around 12.5 ev, but only with the specimens 
of the second evaporation. These results are in fairly 
good agreement with the values previously measured in 
reflection by Kleinn (5.9, 12.2, and 22.3 ev).? However, 
the main loss line in the present study is at a lower 
energy. This main loss line is rather broad, with a mean 
width about four times the width of the zero loss line. 

Antimony.—A main loss line was found at 15 ev, and 
another one at 29.8 ev, in good agreement with recent 
results (15.6 and 30.2 ev).! 

Indium antimonide.—A total of 146 spectra were 
measured with specimens from two different evapora- 
tions. No significant differences were found using an- 
nealed specimens. Most of these spectra show only one 
loss line located at 13 ev. There are also a few indications 
of two other energy loss values around 19.5 and 24.3 ev, 
respectively (Fig. 2). The main loss line is much nar- 


Fic. 1. Energy loss 
spectrum in indium. 
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Fic. 2. Energy loss 
spectrum in indium 
antimonide. 
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rower than for indium; it is only about twice the width 
of the zero loss line. 

Cadmium.—The thin films of this metal were pre- 
pared by vacuum deposition onto a rock salt substrate 
kept at liquid nitrogen temperature. The main loss line 
was found at 19.2 ev, in good agreement with a pre- 
viously reported value of 18.7 ev.’ 

Tellurium.—The main loss line was found at 17.7 ev, 
in excellent agreement with a recently published value, 
17.9 ev! 

Cadmium telluride.—A total of 117 spectra were meas- 
ured, with specimens from two different evaporations. 
In most cases these spectra show only one loss line 
located at 16.9 ev. However, some records gave indi- 
cations of a weaker loss line at 5.8 ev (Fig. 3). The 
main loss line is broad, and its mean width is about 3.5 
times the width of the zero loss line. 

Zinc.—Fifty spectra were measured using different 
specimens from two distinct evaporations. The films 
were condensed onto a rock salt substrate kept at liquid 
nitrogen temperature. The spectra show a main loss line 
at 17.8 ev, in reasonably good agreement with a previous 
value of 17 ev.’ Another loss line was found at 13.8 ev, 


Fic. 3. Energy loss 
spectrum in cad- 
mium telluride. 
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3 Leder, Mendlowitz, and Marton, Phys. Rev. 101, 1460 (1956). 
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but there was only a slight indication of a first loss value 
around 5 ev, previously reported at 5.7 ev.* In order to 
check the possible influence of hydroxide formation 
during the immersion of specimens in water, the energy 
loss spectrum from a film evaporated onto a collodion 
substrate was recorded: no significant differences were 
found with this specimen. 

Zinc telluride—A total of 81 spectra were measured, 
with specimens from three different evaporations.‘ The 
main loss line is located at 16.3 ev, and is about four 
times wider than the zero loss line. Another loss line is 
also clearly visible at 4.6 ev on almost every spectrum 
(Fig. 4). The experimental results are given in Tables I 
and IT. 

DISCUSSION 


At present it is difficult to suggest a complete inter- 
pretation of the electron characteristic energy losses in 
each of the intermetallic compounds studied. However, 
it should be noted that all these spectra have one feature 
in common, i.e., that the main loss line in a given com- 
pound is not a simple superposition (either resolved or 
unresolved) of the main loss lines in each of the com- 
ponent metals. This result would seem to indicate that 
the character of the spectra is not determined by a sum 
of individual atomic contributions, but rather is due to 
the contributions from an aggregate of atoms. It ap- 
pears that it is the crystalline lattice as a whole, or at 
least a group of neighboring atoms, which plays a 
dominant role in the electron energy loss process in 
these compounds. 

More detailed, though tentative, interpretations will 
now be proposed for two cases: indium and indium 
antimonide. 

Indium.—The calculated plasma frequency for all the 
valence electrons, including two 5s electrons and one 5p 
electron, is 12.6 ev. This value is in strong disagreement 
with the observed value (20.5 ev) of the main energy 
loss. This situation is in contrast with the case of alumi- 
num, where the plasmon energy is calculated with the 
same number of valence electrons, i.e., three electrons 
per atom. The difference between the aluminum and the 
indium spectra can perhaps be understood because the 


TABLE I. Measured energy loss values (in ev). The errors shown 
are standard deviations. The number of measurements is given in 
parenthesis after each energy loss value. 


Energy loss (ev) 


20.5 +0.9(81) 


5.7 +0.6(42) 
15.0+0.5(23) 
13.0+0.7 (146) 
19.2 +0.9(46) 
17.7+1.1(21) 

§.8+0.7(9) 

5.0+0.9(11) 
4.6+0.4(28) 


Material 


12.5+1.1(16) 
29.8 +0.3(5) 
19.5 +1.6(45) 


Indium 

Antimony 

Indium antimonide 
Cadmium 
Tellurium 
Cadmium telluride 
Zinc 

Zinc telluride 


24.3 41.7(20) 


16.9 +0.8(117) 
13.8+0.5(22) 
16.3 +0.7 (81) 


17.8 +0.9(50) 


‘ The samples of ZnTe were kindly supplied by Edward L. Lind, 
RCA Laboratories, Princeton, New Jersey. 





ELECTRON CHARACTERISTIC 


energy separation between the outside valence shell 
and the nearest core shell in free atoms is about 70 ev 
in aluminium, but only about 15 ev in indium. It is, 
therefore, very likely that the energy of some interband 
transition in metallic indium, such as for instance a 
4d-5sp transition, is so close to the plasmon energy that 
it is no longer possible to consider the plasmons as inde- 
pendent excitation modes. 

An attempt was therefore made to describe the energy 
loss spectrum in indium in terms of individual excita- 
tions of electronic interband transitions, and a compari- 
son was made with the x-ray absorption data given by 
Sandstrom.® The energy separation between the L; ab- 
sorption edge and the first absorption maximum which 
follows was found by him to be 6 ev, which is very close 
to the loss value observed in this study at 5.7 ev. Thus, 
we may tentatively assume that the 5.7-ev loss is due to 
an electronic transition from the valence band toward 
an excited state in the empty part of the 5p band. It is 
also possible that the 20.5-ev loss is due to an electronic 
transition from the inner 4d band toward the same 
excited state, because the 4d level lies about 15 ev below 
the valence shell (Fig. 5). The comparison with the Ly 
and Ly absorption spectra is much more difficult and 
confused, mainly because these absorption edges show 
a complicated structure. 

Indium antimonide.—It is suggested that the main 
loss line at 13 ev is due to the excitation of a valence 
band plasmon. This interpretation is compatible with 
the fact (particularly striking in the InSb spectrum) 
that in the compounds studied the main loss line is not 
a superposition of the main loss line in each of the two 
components. Futher observations supporting the same 
interpretation are as follows: (a) The main loss value 
is quite close to the calculated plasmon value (12.8 ev) 
obtained by including all the valence electrons (eight 
per molecule) in the plasma, and (b) the main loss line 
is fairly sharp. 

CONCLUSIONS 

The principal conclusion that may be derived from 

this work is that the electron energy loss spectra in the 


TABLE ITI. Measured values and relative half-widths of the main 
loss lines. '/Io is the ratio of the half-width of the main loss line 
to the half-width of the zero loss line. #w, is the plasmon energy 
calculated with n “free” electrons per atom or molecule; the usual 
number of s and p valence electrons is here chosen for n. 


AE(ev) hwy (ev) 
12.6 
13.0 s 12.8 
16.9 SA 13 
16.3 KB 14 


Indium antimonide 
Cadmium telluride 
Zinc telluride 


5 A. Sandstrom, Nova Acta Regiae Soc. Sci. Upsaliensis 9, No. 
11 (1935). 
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Fic. 4. Energy loss 
spectrum in zinc 
telluride. 
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intermetallic compounds studied are significantly differ- 
ent from the loss spectra in both component metals. 
The case of InSb is especially striking in this respect, 
and the main loss value is here given accurately by the 
usual plasma frequency formula. 

This general conclusion, which is in contrast with 
results for the other metallic compound spectra so far 
described,' does not appear to be in accordance with a 
purely atomic interpretation of these energy losses, but 
seems rather to favor some kind of collective interpreta- 
tion. This feature may be associated with the covalent 
character of the chemical bonding or with the crystal 
lattice type. 

In the case of indium, two energy loss values could 
be explained by individual excitations of electronic in- 
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Fic. 5. Schematic energy band diagram for indium, together 
with the x-ray absorption transitions, and the transitions proposed 
as responsible for two electron energy losses, 
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terband transitions. However, the results do not justify 
ruling out other possible processes. 
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Effects of Dissolved Gas on the Superconducting Characteristics of Tantalum* 


W. B. Irrner, III, ann J. F. MArRcHANDt 
Research Laboratory, International Business Machines Corporation, Poughkeepsie, New Y ork 
(Received January 9, 1959) 


The adding of a metallic impurity to a monatomic superconductor is a standard technique employed in 
experiments where it is desirable to vary systematically some of the material properties of the specimen, 
e.g., the mean free path or the penetration depth. While it has long been surmized that the addition of a 
gaseous impurity would produce comparable effects, there has, to our knowledge, been no systematic work 
carried out to verify this assumption or to measure the magnitude of the effects produced. 

We here give a preliminary report on some recent work in which the concentration of a nitrogen con- 
taminant in tantalum has been varied systematically. One effect of the nitrogen contaminant is striking. 
Very small amounts of gas allow, by a mechanism as yet unknown, for the formation of a “substructure” 
which permits superconducting inclusions to exist at fields considerably higher than the so-called critical 
field associated with flux exclusion in the bulk of the specimen. The general behavior of the contaminated 
specimens is basically the same as that observed in inhomogeneous alloys containing relatively large metallic 
impurity concentrations. Work is currently in progress to illuminate the basic mechanisms involved in the 


formation of a substructure in tantalum. 


ANTALUM is one of a number of materials whose 
superconducting transition characteristics are 
strongly influenced by chemical and physical impurities 
and is, in many respects, an ideal material in which to 
investigate impurity effects.’ Recent work by Connell 
and Seraphim? has shown that the general effect of im- 
purities, as deduced from outgassing experiments, is to 
produce a superconducting substructure’ which persists 
at fields considerably greater than the so called “critical 
field” associated with flux transitions in the bulk of the 
sample. This substructure manifests itself in measure- 
ments of the resistance of tantalum in the manner indi- 
cated in Fig. 1, which shows plots, reproduced from 
chart recordings of the variation of resistance of thin 
* This work was supported in part by the Department of 
Defense. 

t On leave from the Philips Research Laboratories, Eindhoven, 
Holland. 

* Budnick, Ittner, and Seraphim, presented at the Sixth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
Leiden, June, 1958 (unpublished). A number of papers resulting 
from this work will be published shortly. 

?R. A. Connell and D. P. Seraphim, Bull. Am. Phys. Soc. 
Ser. II, 3, 383 (1958) (to be published in detail). 

* This sort of behavior is not new. Its appearance in alloys was 
interpreted by Mendelssohn as the result of a matrix of super- 
conducting filaments which formed a “sponge” within the normal 
material. We prefer to speak more generally of the effect as being 
due to a substructure which may under certain circumstances 
result in the formation of real physical filaments but which appears 
to be caused by imperfections and impurities which are not neces- 
sarily distributed as filaments. 


wire specimens with applied longitudinal field at a 
number of temperatures. The resistive transition is 
characterized by an initial rather sharp onset of resis- 
tance followed by a gradual restoration of resistance 
with increasing field. Independent but simultaneous 
measurements of the specimen susceptibility? indicate 
that the bulk of the flux transition occurs with the 
sudden onset of resistance and that the resistance sub- 
sequently restored can be associated with the destruc- 
tion of superconductivity in inclusions which represent 
only a small fraction of the total volume of the specimen. 
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Fic. 1. Plots of specimen resistance as a function of the applied 
longitudinal magnetic field for two tantalum wires. 1(a) contains 
1.53X 10-8 atomic percent nitrogen, 1(b), 1.53 10~ atomic per- 
cent nitrogen. All measurements were made with a measuring 
current of 45 milliamperes. 
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The fraction of the resistance which is initially restored 
and the detail shape of the broad portion of the tran- 
sition are a sensitive function of the specimen current 
and additional evidence that the superconducting in- 
clusions are small.? Because the observed transition 
shape is dependent upon the measuring current it is 
rather difficult to characterize the amount of substruc- 
ture present in an analytical fashion. In a purely arbi- 
trary manner we have carried out all measurements at 
a predetermined current and take the temperature at 
which 50% of the resistance appears in the initial step, 
Tso, as a qualitative measure of the amount of sub- 
structure present. The lower the temperature, the smaller 
the total amount of substructure present in the sample. 
While this procedure is extremely crude, some rather 
interesting observations can be made by examining the 
manner in which 7% is influenced by various types of 
impurities. 

In tantalum, as an example, 7'50 is found to vary 
with the amount of nitrogen present in the specimen. 
Andrews‘ has shown that nitrogen at low concentrations 
enters the tantalum in solution and that the equilibrium 
concentration as a function of the temperature and 
pressure can be determined from the free energy balance 
of the system. In addition, the diffusion coefficients for 
nitrogen in tantalum which may be determined from 
internal friction measurements’ can be used to calculate 


io 
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Fic. 2. The variation of Tso (defined in the text) as a function 
of the nitrogen gas content of the specimen. The fact that the 
points do not fall on a single line is due largely to variations in the 
non-nitrogen impurities which also effect To. 

4M. R. Andrews, J. Am. Chem. Soc. 54, 1845 (1932). 


5R. W. Powers and M. V. Doyle, Acta .Met. 4, 233 (1956); 
J. Appl. Phys. 28, 255 (1957). 
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the time required for a given wire to come into equi- 
librium with a specific nitrogen environment at a pre- 
determined temperature. In this respect nitrogen is a 
very convenient contaminate in that at a temperature 
of 2800°C equilibrium is attained in a 10 mil wire in a 
matter of 20 to 30 seconds. In addition, the wire may be 
cooled to lower temperatures at a rate fast enough so 
that subsequent diffusion (which is negligible at room 
temperature) is not able to alter appreciably an estab- 
lished equilibrium. It is thus possible to heat tantalum 
wire in a vacuum system containing nitrogen at a regu- 
lated pressure and to load the wire with a determinable 
concentration of nitrogen. 

Figure 1 contains some measurements of the resistive 
transitions of two wires loaded with different amounts 
of nitrogen. Specimen 1b has a higher residual resistivity 
due to the greater nitrogen content and shows evidence 
of the presence of a substructure at much higher temper- 
atures than the specimen containing less gas. Figure 2 
indicates the manner in which 759 varies with increasing 
gas content. Here again, a systematic increase in the 
substructure may be inferred to occur with increasing 
gas content. 

Just how this substructure is produced by the presence 
of dissolved gas is not yet clear. In fact, the experiments 
to date have been complicated by two factors. The first 
is our inability to control completely the non-nitrogen 
impurities which are present in a given specimen. The 
wires used in this work were obtained from Fansteel 
and were found to vary in impurity content from point 
to point along the wire. High vacuum purification does 
not always result in wires of the same purity and there 
is found to be a systematic variation of Ts with im- 
purities other than nitrogen. The second factor which 
complicates a simple analysis is the fact that the amount 
of substructure which may exist in a specimen is de- 
pendent not only on the total amount of chemical and 
physical impurities which are present but upon the 
manner in which they have been allowed to interact 
with one another. Aging experiments, for example, have 
been shown to affect the substructure in a dramatic 
manner.® 

Work is currently in progress to obtain purer speci- 
mens of tantalum and to illuminate the relationship 
between the physical and chemical impurities and the 
way in which they affect the transition characteristics. 


‘D. P. Seraphim and R. A. Connell (to be published). 
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Velocities of Sputtered Atoms* 


G. K. WEHNER 
Mechanical Division of General Mills, Inc., Minneapolis, Minnesota 
(Received January 5, 1959) 


The average velocity of atoms sputtered from metal surfaces by normally incident Hg*—ions in a low 
pressure discharge was found to be unexpectedly high, corresponding to kinetic energies of the order of 10 


to 30 ev. 


By sputtering atoms from a (110) surface of a fcc crystal, rather dense atomic beams ejected normal to 
the target surface can be obtained. The fact that the kinetic energies of the atoms are more than 100 times 
higher than thermal evaporation energies makes such a beam interesting. 


PROCEDURE AND SETUP 


AUL and Wessel! have published an interesting and 
simple method for measuring the velocity of 
vacuum evaporated atoms. Their method can be readily 
adapted to determining the average velocity of atoms 
sputtered from a metal surface in a low pressure gas 
discharge. 

Figure 1 is a schematic of the experimental arrange- 
ment. A low pressure Hg plasma is maintained between 
an anode and a Hg pool cathode in a demountable tube 
similar to the one described in detail in connection with 
our sputtering studies.** The function of grid 1 is to 
increase the plasma density in the anode or target 
space.‘ The target is bombarded with Hg+t—ions under 
normal incidence when a negative potential is applied 
with respect to the surrounding plasma. Sputtered 
atoms, being neutral, have no difficulty in passing 
through grid 2, which is made slightly negative with 
respect to the plasma and serves the purpose of pre- 
venting electrons from entering into the upper space thus 
keeping the region above grid 2 free of plasma. A quartz 
helix balance with a little quartz pan are suspended in 
the upper part of the tube. Sputtered atoms deposited 
at the underside of the pan exert a force Mi, (mass per 
second arriving X average velocity component normal 
to the pan surface). This force displaces the pan upward 
by a certain distance when the target is connected with 
the negative bombarding voltage. The continuous depo- 
sition of sputtered material, on the other hand, increases 
the weight of the pan with time and one can determine 
the time interval, ¢, required for the pan to return to its 
original position. At this moment the momentum force 
has been compensated by the weight increase. From 
Mi,=Mig(g=981 cm/sec?) it follows that 0, can be 
determined by a simple time measurement without 
knowledge of M or the constants of the balance. 

The reliability of this method depends on the follow- 
ing conditions: 


* Partly supported by a contract with the Office of Naval 
Research. 

1 W. Paul and G. Wessel, Z. Physik 124, 691 (1948). 

2G. Wehner, Phys. Rev. 108, 35 (1957). 

3G. Wehner, Phys. Rev. 112, 1120 (1958). 

4H. Fetz, Ann. Physik 37, 1 (1940). 


(a) All or at least a large percentage of the sputtered 
atoms reaching the pan should adhere to its surface. If 
this would not be the case the velocities would be meas- 
ured too high. From study of the distribution of sput- 
tered deposits, in particular the shadow formation 
behind tube structures, we have found that sputtered 
atoms must have come essentially from the target and 
no other parts of the tubes. Thus we think that this 
condition has been met to a large degree in our tube. 

(b) No Hg atoms deposited from the Hg gas should 
become imbedded in the sputtered deposit, otherwise 
the velocities measured would be too low. This condi- 
tion is met by keeping the pan at an elevated tempera- 
ture during deposition by means of a heating coil which 
surrounds the pan inside the tube (Fig. 1). In an Au 
layer deposited under similar conditions, spectroscopic 
analysis showed that Hg was present in an amount not 
exceeding 0.3%. 

(c) The mean free path of sputtered atoms should be 
large compared to the tube dimensions, otherwise veloc- 
ities measured would be velocities after collisions and 
not ejection velocities. This is accomplished by operat- 
ing the tube at low gas pressure (5°C bath temperature 
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Fic. 1. Tube used for velocity measurements. 
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corresponding to an Hg gas pressure of 0.2 micron) 
where the gas-kinetic mean free path is of the order of 
20 cm. 

(d) The sputtered beam should consist essentially 
of target atoms or, in other words, the number of re- 
flected neutralized Hg+—ions or Hg atoms sputtered 
from the target should be small. Such Hg atoms would 
exert a force but, because of their re-evaporation 
from the pan, do not contribute to its weight increase. 
The question of reflected neutralized Hgt—ions has 
recently been investigated in connection with a study 
of the forces arising on ion-bombarded electrodes.® It 
was found that the accommodation coefficients for 
Hgt—ions on clean Au, Cu, Ag, Ni, and Pt surfaces in 
the range of the bombarding energies studied here is 
very close to unity, and the number of reflected neu- 
tralized Hg+—ions is very small indeed. The question 
of sputtered Hg atoms becomes important only at low 
target temperature (<300°C) when the “dwelling 
time’’® of Hg atoms becomes long enough to cause Hg 
coverage. Sputtering yields were found to be independ- 
ent of the target temperature at temperatures above 
300°C. This demonstrates that Hg sputtering cannot 
play a major role in the temperature range (400° 
500°C), which the target reached in our experiments. 

(e) The number of atoms sputtered from grid 2 onto 
the pan should be negligibly small. This is accomplished 
by selecting a grid material such as Mo which has a high 
sputtering threshold energy. The absence of a zero shift 
of the pan, with the discharge in operation but the 
target not being sputtered, proves that this condition 
has been met. 

(f) The pan is under continuous bombardment by 
Hg*t—ions injected into the upper space through grid 2. 
Forces arising from this bombardment and from the 
electrical field between the now positively charged pan 
and grid 2 are independent, however, of the sputtering 
conditions. A constant superimposed force does not 
interfere with the velocity measurements. 

(g) The number of multiply-charged Hgt—ions in 
the plasma should be kept negligibly small by operating 
the tube at a sufficiently low voltage drop.’ On a large 
flat target one then has fairly well-controlled conditions 
in that only Hgt—ions bombarded the surface under 
normal incidence with an ion energy which is approxi- 
mately equal to the potential difference applied between 
target and anode. Probe measurements showed that 
anode potential and plasma potential in the target 
vicinity differ by not more than 5 volts. 

The tube was operated under the following condi- 
tions: main discharge current 2.5 amp; voltage between 
main anode and cathode 25 volts; ion current density 
at target ~3 ma/cm?*; Hg gas pressure 0.2 micron; grid 
1: graphite, 36 holes per cm’, diameter of holes 0.12 cm; 

5G. Wehner (to be published). 

6S. Wexler, Revs. Modern Phys. 30, 402 (1958). 

7A. v. Engel and M. Steenbeck, Elektrische Gasestladungen 
(Verlag Julius Springer, Berlin, 1932), Vol. 1, p. 37. 
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grid 2: Mo-mesh, 400 holes per cm’, ~ 60 volts negative 
with respect to anode; distance from target to pan 
~35 cm. The quartz helix balance had a sensitivity of 
approximately 10 ug/mm. The zero position of the pan 
(0.5-cm diameter) could be adjusted from the outside 
with a winch and magnets. The target disc could be 
rotated or withdrawn from the plasma by means of an 
outside magnet. The displacement of the balance pan 
caused by impinging sputtered atoms was of the order 
of several millimeters and observed with a 
cathetometer. 


was 


RESULTS 


The displacement due to sputtered atoms disappears, 
of course, when the target is withdrawn or is rotated 
into a position such that the pan sees the target side- 
ways and receives only very few sputtered atoms. The 
displacement of the pan increases when the pan is 
brought closer to the target, but / or #,, it was found, 
remain independent of the zero position of the pan. The 
displacement is proportional to the ion current density 
at the target, but the ion current has no influence on 3,. 

Figure 2 shows the average velocity of Ni and of W 
atoms sputtered by 600 to 900 ev Hgt—ions. The 
average velocity of 6.5 10° cm/sec for Ni corresponds 
to an energy of 12.7 ev. In the case of W we measured 
the average velocity of atoms ejected normal to the 
target surface and also (with an inclined target) the 
velocities of atoms ejected under 30 degrees to the 
surface normal. The latter, requiring less directional 
change of momentum, were found to have higher veloci- 
ties (5.5X10° cm/sec corresponding to 28 ev) than 
atoms ejected normal to the target surface (3.5 10° 
cm/sec corresponding to 12 ev). 

For those materials which have high sputtering yields 
as well as high atomic weights, the deflection of the pan 
becomes high enough to permit carrying the measure- 
ments to lower bombarding energies. Figure 3 shows 
the results for a polycrystalline Pt surface and for a 
single crystal Au surface in the 200 to 900 ev energy 
range. The Pt atoms ejected normal to the target surface 
have average velocities of 410° cm/sec which corre- 
spond to 16-ev energy. The average velocities do not 
seem to change significantly with ion energy. Atoms 
ejected in the [110] direction normal to the target 
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Fic. 3. Average velocities of Pt and Au atoms sputtered by 
normally incident Hg*—ions. Au atoms were sputtered from a 
(110) single crystal surface 


surface from a (110) single crystal Au surface have 
average velocities of 3X10° cm/sec corresponding to 
9-ev energy. The (110) surface of an fcc crystal is of 
interest because here at higher bombarding energies 
the atoms are sputtered preferentially normal to the 
target surface. Figure 4, for instance, shows the distri- 
bution of deposits sputtered from a (110) Ni surface in 
a (111) plane normal to the target surface with the 
bombarding energy varied between 100 and 2000 ev. 
The technique previously described for obtaining such 
ejection patterns* was modified in this case so that 
sputtered material was collected not on flat plates but 
rather on glass ribbons laid flush against the inside wall 
of the cylindrical tube, with the crystal (110) surface 
facing the ribbon and mounted in the center of the tube. 
At low ion energy, it can be seen that the sputtered 
material is ejected mostly in the [110] or closest packed 
directions which require the least directional change of 
momentum and which are inclined to the surface normal 
(see Fig. 4, left strip, 100 ev). With increasing energy 
(see Fig. 4, strips to right) more and more atoms are 
ejected normal to the target surface and at 2000 ev 
(Fig. 4, strip at extreme right) nearly all the sputtered 
material is to be found at the center spot corresponding 
to the [110] direction normal to the target surface. 
This fact makes it possible to create rather dense atomic 
beams. For instance, Au sputtered by normally inci- 
dent Hg+—ions of 2000-ev energy (yield ~8 atoms/ion) 
from a (110) crystal surface at 10 ma/cm? (a value 
which can be attained easily) would yield an Au atom 
beam with ~5X10'’ atoms/sec cm? or ~500 mono- 


5G. Wehner, Phys. Rev. 102, 690 (1956). 
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Fic. 4. Deposits obtained at the tube wall when a (110) Ni 
surface is sputtered by Hg*—ions. Strips from left to right cor- 
respond to bombarding energies of 100, 150, 200, 300, 400, 600, 
1000, and 2000 ev. 


layers/sec. The fact that the average kinetic energy of 
the Au atoms is of the order of 10 ev or more than 100 
times higher than thermal evaporation energies makes 
this beam rather unique. 

The method described here unfortunately does not 
allow the determination of the velocity distribution. 
The accuracy of these measurements is probably not 
better than +20% and is limited by sporadic fluctua- 
tions of the pan positions caused by changes in plasma 
density when the cathode spot changes position at its 
anchor. 

The fact that the average kinetic energy of sputtered 
atoms is so much higher than thermal evaporation 
energies can be considered to be additional supporting 
evidence in disproving the thermal evaporation theory 
of sputtering. 

It should be pointed out that we have other inde- 
pendent evidence for these high ejection velocities of 
sputtered atoms. This work dealing with the measure- 
ment of forces arising on ion-bombarded electrodes will 
be published separately.® 

It is of interest that Sporn’ found with a completely 
different method Mg atoms to be sputtered in an oxygen 
glow discharge with average kinetic energies of 7 ev. 
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Second Low-Temperature Peak in the Internal Friction of Aluminum* 


EpwarpD Lax AND Daniel H. Fitson 
Physics Department, University of California, Los Angeles, California 
(Received January 12, 1959) 


A peak in the internal friction due to dislocations in aluminum was found well below the temperature of 
the usual Bordoni peak. Measurements were made from 25 kc to above 1 Mc, yielding a relaxation peak 
that varied with frequency over a temperature range of 21°K to 31°K. The activation energy of this peak 


was found to be 0.024 ev. 


N the course of investigating the attenuation of ultra- 

sonic waves due to the electron-phonon interaction 
in very pure samples of polycrystalline aluminum and 
silver, a second low-temperature Bordoni relaxation 
peak was encountered in both metals, well below the 
temperature of the peaks noted by Bordoni! and 
others.?* The existence of two peaks was first noticed by 
Niblett and Wilks‘ in copper. This was explained by 
Seeger’ who postulated two Bordoni peaks in all fcc 
metals. According to Seeger, dislocations may form 
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Fic. 1. Plot of frequency of second Bordoni relaxation peak 
against 1/T for 99% pure polycrystalline aluminum. 

* Supported in part by the Office of Naval Research. 

1P, C. Bordoni, J. Acoust. Soc. Am. 26, 495 (1954). 

2 T. S. Hutchison and A. J. Filmer, Can. J. Phys. 34, 159 (1956). 

3N. G. Einspruch and R. Truell, Phys. Rev. 109, 652 (1958). 

4D. H. Niblett and J. Wilks, Phil. Mag. 1, 415 (1956). 
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pairs of kinks. When the frequency of the applied shear 
stress is equal to the frequency of the kink formation, a 
peak in the logarithmic decrement will occur. In fcc 
metals there are two principal directions in which the 
kink formation may take place, and accordingly, two 
peaks should be observed. The position of each peak as 
a function of temperature is given by the equation 


f= foe W/RT, 


where W is the activation energy. 

A more detailed investigation of the lower tempera- 
ture Bordoni peak was performed in polycrystalline 
aluminum to evaluate the constants fo and W. Alumi- 
num of lower purity (99%) was used in order to suppress 
the electron-phonon loss, and was slightly strained to 
enhance the Bordoni peak. Attenuation measurements 
were made as a function of temperature over a fre- 
quency range from 25 kc to above 1 Mc. 

Figure 1 shows a plot of the logarithm of the fre- 
quency at which the attenuation peaks occur, as a func- 
tion of 1/7. The lower frequencies, indicated by circles, 
were obtained by measuring the decays of the first five 
modes of a longitudinally resonating rod, 1 cm in diam- 
eter and 10 cm long. The rod was supported in a vertical 
position by 0.003-in. piano wire. An electrostatic drive 
and pickup were used. 

The higher frequencies, indicated by squares, were 
found by pulsing a sample in the form of a coiled 0.10 
in diameter wire, 1 meter in length, and measuring the 
amplitude of successive reflections. A single barium 
titanate cylindrical transducer served as both trans- 
mitter and receiver. A more complete description of 
both methods of measurement will be presented at a 
later date. 

The attenuation peaks occurred between 21°K and 
31°K over the frequency range measured. From Fig. 1 
the values fo=9X 10° cycles/sec and W=550 cal/mole 
=(0.024 ev are obtained. The value of the activation 
energy found above is to be compared with 0.1 ev as 
found in references 2 and 3 for the higher temperature 
Bordoni peak in aluminum. 
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Microwave Zeeman Spectrum of Atomic Oxygen*{ 
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Gibbs Physics Laboratory, Yale University, New Haven, Connecticut 
(Received December 1, 1958) 


The technique of paramagnetic resonance absorption has been used to measure the g-factors of the ground 
’P term in O'* in terms of the proton g-factor. The results are: —g (O;*P;)/gp=493.4236+0.0002 and 
—gs(O;*P2)/gp=493.4022+0.0002, where g, refers to protons in a cylindrical sample of mineral oil. When 
combined with g,(H;*S;)/gp, measured in analogous experiments on hydrogen, and after inserting the 
theoretical value of gy(H;*S;), the oxygen g-factors are found to be g (O;*P:)=1.500986+0.000002, 
gs(O; *P2) =1.500921+0.000002. A discrepancy of 7 parts in 10° between these values and corresponding 
theoretical g-factors can probably be ascribed to inaccuracy of the atomic wave functions used in the theo- 


retical calculations. 


I. INTRODUCTION 


TOMIC g-factors of light, many-electron atoms 
can differ slightly from the simple Landé g-factors 
for several reasons, the two most important of which 
are the anomalous spin magnetic moment of the electron 
and relativistic and diamagnetic contributions to the 
linear Zeeman energies. A detailed theory of the latter 
corrections has been developed in recent years,'~* but 
its application to a particular atom is limited by the 
necessity of having accurate wave functions for the 
atom. Thus a precisely measured atomic g-factor can be 
compared meaningfully with theory in one of three 
different ways, depending on which two of the three 
theoretical aspects—electron spin moment, relativistic 
and diamagnetic corrections, atomic wave functions— 
can be regarded as reliably known. Further complica- 
tions are added by small theoretical g-factor corrections 
for deviations from LS coupling and motion of the 
nucleus, as well as by the experimental fact that only 
in measuring g-factor ratios can the full precision (~1 
part in 10°) of modern Zeeman spectroscopy be realized. 
As would be expected on the grounds of their accu- 
rately known wave functions, measurements on one- 
and two-electron atoms have provided the best confir- 
mation to date of both the relativistic-diamagnetic 
g-factor corrections and the quantum electrodynamic 
prediction of the electron spin moment anomaly. A re- 
cent measurement® to one part in 10° of g;(He;*S;)/ 
gs(H; *S;), which is essentially independent of the elec- 
tron spin moment anomaly, is in exact agreement with 
theory, calculated to order a*uoH. Measurements’'® of 
gs(H; *S;)/gp, where g, is the proton g-factor, have been 
*This work was supported in part by the Office of Naval 
Research. 
t Submitted by H. E. Radford in partial fulfillment of the 
Ph.D. thesis requirement at Yale University. 
t General Electric Fellow, 1957-1958. 
1W. Perl and V. W. Hughes, Phys. Rev. 91, 842 (1953). 
2 W. Perl, Phys. Rev. 91, 852 (1953). 
3A. Abragam and J. H. Van Vleck, Phys. Rev. 92, 1448 (1953). 
*K. Kambe and J. H. Van Vleck, Phys. Rev. 96, 66 (1954). 
5 F. R. Innes and C. W. Ufford, Phys. Rev. 111, 194 (1958). 
6 Drake, Hughes, Lurio, and White, Phys. Rev. 112, 1627 
(1958). 
7 Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 
8 R. Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954). 


used to deduce the value of the electron spin magnetic 
moment to a precision of several parts in 10°. The 
measurement of g,(H)/g, is combined with the result 
of a cyclotron resonance measurement?” of g/g; in 
order to get finally g,/gi, the ratio of the electron spin 
moment to its orbital moment. 

In 1952 Rawson and Beringer," seeking evidence of 
the electron spin moment anomaly in complex atomic 
states, measured the g-factors of the ground *P term in 
oxygen. Their results were inconclusive, chiefly because 
calculations of relativistic-diamagnetic corrections to 
atomic g-factors had not then been extended beyond 
the two-electron case. Stimulated by Rawson and 
Beringer’s results, a great deal of effort*~® has since then 
been devoted to the theory of relativistic-diamagnetic 
corrections for arbitrary complex atoms; special results 
of this work are precise theoretical g-factors for oxygen. 

We have remeasured the oxygen g-factors to a pre- 
cision of one part in 10°, with the aim of providing a 
rigorous test, to order a’uoH, of the theory of atomic 
magnetism for a many-electron atom. At present the 
significance of such a comparison between theory and 
experiment is obscured somewhat by doubt in the 
quality of the available atomic wavefunctions. Provided 
that the uncertainty imposed by wave functions can be 
removed, and in combination with existing measure- 
ments of other atomic g-factors, the results of this ex- 
periment can provide a value correct to order a? of the 
fundamental ratio g./g:. 


II. THE OXYGEN SPECTRUM 


The Zeeman splittings of the *P term, calculated with 
the assumption of pure LS coupling, are shown in Fig. 1. 
The center part of the diagram represents the linear 
Zeeman effect; shown on the right are the quadratic 
level displacements which, at a working field of 4400 
gauss, conveniently separate the six transition energies 
labeled a through f in Fig. 1. Zeeman energies of third 
order in H vanish for a *P term in LS coupling, and 


® Pp. Franken and S. Liebes, Jr., Phys. Rev. 104, 1197 (1956). 

10 W. A. Hardy, Bull. Am. Phys. Soc. II, 4, 37 (1959) ; See also 
Schupp, Pidd, and Crane, Bull. Am. Phys. Soc. IT, 4, 250 (1959). 

E. B. Rawson and R. Beringer, Phys. Rev. 88, 677 (1952). 
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MICROWAVE 


fourth order energies are entirely negligible (less than 
one part in 10*) for the purposes of this experiment. 
In practice the magnetic field is varied to bring suc- 

cessive transitions into resonance at the frequency of the 
incident monochromatic radiation. This frequency, a 
nominal 9105 Mc/sec, was usually changed slightly for 
each transition. The resonance conditions for AM=+1 
transitions can then be written as 

hve=gwoHat+AH, hys=gyoH,—AHy, (1) 

hv.=gooH +BH2, hvs;=goyoH;—BH;*, (2) 

hva=gouoHat+CH? hv.=goyoH.-—CH?, (3) 
where A, B, and C are constants depending on the fine 
structure separations of the three *P levels and H, is the 
magnetic field required to bring transition a@ into reso- 
nance at frequency vq, etc. The predicted six-line spec- 
trum is shown in Fig. 2. Lines corresponding to the 
three AM = +2 (“double quantum”’) transitions” in the 
’P, state are omitted. Normally interspersed between 
the four *P, AM =-+1 lines, they were unobservable at 
the low intensity of radiation used in the present work. 
The assumption of LS coupling can be checked by com- 
paring with the observed oxygen spectrum the quadratic 
field splittings predicted by (1), (2), and (3). In Table I 
the mean results of sixteen independent measurements 
of these field splittings are shown, together with the LS 
coupling predictions. The agreement is satisfactory, con- 
sidering possible errors in the measured fine structure 
separations" of Fig. 1. 
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Fic. 1. Magnetic energy levels of the ground *P term in oxygen 
(not to scale). €:=0?/(68.0 hc) erg-gauss™*, €2=,?/ (158.5 Ac) 


erg-gauss~*. Observed lines correspond to transitions labeled a 
through f. 
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Fic. 2. Schematic representation of the predicted paramagnetic 
resonance spectrum of atomic oxygen. Lines are labeled to corre- 
spond with Fig. 1. 


The magnetic field is measured in terms of the proton 
resonance frequency at that field, given by 

hf= — 2 pmoll. (4) 

Substituting (4) into Eqs. (1), for example, and elimi- 


nating the constant A gives 


£1 ” ¥q 1+ (vp/Va) (fa/ fr)? 


gp fa 


and two similar expressions for g2/g, follow from (2) 
and (3). Thus by combining measurements on pairs of 
lines, the effect of quadratic field splittings on deduced 
g-factor ratios can be eliminated. 


Ill. THE EXPERIMENT 
1. Apparatus 


A description of the Yale paramagnetic resonance 
absorption spectrometer, developed by Beringer and his 
students, is given in reference 8. For the present experi- 
ment the gas feed system was changed somewhat, and 
improvements were made in the magnetic field homo- 
geneity and in the spectrometer sensitivity. 

Gas system.—A continuous flow method was used be- 
cause it permits rarified vapors to be studied while main- 
taining the necessary higher pressure in the atom-pro- 
ducing discharge tube. An electrodeless radio-frequency 
discharge was found to deliver up to three times as many 
oxygen atoms to the microwave cavity as the conven- 
tional direct-current discharge. To inhibit recombina- 
tion of the oxygen atoms, the inner wall of the tubing 
connecting the discharge region with the cavity was 

TABLE I. Comparison of measured quadratic field 
splittings with LS coupling theory. 


Calculated 
(gauss) 
10.88 

0.617 
1.850 


Observed* 
(gauss) 


10.764 +0.001 
0.6188-+0.0005 
1.8541 0.0006 


" hd 
H.-H 
Hy—H. 


® Unweighted mean results of sixteen independent measurements, to- 
gether with their statistical standard errors. 
ment with LS coupling theory for *P2—*P,;=158.13 cm™ and 
3P,—3P)=68.65 cm™ [J. J. Hopfield, Phys. Rev. 37, 160 (1931). 





1276 H. E. RADFORD 
coated with fused metaphosphoric acid, a treatment 
that appears to work as well for oxygen as for hydrogen*® 
and nitrogen.“ A thin coating of SC-77 Dri-Film” ac- 
complished the same purpose, though not as effectively, 
in the quartz tube which conducted the atomic oxygen 
vapor through the microwave cavity. Fused metaphos- 
phoric acid when used in this region was found to lower 
the cavity Q by an objectionable amount. 

The discharge tube was fed with ordinary tank oxygen 
through a glass capillary leak whose conductance could 
be varied over a wide range by electrically heating the 
capillary.'* Oxygen gas was pumped through the system 
and exhausted to the room by a 7-liter/sec mercury 
diffusion pump backed by a mechanical pump. 

Magnetic field —The principal source of line broaden- 
ing in previous work with this apparatus has been in- 
homogeneities in the magnetic field of 70 milligauss or 
more over the gas sample volume. In an effort to realize 
the greater precision and sensitivity that accompany a 
reduction in line width, the 8-inch electromagnet was 
mechanically realigned and its pole caps were refinished. 
Subsequent exploration of the magnetic field in the air 
gap showed that by suitably placing a small brass shim 
behind one of the pole caps and then rocking and warp- 
ing the pole cap on this shim with jacks placed in the air 
gap, magnetic fields uniform to better than 10 milligauss 
could be produced over the sample region, a 4-cm* 
cylindrical volume at the center of the air gap. 

Maps of the field distribution were made with a 
traveling proton resonance probe containing a 0.4-cm* 
water sample, while regulating the field with another 
proton resonance probe. Both proton resonance oscil- 
lators were stabilized to 1 part in 10’ by phase-locking 
them against the sum of two frequencies, 18.3 Mc/sec 
from the laboratory frequency standard and 128-154 
kc/sec from a BC-221 frequency meter. The same field 
control and measuring system was used when calibrating 
the field for an oxygen measurement, except that the 
traveling probe was replaced by a mineral oil probe de- 
signed to fit into the microwave cavity in place of the 
atom vapor tube. Each time the magnet was turned on, 
an hour or two of alternate pole cap jacking and field 
mapping was necessary to get a good field distribution. 
No oxygen data were taken with fields whose measured 
inhomogeneity was greater than 15 milligauss over the 
sample volume. 

The field maps were necessarily made with the micro- 
wave cavity removed, and slight changes in the field 
distribution could be expected on inserting the cavity 
assembly into the air gap. For this reason final trimming 
of the field was done with small nickel shims after in- 
stalling the cavity. The best positions of these shims 
were judged by the amplitude and symmetry of the 

4M. A. Heald and R. Beringer, Phys. Rev. 96, 645 (1954). 

16 A silicone product of the General Electric Company. It was 
first used for this purpose by J. P. Wittke and R. H. Dicke, Phys. 
Rev. 103, 620 (1956) in their investigation of the hydrogen hyper- 


fine structure. 
16R. K. Smither, Rev. Sci. Instr. 27, 964 (1956). 
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field calibration proton resonance pattern as displayed 
on an oscilloscope. As a final check on the field quality 
before recording microwave absorption data, proton 
resonance line shapes were observed by slowly sweeping 
the 30-cps modulated field through the calibrator probe 
resonance and feeding the absorption signal to a lock-in 
detector and strip chart recorder. The line shapes were 
always found to be consistent with the field homogeneity 
measured before installing the microwave cavity. 

The electromagnet was powered by an eight-volt 
battery of 3000-ampere hour submarine cells. At the 
40 amperes required to reach our working fields this 
provided an exceptionally smooth and stable source of 
current, and in combination with the proton resonance 
field regulator gave field stabilities at the regulator 
probe which depended only on the frequency stability 
of the proton oscillator, 1 part in 10’ per hour. Long- 
term field drifts at the location of the field calibrator 
probe were typically 5 parts in 10’ per hour. 

Spectrometer sensitivity—Under good observing con- 
ditions the oxygen line widths were 10 ppm measured 
between peaks of the quasi-derivative line shape. This 
is one-fourth the width of Rawson and Beringer’s" lines, 
and can be attributed to improved field homogeneity 
and the lower oxygen gas pressures used. This does not 
translate directly into a fourfold increase in sensitivity ; 
the microwave power level had to be kept much lower 
to avoid saturation broadening of the low-pressure lines, 
and it is well known that the efficiency of a barretter 
detector decreases rapidly with the carrier power level.!” 
This was partially offset by constructing special bar- 
retters from 35 micro-inch core diameter Wollaston wire. 
Their noise figures were as much as five times smaller 
than that of a Sperry model 821 barretter. 
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Fic. 3. An observed oxygen line. The solid curve is a theoretical 
line shape which represents the modulation-broadened derivative 
of a Lorentz absorption line. The dashed line is the pure derivative 
of the same Lorentz line; it illustrates the amount of field modu- 
lation broadening present. 


17R. Beringer, Ann. N. Y. Acad. Sci. 55, 814 (1952). 
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The absolute sensitivity of the apparatus may be de- 
fined in terms of a maximum observable absorption Q 
of the gas sample.” For a microwave carrier power of 
3X10~° watt, measured at the barretter, the maximum 
observable Q is 2X10* with the spectrometer in its 
present state. This represents an increase in sensitivity 
by a factor of seven over that of a previous experiment'* 
performed at the same microwave power level. About 
10" oxygen atoms per cm’ were required to give a con- 
veniently observable (signal-to-noise ratio of 5) absorp- 
tion line at this microwave power level. 


2. Line Shapes and Broadening Mechanisms 


Beringer and Castle have shown that a magnetic 
resonance spectrometer employing field modulation will 
display the true derivative of the absorption line only 
for vanishingly small modulation amplitudes. In prac- 
tice the modulation amplitude must be comparable to 
the absorption half-width to avoid excessive loss of 
signal, and this causes a considerable broadening and 
distortion in the observed line shapes. For observation 
at the modulation frequency, the expected experimental 
line shape may be found by calculating the fundamental 
Fourier component of the signal produced by modulat- 
ing the field about selected points on the absorption line. 
Figure 3 shows a fit of such a line shape to a set of ex- 
perimental data. The absorption line was assumed to 
have a Lorentz shape, and for comparison its true de- 
rivative (dashed curve) is shown. 

The observed pressure dependence of the oxygen ab- 
sorption half-widths is shown in Fig. 4, which combines 
Geiger’s earlier unpublished results with some low-pres- 
sure data taken in the present experiment. His lower 
pressure lines were broadened by magnetic field inhomo- 
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Fic. 4. Dependence of oxygen absorption half-width (éy) on 
pressure at the microwave cavity. Experimental points were ob- 
tained from fits of theoretical line shapes to experimental data, as 
illustrated by Fig. 3. Field inhomogeneity broadening was sig- 
nificant in Geiger’s low-pressure measurements. 

18 Geiger, Hughes, and Radford, Phys. Rev. 105, 183 (1957). 

19 R. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950). 


ZEEMAN SPECTRUM OF 


ATOM 





ow 


Width in ppm 
Peak Signal Amplitude 


Line 


Nn 











Discharge Power-Arbitrary Units 


Fic. 5. Illustration of the apparent impotence of atom-atom 
interactions as causes of line broadening in oxygen. Line width 
units are parts per million. For further deductions from this figure, 
see text. 


geneities. Corrections have been made to all the data to 
account for field modulation broadening. Operating 
pressures for the g-factor measurements were chosen by 
minimizing the observed line width while maintaining a 
convenient signal amplitude by adjusting the amplitude 
of field modulation. This led to operating pressures in 
the range 30-50 microns, definitely in a linear range of 
the width vs pressure curve. We estimate that broaden- 
ing by magnetic field inhomogeneities and wall collisions 
cannot account for more than 30 kc/sec of the 100 kc/sec 
observed absorption half-width at 45 microns. The ex- 
pected Doppler broadening” is negligible, as is the 
measured saturation broadening. 

It is clear from Fig. 4 and the foregoing discussion 
that gas collisions were the chief broadening influence 
on the oxygen absorption lines. The relative effective- 
ness of atom-atom and atom-molecule collisions can be 
investigated by recording line widths while varying the 
relative atomic and molecular concentrations. The result 
of one such investigation is shown in Fig. 5. Over a range 
of radio-frequency discharge power in which the peak ab- 
sorption signal increased threefold, there was no sig- 
nificant change in line width. The data of Fig. 5 were 
taken at a pressure of roughly 80 microns Hg; the same 
behavior was observed at several lower pressures. The 
experimental conditions were such as to maintain a 
constant number of atoms, either free or bound into 
molecules, in the microwave cavity. Provided the extent 
of molecular dissociation was significant, Fig. 5 then 
implies that atom-molecule interactions are twice as 
effective in broadening the oxygen lines as atom-atom 
interactions. 

Atomic concentrations in the microwave cavity can 
be estimated from measured signal amplitudes. Adapt- 
ing the analysis of Beringer and Castle” to the present 
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TABLE IT. Sixteen independent determinations of 
g2(d,e)/gp. See text for weighting criteria. 


Weight (% 


Data set 


—g2(d,e)/gp 


493.40129 3.5 
493.40182 
493.40185 
493.40192 
493.40245 
493.40304 
493.40284 
493.40241 
493.40222 
493.40222 
493.40192 
493.40241 
493.40300 
493.40212 
15 493.40143 2. 
16 493.40228 10.2 
Unweighted mean: —ge(d,e)/gp=493.40222+0.00013 
Weighted mean: — go(d,e) /g,,=493.40219+0.00008 
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experiment, we calculate from the data of Fig. 5 that 
the density of oxygen atoms in the cavity increased 
from 2.210" cm~ to 6.010" cm~™ as the discharge 
power was increased. The latter figure corresponds to a 
12% molecular dissociation. This is enough to establish 
that the unchanging line width of Fig. 5 must indeed be 
a coincidence caused by a special ratio of line broadening 
cross sections, and not simply caused-by low atomic 
concentrations. Assuming Maxwellian velocity distribu- 
tions for the atomic and molecular constituents of the 
oxygen gas sample, two hard-sphere cross sections for 
line broadening may be computed from the data of 
Fig. 4 and Fig. 5. They are 


o (atom-atom) = (542) 107-!* cm?, 


o(atom-molecule) = (1243) 10-'* cm?. 


These values are almost completely independent of the 
calculated atomic concentrations, provided they are 
large. The quoted uncertainties reflect the difficulty of 
estimating gas pressures in the microwave cavity. The 
principal interactions contributing to these cross sec- 
tions are expected to be electron exchange in atom-atom 
collisions, and the electric quadrupole and Van der 
Waals’ induced electric dipole interaction for both 
atomic and molecular collisions. Magnetic dipole inter- 
actions are insignificant.!® 


3. Results 


Collected in Table IT are the results of sixteen inde- 
pendent determinations of the ratio go(d,e)/g, from the 
oxygen spectrum. These ratios were calculated from the 
positions of both the d and e line centers according to 
the formulas of Sec. IT. Line e was arbitrarily chosen to 
provide the quadratic field correction, and therefore un- 
certainties in g2(d,e)/g, are caused chiefly by errors in 
the line center measurements on line d. The relative 
importance of three such sources of error—line width, 
line asymmetries, and magnetic field drift between cali- 
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brations—may be assessed for the individual results of 
Table II, and this leads to the relative weightings 
shown. Sixteen measurements on lines c and f and seven- 
teen on lines a and 6} were analyzed in the same way to 
give values of go(c,f)/gp and gi(a,b)/gy. Figure 6 is a 
histogram of the weighted ge(d,e)/g, of Table II. A 
Gaussian curve of the same area and having the rms 
deviation of the data is superposed. 

The maximum deviation of the measured g,/g, ratios 
from the mean is 1.5 ppm, and this can be accounted 
for by accidental errors in magnetic field measurements 
and in tuning the klystron to the cavity resonance fre- 
quency. Other accidental errors should be negligible. 
The possibility of a pressure shift of the oxygen lines 
was investigated by recording the position of a selected 
line center as a function of pressure in the microwave 
cavity over the range 20-80 microns Hg; results showed 
that a pressure shift, if present at all, is less than 4 parts 
in 10’ at 40 microns Hg. Nonrandom errors, such as 
pressure shifts and uncorrected diamagnetic effects, 
should mostly cancel anyway when the g,(O)/gp are 
combined with other g,/g, ratios measured under simi- 
lar circumstances. For this application we take twice 
the statistical standard error in the weighted mean 
values of g,(O)/g, as the experimental uncertainty, and 
our results are 


— g1(a,b)/g)=493.42357+0.0018, 
~ go(c,f)/gp=493.40220+0.0020, 
— go(d,e)/gp»=493.40219-+0.0016, 


where g, refers to protons in a cylindrical sample of 
mineral oil of length to diameter ratio 5/1. The un- 
weighted means differ from these by less than 2 parts 
in 10’. The experimental equality of go(c,f)/gp and 
go(d,e)/gp can be regarded as a check on the accuracy of 
the formulas used in deriving the g-factor ratios from 
the oxygen spectrum. 
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Fic. 6. Histogram of weighted g-factor determinations from the 
oxygen *Pz lines d and e. A Gaussian curve of the same area and 
having the rms deviation of the data is superposed. 
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These figures may be compared with the primary 
experimental results”! of Rawson and Beringer": 


— gi(a,b)/g,= 493.4247, 
— go(c,f)/gp= 493.4030, 
— g»(d,e)/g)= 493.4027, 


which are based on two observations of the oxygen 
spectrum whose results agreed to 4 ppm. 

In order to eliminate the relatively poorly known 
quantity gp, we combine our g,(O)/g, ratios with the 
mean of two earlier g;(H)/g, measurements: one® made 
with this apparatus and one’ made by atomic beam 
spectroscopy. Corrections for shape-dependent diamag- 
netism of the proton sample must be made to both 
results; the absorption experiment used a cylindrical 
mineral oil sample of length to diameter ratio 3/1 and 
the atomic beam experiment used a spherical mineral 
oil sample. These corrections can be calculated from 
experimental measurements of the demagnetization fac- 
tors of finite diamagnetic cylinders.” Taking the mag- 
netic susceptibility of mineral oil as —0.7310-* cgs 
emu,’ the corrections necessary in the gy(H)/g, to make 
them compatible with our g;(O)/g, measurements are 
—0.2 ppm and —1.3 ppm for, respectively, the absorp- 
tion and atomic beam measurements. The mean of the 
two adjusted g,(H)/g, ratios is —g,(H)/g,= 658.2167 
+0,.0006 where the error has been chosen to include 
both experimental results. Combining this with our 
gs(O)/g, ratios gives 


g1(O;*P;)/gs(H) =0.7496369-+0.0000007, 
g1(O;*P2)/g7(H) =0.7496045+0.0000007. 


4. Discussion 


We use the theoretical hydrogen g-factor,” g,(H; 2S;) 
= g,(1—a*/3), to convert the gy(O)/g,(H) ratios to the 
gz(O) form. With g,=2(1.0011596),* the results are 

g1(O;*P;) = 1.500986+.0,000002, 


; »xpe j ant 
g2(0;*Ps)=1.500921+0,000002, ‘°Periment) 


The theoretical g-factors calculated by Kambe and 
Van Vleck,’ with numerical corrections by Innes and 
Ufford,® are 

gs(O; $P,)= 1.500996, 

gs(O; *P2) = 1.500932, 


(theory) 


where the same value of g, has been used. 


21 The quoted g,(O) values of reference 11 are gotten by multi- 
plying gs(O)/gp by gp=8s/(g«/gp) =2(1.0011454) /658.2271. We 
have converted these back to the g,(O)/g, form. 

2 W.C. Dickinson, Phys. Rev. 81, 717 (1951). 

% G. Breit, Nature 122, 649 (1928). 

4 C, M. Sommerfield, Ann. Phys. (N. Y.) 5, 26 (1958). 
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Although the absolute values of the experimental and 
theoretical g-factors differ by some 7 ppm, the differ- 
ences of the two g-factors agree remarkable well. We 
therefore look for the source of the discrepancy in theo- 
retical g-factor corrections which are the same for the 
3P, and *P» levels. The largest by far of these corrections 
is the electron spin moment anomaly, but because of 
the way it enters both the theoretical oxygen and hy- 
drogen g-factors a change by 20 ppm in g,/g; would be 
required to close the 7 ppm gap in the absolute g,(O) 
values. Such a value of g,/g; would disagree seriously 
with earlier measurements’'**:!° of this ratio. 

The largest of the relativistic-diamagnetic corrections 
common to g,(*P;) and g;(*P2) is the “relativistic cor- 
rection proper.’ It requires accurate knowledge of (T)2,, 
the mean kinetic energy of a 2 electron. Kambe and 
Van Vleck calculated (7)s, in three different ways within 
the Hartree-Fock formalism, using the best available 
Hartree-Fock one-electron wave functions.”* The results 
agreed to within 2% but this, as they point out, only 
provides a check on the accuracy of the one-electron 
functions; it says nothing about how well the oxygen 
wave functions are actually represented by linear com- 
binations of products of these one-electron functions. 
The answer to this question can be sought in comparisons 
of the observed energies of the oxygen atom with those 
calculated from the one-electron functions. The calcu- 
lated spin-orbit parameter, for instance, is 10% too 
high. On the other hand, the ratio of calculated inter- 
multiplet splittings (‘D—'S)/(®P—'D) agrees to within 
1% with experiment.”* Perhaps most significant for our 
purposes is a comparison of calculated and observed 
ionization energies: the difference here is 25%.?> Since 
only a 5% change in the mean kinetic energy (7)2p 
would make both theoretical oxygen g-factors agree 
perfectly with experiment, we believe there is no need 
to look further for the cause of the 7 ppm discrepancy— 
very probably the blame lies with the Schroedinger wave 
functions used in calculating the relativistic-diamag- 
netic g-factor corrections. 

Note added in proof.—Several of the one- and two- 
electron integrals involved in the theoretical oxygen 
g-factors have been recalculated recently by Freeman.”* 
The same wave functions*® were used, but great care 
was taken to exclude errors originating in the numerical 
integrations. These results, inserted wherever possible 
in the theoretical g-factor expressions, reduce both of 
the numerical values listed above by 1 ppm. The dis- 
crepancy between theory and experiment is thus re- 
duced to 6 ppm. 

26 Hartree, Hartree, and Swirles, Trans. Roy. Soc. London A238, 
229 (1939). 

26 A, J. Freeman, Ordnance Materials Research Laboratory 
Report No. 28, June 1957; A. J. Freeman and P. O. Léwdin, Phys. 
Rev. 111, 1212 (1958); A. J. Freeman, J. Chem. Phys. 28, 230 
(1958). 
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Precision Measurement of K X-Ray Spectrum of Hg 


OLor BECKMAN AND PAR BERGVALL 
Institute of Physics, Uppsala, Sweden 
(Received December 22, 1958) 


The K x-ray spectrum of Hg has previously not been measured with the same accuracy as nearby elements 
because of the difficulty of obtaining a good anticathode. A wavelength determination of HgKay, ae, Bi, 8s 
is herewith reported with an accuracy of less than 40 ppm. Using these data an earlier measurement of the 
weaker Hg lines is recalculated to give higher accuracy. 


N a previous report,’ Beckman has published 
wavelength values for 9 lines in the K x-ray spec- 
trum of Hg. These measurements were made with a 
curved crystal spectrometer in the Cauchois mounting 
where it was necessary to use reference lines from a 
nearby element, separately recorded. In this case the 


TaBLeE I. Spectrometer calibration. MoKa, 707.831 xu.* 
Bragg angles are corrected to 18°C with use of a thermal expansion 
coefficient for — in the 1340 direction of 14.5X10-®.> 


618 


17° 29’ 25.5” 
17" 27 200 
17° 29’ 24.7” 
17° 29’ 26.3” 
17° 29’ 25.6” 





17° 29’ 25.5”+0.5” 


E, Sandstréim, . ere aaa edited by S. Fliigge (Springer- 
Berlin, 1957), Vol. 30, p. 
i. Jay, Proc. Roy. Soc. (London) 142, 237 (1933). 


Au spectrum, as measured by Ingelstam,? was used. 
The wavelength positions of the Hg lines relative to 
each other were established with high accuracy, but 
the absolute accuracy was diminished by the precision 
with which the Au and Hg spectra could be related, 
and the error limits given by Ingelstam. The large 
limits of accuracy, +0.05 xu which had to be adopted, 
has caused other investigators® to use interpolations in 
order to obtain more accurate values for the Hg lines, 
rather than referring to the above measurements. 
With use of a newly built precision curved crystal 
spectrometer,‘ Bergvall has made a redetermination of 
HgKaja26,83, reported here. The spectrometer is of 
the DuMond mounting and the measurements are 
absolute in the sense that Bragg angles are measured 
on a precision scale. No screws or mechanical link 
systems are involved in the construction. The angular 
scale, which is the scale from the Siegbahn “tube” 
spectrometer, is known to be of high quality and has 
been checked to give an accuracy of +0.2” in the 
angle measurements. The x-ray tube, which has 


TABLE II. Hg measurements. 


49 wy 23. 7” . 4° 15 14. 8” 
4° 22’ 23.0” 4° 15’ 14.7” 
4° 22’ 23.5" c 4° 15’ 14.9” 
4° 22’ 23.4” ; 4° 15’ 14.7” 


4° 22’ 23.4”+0.4” 4° 15’ 14.8”+0.4” 





3° 45’ 12.1” 
Sas 12,5" 
3° 45’ 11.6” 
3” 4S’ 11.5” 


3° 46’ 25.0” 
3° 46’ 24.5” 
3° 46’ 25.0” 
3° 46’ 24.3”” 





3° 46" 24. 7"4.0. 4” 3° 45’ 11.7”+0.4” 








TABLE IIT. Wavelength values and relative intensities 
of the K x-ray lines of Hg. 


On, 101 


xu 


179. 585+0. 006 
174.705+-0.006 
154.999+0.006 
154.167 +0.006 
153.21 +0.03 
150.09 +0.03 
149.89 +0.03 
149.47 +0.05 
149.00 +0.03 


kev 


68. 895-40. 003 
70.819+0.003 
79.823+0.003 
80.253+0.003 
80.76 +0.02 
82.43 rey 
82.54 +0.02 
82.78 +0.03 
83.04 +0.02 


10, Sabeann Phys. Rev. 109, 1590 (1958). 


exchangeable anticathode, is provided with sufficient 
voltage from a 500-kv electrostatic generator. 

The anticathode of silver-amalgam is the same as 
that described by Beckman.! The detector is a scintilla- 
tion counter with a differential discriminator, which 
gives a very low background. The resolution of the 
spectrometer is the same as illustrated by Beckman! 
or less than 0.2%. 

The spacing of the atomic planes employed (quartz 


2E. Ingelstam, Nova Acta Regiae Soc. Sci. Upsaliensis 5 
(1937). 

§ Backstrém, Bergman, and Burde, Nuclear Phys. 7, 263 (1958). 
‘ Beckman, Bergvall, and Axelsson, Arkiv Fysik 14, 419 (1958). 
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K X-RAY 
1340) has been determined with use of the Ka, line of 
Mo. This determination is reported in Table I. The 
results of four separate runs for the above four x-ray 
lines are given in Table II. Using these new data, the 
measurements of the weaker lines by Beckman are 
recalculated, the wavelength values given in Table III. 
The accuracy of these wavelengths is now increased 
as the reference lines are to be found within the Hg 
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spectrum. The error given for the a,a2818; lines is the 
probable error for the mean Bragg angle, including 
allowance for nonlinear systematic errors. Energy 
values are computed from EA,= 12 372.44 kev xu.§ 

The K x-ray spectrum of Hg is herewith known with 
the same accuracy as for nearby elements. 

5 E. R. Cohen and J. W. M. DuMond, Encyclopedia of Physics, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35, p. 1. 


114, NUMBER 5 JUNE 1, 1959 


B" (He’,p)C” and B"(He’,d)C” Reactions 


H. D. HotmeGren, E. A. WoLicki, AND R. L. JOHNSTON 
United States Naval Research Laboratory, Nucleonics Division, Washington, D. C. 


(Received January 5, 1959) 


The differential cross sections for the B" (He*,p)C" and the B'(He’,d)C" reactions have been measured at 
4.5 and 5.4 Mev. Yield curves for these reactions have also been obtained over the energy region extending 
from 3.00 to 5.40 Mev. The angular distributions for the deuteron groups are strongly peaked in the forward 
direction and indicate that the simple stripping interaction is the predominant mechanism of these reactions. 
The angular distributions of the proton groups are more complex and more difficult to interpret ; however 
the yield curves change rather slowly with energy suggesting that direct interaction mechanisms may be 


important. 


I. INTRODUCTION 


A PROGRAM was established a few years ago at 
the U. S. Naval Research Laboratory to study 
the interactions of He’ particles with light nuclei. The 
main purpose of this progarm has been to investigate 
the nature of the mechanism involved in these inter- 
actions. This paper is one in a series,!~> and reports the 
experimental results of the study of He’® interactions 
with B". 

The differential cross sections for 7 proton groups 
from the B"(He’,p)C™ reaction and 2 deuteron groups 
from the B!(He’,d)C” reaction have been measured at 
a bombarding energy of 4.5 Mev. The differential cross 
sections of several of these groups have also been de- 
termined at 5.4 Mev. In addition, the yield curves for 
3 proton groups and the ground-state deuteron group 
have been investigated over the energy region extending 
from 3.00 to 5.40 Mev. 

The Q value for the B"(He’,d)C” reaction® is 10.456 
Mev, which is the second highest (He*,d) Q value in the 
light nuclei. It is of considerable interest to see if this 
reaction proceeds by a simple stripping mechanism. 


1 Holmgren, Bullock, and Kunz, Phys. Rev. 104, 1446 (1956). 

2H. D. Holmgren, Phys. Rev. 106, 100 (1957). 

3 Holmgren, Geer, Johnston, and Wolicki, Phys. Rev. 106, 102 
(1957). 

4Tllsley, Holmgren, Johnston, and Wolicki, Phys. Rev. 107, 538 
(1957). 

5 Johnston, Holmgren, Wolicki, and Geer, Phys. Rev. 109, 884 
(1958). 

6 Moak, Galonsky, Fraughber, and Jones, Phys. Rev. 110, 1369 
(1958). 


II. PROCEDURE 


A thin evaporated B" target (~50 kev of 99.8% B" 
on a 40-microinch nickel foil) was bombarded with a 
beam of singly ionized He’ particles from the 5-Mv NRL 
Van de Graaff accelerator. The reactions were studied 
in a sliding seal reaction chamber’ using a CsI crystal to 
detect the reaction products. The sliding seal chamber 
allowed the angle of the CsI crystal counter to be varied 
continuously from 0° to 130°. In addition, a fixed moni- 
tor counter at 163° to the axis of the beam allowed a 
single point to be obtained at this angle. For angles 
below 20° the collector cup was removed and the beam 
was stopped on a 200-microinch nickel foil which was 
inserted behind the target. This foil was sufficiently thin 
to allow most of the reaction products to pass through 
it. The current to this foil was measured; however, the 
beam was actually monitored by the 163° monitor 
counter during this period, since no means of repelling 
secondary electrons was provided. 

Over a large region of angles the ground state deuteron 
groups produced about the same size pulses in the CsI 
crystal counter as the p1, po, or ps3 proton groups. 
Figure 1 shows the pulse-height spectra obtained at 110° 
for a bombarding energy of 4.5 Mev with a 100-channel 
pulse-height analyzer. Because of the different energy 
losses in Al of protons and deuterons, it was in general 
possible to separate the ground-state deuteron group 
from the proton groups by adding Al absorbers (see 
Fig. 1). On the other hand, regardless of the Al absorber 


7F, I. Louckes, Rev. Sci. Instr. 28, 468 (1957). 
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Fic. 1. The pulse-height spectra of charged particles obtained from the bombardment of B™ with 4.5-Mev He*-particles 
at an angle of 110 with a 100-channel pulse-height analyzer. 


thickness it was impossible to observe the first excited- 
state deuteron group completely separated from the 
proton groups, due to the large number of proton groups 
in this region of the spectrum. However, if the two 
spectra were taken with different thicknesses of absorber 
it was possible in one case to observe the deuteron group 
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Fic. 2. The differential cross sections as functions of the center- 
of-mass angles for the B"(He',d)C” reaction leaving C” in the 
ground state and first excited state at a bombarding energy of 
4.5 Mev. 


superimposed on a proton group or groups, and then 
in the second case the proton groups by themselves 
(see Fig. 1). In this manner it was possible to determine 
the number of deuterons in the first spectrum by sub- 
tracting the protons observed in the second spectrum. 
Actually, if the deuterons were identified in both spectra, 
this procedure permitted two independent determina- 
tions of the number of deuterons. In general this proce- 
dure was found to give consistent results. 





Fic. 3. The differential cross sections for the ground-state 
deuteron group from the B"(He?,d)C” reaction at a bombarding 
energy of 5.4 Mev. 
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Fic. 4. The differential cross sections for the po, p1, and 
p243 groups from the B" (He?,p)C# reaction at 4.5 Mev. 


Since the cross sections for the B'°(He*,p)C® reac- 
tions* and the natural abundances of B" and B" are 
known, the absolute differential cross sections for B"™ 
were determined by measuring the yields of the proton 
groups from a natural boron target. 


III. RESULTS 


The differential cross sections for the B'(He*,d)C” 
reaction to the ground state - first excited state of C™ 
at 4.5 Mev are shown in Fig. 2, and to the ground state 
at 5.4 Mev in Fig. 3. In Figs. 4, 5, and 6 differential 
cross sections for the proton groups observed from the 
B" (He*,p)C” reaction at 4.5 Mev are given. Figure 7 
shows the cross sections for three of these groups at 














Fic. 5. The differential cross sections for the p¢.s7 and $7.55 
groups from the B"(He®,p)C" reaction at 4.5 Mev. 


8 Schiffer, Bonner, Davis, and Prosser, Phys. Rev. 104, 1064 
(1956). 
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Fic. 6. The differential cross sections for the fy.52 and po.91 
groups from the B"(He',p)C* reaction at 4.5 Mev. 


5.4 Mev. The yield curves for the ground-state deuteron 
group between 3.00 and 5.40 Mev at 60°, 90°, and 163° 
are presented in Fig. 8. The yield curves for the ground- 
state proton group at the same angles and over the same 
energy range are shown in Fig. 9 and those for the com- 
posite group corresponding to the first, second, and third 
excited-state proton groups in Fig. 10. At 90° it was 
possible to resolve the first excited-state proton group; 
thus this yield curve is also shown in Fig. 10. 

Since the second and third-excited states of C™ differ 
by only 0.03 Mev it was not possible to resolve these 
two groups and they are shown as a composite group 
throughout. Due to the uncertainty of the existence and 
of the locations of other states above the third excited 
state, the states observed here have been labeled by a 


Fic. 7. The differential cross sections for the po, pi, and po+p; 
groups at 5.4 Mev for the B"(He*,p)C" reaction. 
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Fic. 8. The yield curves for the do group from the Bu (He’, d)C® re- 
action as functions of the bombarding energy at 60°, 90°, and 163°. 


number corresponding to the energy of excitation in the 
C* nucleus; thus p¢.s7 corresponds to a group of protons 
leaving the C® nuclei excited by 6.87 Mev. 

The uncertainties indicated in these figures are the 
uncertainties due to statistics and reproducibility of the 
data. They indicate the relative uncertainty of the data. 
The absolute uncertainty depends primarily upon the 
accuracy of the determination of the cross sections for 
the B'°(He*,p)C” reaction by Schiffer et a/.8 which is 
stated to be about 15%. 

The solid curves shown in each figure represent only 
a smooth line drawn through the experimental data 
points. The dashed curves shown in Figs. 2 and 3 repre- 
sent attempts to fit these data with a forward stripping 
model’ for the interaction mechanism. In the calculation 
of these curves a wave function for the He® particle of 
the form W(He*)=C exp(—~y">_ i;Ri7) has been used. 
With this wave function the forward stripping theory 
predicts the following expression for the differential 
cross section : 


o(6)=M, exp(— hue, /‘4y?) 


hi(R pp) Ory | ne 


7 [9.5 (tte ») St (kite? p) Ohi (kyr ») | 


Ory 
kue=Ka—- 2K ue, 
ine=Kue— (Mr /M )Ka, 


[2M@mM, 
k= +9] ; 
h? M; 


Ka and Ky, are the center-of-mass wave numbers for 
the deuteron and the He’ particle; y is a quantity which 
is related to the radius of the He*-particle. Ro is the 
usual radius of interaction. M;, M;, and M, are the 
masses of the target nucleus, residual nucleus, and pro- 


*H. C. Newns, Proc. Phys. Soc. (London) A65, 916 (1952). 
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ton; ¢ and Q are the binding energy of a proton in He® 
and Q value for the reaction, respectively. M; is the 
factor which determines the absolute magnitude of the 
cross section; it depends upon the internal wave func- 
tions of the initial and final nuclei. The dashed curves 
shown in Figs. 2 and 3 were calculated for /=1. 


IV. DISCUSSION 


The angular distributions of the deuteron groups seem 
to indicate that the stripping interaction is the pre- 
dominant mechanism by which the B"(He',d)C” re- 
action takes place. This is particularly true for the 
ground-state group, where even the forward stripping 
theory gives a reasonable fit to the experimental data. 
The observed discrepancies could probably be removed 
by including the Coulomb effect (which would tend to 
decrease the theoretical cross section at low angles and 
increase it at higher angles), and the effect of nuclear 
interactions of the outgoing particle (which also would 
tend to increase the contribution at high angles). On 
the other hand, the inclusion of these refinements in the 
forward stripping theory would not be expected to alter 
the shape of the theoretical curve for the first excited- 
state deuteron group sufficiently so as to produce satis- 
factory agreement with the experimental data. The ob- 
served decrease in the cross section at small angles may 
again be attributed to the Coulomb effects; however 
the narrowness of the peak at 15° could not be ac- 
counted for without using excessively large values of 
Ro(Ro>15X10-* cm) or excessively small values of 
¥v(vy<0.1X10-" cm~) corresponding to unreasonably 
large values for the radius of the He®-particle. This 
failure of the theoretical expression to fit data is due 
fundamentally to the kinematics of the reaction which 
demand that the momentum transfer, xue*, and the 
internal momentum of the He*-particles, kye*, change 
slowly with angle at small angles. Thus, it is virtually 
impossible to fit the data within the confines of the 
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Fic. 9. The yield curves for the po group from the B" pg, p)C'8 re- 
action as functions of the bombarding energy at 60°, 90°, and 163°. 





B!1(He#?,p)C!?8 


forward stripping theory. It appears necessary to in- 
clude an additional process into the theoretical expres- 
sion which would interfere destructively with the strip- 
ping process in the region 30° to 50°. The nature of this 
process cannot be predicted on the basis of the present 
results. It may arise from exchange stripping” or com- 
pound nucleus formation. The enhancement of this 
process relative to the forward stripping process in re- 
actions leading to the the first excited state may possibly 
be due to the “cluster” characteristics" of the low-lying 
excited states of C”. 

The smooth behavior of the yield curves (Fig. 8) for 
the dy group seems to add further strength to the argu- 
ment that this group is produced primarily by a direct 
interaction. However, lack of information about the 
energy levels of the compound nucleus (N"™) in the 
region of 24-Mev excitation prohibits the placing of 
strong emphasis on this point. It may be that at this 
energy there exist a sufficient number of overlapping 
levels to make the yield curve appear smooth. 

At a bombarding energy of 4.5 Mev, the angular dis- 
tribution of the ~».9 proton group exhibits a rather 
strong forward peak suggesting the presence of direct 
interaction. The angular distributions of the other pro- 
ton groups observed, with the possible exception of the 
po group, do not have a strong angular dependence. 
At 5.4 Mev, the angular distribution of the po group 
appears more strongly peaked in the forward direction 
and thus seems to enhance the evidence at 4.5 Mev that 
the direct interaction leads to an important contribution 
to this group. The yield curves for these reactions 
(Figs. 9 and 10) are not as smooth as those for the do 
group, but it is not possible to differentiate between 
compound nucleus and direct processes on the basis of 
them. These slow variations with bombarding energy 
could easily arise from interference terms in stripping or 


0G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957), 
and private communication. 

1K, Wildermuth and T. Kamellopoulos, Nuclear Phys. 7, 151 
(1958). 
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Fic. 10. The yield curves for the composite group, p1+p2+ ps, 
from the B"(He',p)C8 reaction at 60°, 90°, and 163°, and the 
pi group at 90°. 


exchange interactions,” as well as from resonances in 
a compound nucleus process. 

In any case, it appears that the angular distributions 
and yield curves for the proton groups can not be ac- 
counted for on the basis of forward stripping and that 
some other process is involved. The nature of this process 
cannot be determined from the existing data. However, 
both exchange and compound nucleus interactions might 
be expected to play more important roles relative to 
forward stripping for the (He*,p) reactions. This is due 
to the fact that, generally, it is more difficult to remove 
a deuteron from the target nucleus of compound nucleus 
than it is to remove a proton. The comparable cross 
sections for these reactions (Figs. 2-7) indicate, how- 
ever, that the process for (He*,p) reactions is not over- 
whelmingly larger than the stripping process for the 
(He*,d) reactions. 

The present data is not inconsistent with the pre- 
viously observed trend for low-Q (He*,p) reactions to 
behave predominantly like compound nucleus reactions® 
and high-Q reactions like direct interactions.! 
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The Argonne double lens beta spectrometer and associated 
coincidence circuit have been used to observe the beta transitions 
of Pr“, The validity of the spin and parity assignment, 0— to 
Pr“ jis supported by a measurement of the shape of the 
(1.240.1)% abundant 2.3-Mev beta transition, observed in 
coincidence with the 697-kev gamma ray. Its shape is that of the 
unique (AJ=2, yes) first forbidden transition expected if the 
transition goes from 0— Pr' to the 2+ first excited state of 
even-even Nd. The shape of the (1.0+0.1)% abundant 807+5- 
kev beta transition to the 2.19-Mev level in Nd was observed in 
coincidence with the 1.49 and 2.19-Mev gamma rays. Its allowed 
shape is consistent with a O— assignment for Pr. With this 
assignment the transition between the ground states is a 0— to 
0+ case. The shape of this 2996+:3 kev 97.8% abundant transition 
was obtained from the total spectrum by small subtractions of the 
inner groups. Its nearly allowed shape is easily explained with a 


I. INTRODUCTION 


HE main features of the decay of 17 min Pr'# 

have been known for some time! (see Fig. 1). 
The evidence appeared consistent with an assignment 
of 0O— to the Pr ground state. The intense 3 Mev 
8 transition to the ground state of even-even Nd" is 
then a O— to 0+ transition, one in which only the 
Gamow-Teller and pseudoscalar matrix elements can 
contribute. The pure tensor‘ interaction predicts a 
violently nonallowed shape for O— to 0+ and, in the 
days when the He® £-recoil correlation experiment® 
spoke strongly for tensor as the G.T. part of the beta 
interaction, this meant that the pseudoscalar inter- 
action certainly had to be included in order to try to 
explain the nearly allowed shape. This was discussed 
recently by Zirianova® and by Laubitz.’ It is worth 
emphasizing that this conclusion does not depend at all 
on any subtleties of the ground state shape measure- 
ments, since the T shape factor increases by 100% 
from 0.3 to 3 Mev. 

Our interest in the problem was stimulated by the 
obvious lack of agreement between the earlier work!~* 
and the experimental results of Laubitz’ on the ground- 
state transition shape and by the observation that 
axial vector interaction alone could quite easily explain 
the nearly allowed shape of the ground-state transition 
in contrast to the forced, if not impossible, 7P fitting.®7 

* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

oa W. Alburger and J. J. Kraushaar, Phys. Rev. 87, 448 
2F. T, Porter and C. S. Cook, Phys. Rev. 87, 464 (1952). 

’ Emmerich, Auth, and Kurbatov, Phys. Rev. 94, 110 (1954). 

on? Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
¥ ’B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955). 

®L. N. Zirianova, Izvest. Akad. Nauk S.S.S.R. Ser Fiz. 20, 
1399 (1956). 

™M. J. Laubitz, Proc. Phys. Soc. (London) A69, 789 (1956). 


pure axial vector shape factor; in contrast, the tensor-pseudoscalar 
formalism fails to reproduce the shape. The ratio of axial vector 
matrix elements A= (i f'ys//@-r) can be determined from the 
shape; our data give \=5+2. This is the same absolute magnitude 
as some theoretical estimates but has the opposite sign. Our 
experimental results are in good agreement with those of Graham, 
Geiger, and Eastwood who have already pointed out that this 
O— to 0+ transition does not offer a sensitive measure of the 
relative size of pseudoscalar to axial vector coupling constants 
although the net relative contribution of the direct pseudoscalar 
part to the whole AP shape factor must be <1% (with Rose- 
Osborne formalism). 

An incidental result of the present work is that the Hp of the K 
conversion line of the 133.5-kev transition following the 6 decay 
of Ce™ has been measured as 1064.8+0.6 gauss-cm. 


During the course of our work we learned that a group 
at Chalk River® had been working along the same lines 
as we, and that their results are in good agreement 
with ours. Further, the results of the He® recoil energy 
spectrum measurement? as well as reappraisals of the 
B-recoil correlation work have since indicated strongly 
that the G.T. part of the 6-decay interaction is axial 
vector. The purpose here, then, is first to establish the 
O— assignment for Pr’ by examining carefully the 
shape of the 2.3-Mev 8 spectrum in coincidence with 
the 697-kev gamma ray (see Fig. 1). Its shape should 
be the first forbidden unique one (AJ=2, yes) if the 
Q— assignment is correct for the Pr; we find it very 
close to the unique shape. The 807-kev group, measured 
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Fic. 1. Decay scheme of Pr, The values for the transition 
energies and abundances are those of the present work. 


’ Graham, Geiger, and Eastwood, Can. J. Phys. 36, 108 (1958). 
We wish to thank Dr. Graham for prepublication communication 
about their results. 
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0- TO 0+ 8 
in coincidence with the 1.49- and 2.19-Mev gammas, 
has the allowed shape also consistent with 0O— assign- 
ment. Secondly, we examine the transition between the 
ground states in the light of the O— assignment. 

For a 0— to 0+ transition with axial vector as the 
G. T. part of the interaction, only two matrix elements 
Sys and fo-r can give significant contributions.4 The 
abundant ground-state transition derived from the total 
spectrum by small and insensitive subtractions of the 
inner groups has been fitted to the theory (assuming no 
systematic experimental errors); we find the ratio of 
the matrix elements (A=i/y;/fo-r) \=5 with a 
standard deviation of 2 (on a least squares basis). This 
one parameter problem gives relatively sharp values in 
contrast to the usual first forbidden nonunique cases 
where the flexibility of 2 or 3 parameter fits yields only 
broad ranges for the parameters. 


II. 2.3-MEV GROUP IN COINCIDENCE 
A. Circuitry 


The operation of the Argonne double lens spec- 
trometer with its coincidence circuitry has been de- 
scribed in some detail before.” Also its scattering 
properties and performance with somewhat lower 
energy spectra than those in Pr'* can be seen as given 
by Porter et al.1 We have extended considerably the 
investigations of the scattering in the spectrometer 
and some of these details will be discussed in the section 
on the ground-state transition. As far as the coincidence 
circuitry is concerned, only one change should be noted, 
namely, that the “fast” coincidence circuit in the fast- 
slow arrangement now is similar to that of Bell, Graham, 
and Petch” with 404A limiter stages whose outputs 
are delay-line shaped and detected with a biased G7A 
diode. With 40 mysec shaping time we obtain a 
measured 27 value of ~70 musec. This conservative 
value keeps the measured over-all coincidence effciency 
high. 

The method for the measurement of the coincidence 
efficiency deserves one comment in addition to the 
description given in reference 10. This method assumes 
that for a fixed gamma input the efficiency depends 
solely on the beta pulse height. This is not exactly true 
because the transit time of the beta particle in the 
spectrometer varies with energy. Thus 10-volt pulses 
(in the slow analyzer) produced by 30-kev electrons and 
10-volt pulses produced by backscattered 1-Mev 
electrons do not have the same delay curve. The shift 
in this example is some 3 mysec (for a one meter path 
length), a value small compared to the full width of the 
curve in the present experiments. 


10 Porter, Freedman, Novey, and Wagner, Phys. Rev. 103, 921 
(1956) ; see also Argonne National Laboratory Report ANL-5525 
(unpublished). 

11 Porter, Wagner, and Freedman, Phys. Rev. 107, 135 (1957). 

12 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952), 
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B. Gamma Detector 


The gamma detector consisted of a 2}-inch diameter 
by 2§ inch high cylindrical NaI(T!) crystal, a Lucite 
light pipe (28-inch X2}-inch diameter), and a Du 
Mont 6363 phototube, all enclosed in a brass tube 
34-inch o.d. with §-inch wall thickness. Pulse-height 
measurements with and without the light pipe showed 
that it transmitted 0.4 of the crystal output. Wrapping 
with shiny Al foil was better than no wrapping. The 
whole assembly is introduced into the spectrometer 
with sliding O-ring seals so that the position of the 
crystal relative to the source can be adjusted. The 
vacuum seal is 0.030-inch Cu sheet soldered on the 
crystal end of the brass tube. This formed part of the 
absorber “sandwich” which is necessary for this 
experiment. Since Pr! is conveniently studied with 
equilibrium sources of its parent 284 day Ce the 
lower energy y radiation (principally the 134-kev 
gamma) of Ce’ was attenuated to prevent over- 
burdening the gamma channels with low amplitude 
pulses. The absorber, consisting of 3.25-inch diameter 
disks clipped to the end of the counter tube, had on the 
source side 1.1 g/cm? of Be to stop most of the beta’s 
and then a Pb-Cd-Cu “sandwich” in that order. The 
net effect of the whole absorber is to reduce the 134 
kev y by a factor 0.007 and the 700 kev y by 0.74. 

To maximize the solid angle, the gamma detector 
should be as close to the source as possible without 
introducing any scattering distortions. Since the source 
is mounted independently of the gamma detector the 
scattering effect of the gamma detector can be measured 
easily by focusing a particular energy (most sensitively 
the lowest energy of interest in the spectrum) and 
moving the detector in steps toward the source from 
a fully retracted position. At 800 kev, the lowest 
energy of interest for the 2.3-Mev group, the distance 
between the beryllium disk and the source was reduced 
to § inch where about 0.25% increase in the rate was 
noticed. One quarter inch showed no effect and that 
was the spacing for the experiment." 


C. Source Preparation 


Old fission product Ce™ (Oak Ridge batch 50) was 
cleaned from inert solids by hexone extraction." 
Careful surveys of the gamma spectrum and conversion 
electron spectrum failed to show any impurities. In 
particular Ce™ was present <5 in 10~*, The possibility 
of Sr®-Y® contaminant was checked radiochemically 
to be less than 1 in 10‘ of the decays. 

An aliquot of the source material was dried on a Pt 
disk, weighed, and counted, giving ~80 yug/millicurie. 

13 Using Be is definitely worthwhile. Even such a low Z material 
as Lucite shows distortions sooner than Be. For example at the 
more sensitive energy of 300 kev on a 3-Mev spectrum Be at } 
inch shows 0.8% increase while Lucite shows about 1.8%. 

14 Glendenin, Flynn, Buchanan, and Steinberg, Anal. Chem, 


27, 59 (1955). 
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This was done in order to have a firmer idea of the 
specific activity. All samples used in the present work 
were prepared by volatilization (sublimation) from hot 
Pt or W filaments"® in vacuum onto 200 ug/cm? Al foil. 
Appropriate masks defined the size of the source. For 
the coincidence work a }-in. diameter source of 7X 10" 
disintegrations/min (Ce+ Pr) was used. This was visible 
as a haze on the Al backing and was probably, on the 
basis of the specific activity of the source material, 
<50 ug/cm?. Small source holder rings (3-in diameter) 
and their supports have been shown to be a source of 
scattering (3% effects on a 3-Mev spectrum) in the 
large transmission mode of operation of the spec- 
trometer. Therefore the 3-inch diameter 200 yg/cm? 
Al foil was in turn glued onto a 4-inch diameter Mylar 
foil (900 yg/cm?*, aluminized on both sides) in which a 
3-inch hole had been punched. The large foil is supported 
on a thin Al ring of 4-inch diameter. Electrical resistance 
from outside ring to Al foil was <10 000 ohms. 


D. Experimental Procedure and Treatment 
of Data 


We give here a recitation of some of the pertinent 
details of the experiment. One of the important points 
in a measurement of this type is that the gamma channel 
accept the same part of the gamma spectrum at all 
times, in this case the 697-kev photopeak. Besides 


fluctuations in the electronic gain, two other effects 
are important. First of these is the gain change in the 
photomultiplier due to the changing magnetic field 
during the survey of the spectrum. Mu-metal shielding 
reduced this to 1.3% gain decrease in going from 0.8 to 
2.3 Mev. A much more important effect is the increase 
in the gamma count due to the increase in brems- 
strahlung as more betas are pulled toward the gamma 
counter on the axis of the spectrometer with increasing 
field (about 3% increase in the G channel count as the 
B energy focused is varied from 0.8 to 2.3 Mev). It 
should be pointed out that even without the compli- 
cation of the “variable bremsstrahlung” effect just 
mentioned, there is some danger in using the usual 
method of normalizing with the gamma count because 
the real coincidences/gamma count is not a very flat 
function of gamma channel setting (the 697-kev 
phetopeak is sitting on the Compton distributions of 
the 1.49 and 2.19 gammas, which are not in coincidence 
with the 2.3-Mev 8 group). A study of the real coincident 
rate as a function of gamma channel setting showed 
that analyzed gamma gain must be constant to ~5% 
to keep the real rate constant to 1%. Now, with the 
channel width extending from 575 to 825 kev (spanning 
the base width of the 697-kev photopeak) the analyzed 
gamma counting rate was a monotonic function of the 
gain such that 1% gain change results in 3% change in 


‘6 Filaments were raised to high temperature in vacuum before 
loading to remove any volatile foreign material and, in the case 
of W, volatile oxides. 
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counting rate. Thus the procedure was to check that 
each analyzed gamma count met within limits a 
prescribed value which took into account the “variable 
bremsstrahlung” effect and small half-life corrections. 
No analyzed gamma count strayed from the prescribed 
value by more than +1.5% so that the variable gain 
effect on the real rate was less than ~0.2%. 

Each point on the spectrum was surveyed eight 
times during the run, taking every other point with 
increasing spectrometer current and the alternate points 
with decreasing current. The total elapsed time of the 
run was about 50 hours. The resolving time of the fast 
circuit 27; was monitored every 10 hours by the in- 
sertion of 100 musec delay in the 8 side. Before and after 
the run 27; was measured with independent sources. 
These values agreed with the delayed values, within 
statistics, giving (1.09+0.02)X10~ min. Auxiliary 
experiments showed 27; to be independent of beta 
energy from 100 kev to 3 Mev. About every 3 hours 
checks were made on analyzed beta and gamma gains 
via pulse-height distributions, gamma window width 
via precision pulser, and the working current of the 
potentiometer in the spectrometer current control. 

The differential coincidence efficiency” was deter- 
mined before and after the run using Zr®-Nb® as a 
source of coincidences with gammas of approximately 
the same energy as the 697-kev Pr gamma. The 
over-all coincidence efficiency was 99.2% at 800 kev 
increasing to 99.7% at 2.3 Mev. Uncertainties in 
over-all efficiencies are ~0.1%. The beta integral 
discrimination level was 47 kev. No cooling was used 
on the beta photomultiplier (Du Mont 6292) which 
viewed the 1-mm thick X10-mm diameter anthracene 
crystal through a 1-inch diameter X30-inch long 
Lucite light pipe. The beta background was 45 c/m. 

The treatment of the data follows the pattern of 
reference 10 with the exception discussed above, that 
we did not normalize to unit analyzed gamma count. 
Slow-chance and dead-time corrections!® were the order 
of 0.1%. The beta rate at the peak of the spectrum 
was 1.1X10° counts/min, the analyzed gamma rate 
2X 104 counts/min. The (fast) chance rate at the peak 
of the spectrum was ~6% of the triple rate, while at 
2.14 Mev, the highest energy point, it was 28% of the 
triple rate. A total of 1400-1700 coincidences were 


collected on every point. 


16 The analysis of dead time effects depends on the particular 
circuitry of the fast-slow arrangement, gain setting, etc. We would 
like to point out that fast channel dead time may not be negligible 
in many experiments although they were here. They arise in the 
distributed amplifiers or in the limited stages. For these experi- 
ments the fast channel effective dead times were 2 ywsec. An 
additional factor (1-++4,g) (1+) should appear in the dead time 
correction factor,!° where 6’s are the beta and gamma efiective 
fast channel dead times and g and 6 are the rates below the 
respective analyzer windows. The latter restriction is imposed if 
the slow channel dead times are longer than the fast ones. Finally 
one should note that in computing slow chance” rate the expression 
should have just r,, not 27,, if the fast channel] dead times are 
longer than the triple coincidence circuit pulses. 
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The spectrometer resolution correction was made 
using the first and second moments of the transmission 
curve of the spectrometer, derived from the line shape 
of the 134-kev K conversion line, together with the 
first and second derivatives of the experimental mo- 
mentum spectrum, which were obtained graphically. 
With the transmission at 5% the width at half-height 
of the line is 6.7%. The corrections are less than 1% 
for all the points except the four of highest energy, the 
highest reaching 13% correction. 

There are two additional corrections which deserve 
special mention and they are treated in the following 
two sections. 


E. I.B.—Beta Coincidence Correction 


Because the beta groups measured in coincidence are 
very low intensity transitions, the coincidences between 
inner-bremsstrahlung (I.B.) photons and betas of the 
intense 3-Mev transition are not negligible. The ideal 
way to observe the magnitude of the effect would be to 
put in place of the Pr a pure 3-Mev beta emitter. 
This not being available, the 2.3 Mev pure beta emitter 
Y” was used. While it is a unique transition, the 
intensity and angular distribution of I.B. from the 
forbidden transitions are not markedly different.!”-” 
The gamma counter position and absorbers were the 
same as for Pr run but the gamma window was 
lowered from 700 kev to 560 kev so that the LB. 
photons in the window per 6 would be the same (calcu- 
lated) as for the Pr‘ case. With a source of ~ 1.7 108 
(Sr+Y) a maximum rate of 1 c/m with chance rate of 
2 c/m was observed. The end point of this spectrum in 
coincidence with I.B. between 455 and 655 kev had an 
end point of ~1.8 Mev as expected (2.3 minus 0.45 
Mev). This momentum distribution was expanded in 
momentum by a factor to take into account the higher 
end point for the Pr’ case and adjusted in magnitude 
by a factor to take into account the difference in the 
source strengths of the Pr‘ and Y*. This adjusted 
real rate was subtracted point by point from the Pr 
data. The correction was <2% for any point. Another 
approach would be to calculate the correction. It is 
judged by us that this relatively crude empirical 
procedure is more accurate in view of the strong 6-I.B. 
directional anisotropy, and the problem of folding in 
crystal response curves. 


F. 6-y Direction Correlation Correction 


A large 8-y directional anisotropy exists between the 
2.3-Mev beta group and the 697-kev gamma ray; the 
fact that it is 8 energy dependent means large correc- 
tions to the spectrum observed in coincidence. Graham 


17 Bolgiano, Madansky, and Rasetti, Phys. Rev. 89, 679 (1953). 

18 T, B. Novey, Phys. Rev. 89, 672 (1953). 

#C. S. Wu in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), p. 
649. 
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et al.® find about 15% less than a full unique anisotropy, 
one of the largest B-y anisotropies ever measured. 
They do not rule out the possibility that the correlation 
is full “unique.” Therefore in the correction of the 
coincidence spectrum we assumed first that the maxi- 
mum anisotropy was “full unique,” namely 


A(E>) =[W (x,Eo) —W (4/2,Eo) VW (4 /2,E0)=1. (1) 


(Eo is the end point beta energy) and that the energy 
dependence is the same as that given by the theory 
for a spin sequence (0, —) — (2, +)— (0, +). The 
problem then is to integrate the correlation function 


W (0,E) =1+42(E)P2(cos6), (2) 


over the solid angle of the detectors with coordinate- 
dependent weighting factors to take into account the 
variation in the efficiency over the detector aperture. 
Here 6 is the angle between 8 and y directions, E the 
beta energy, @2(£) was obtained from Hauser’s treat- 
ment,” and P2(cos#) is a Legendre polynomial. The 
beta efficiency was taken as constant over the spec- 
trometer aperture. The gamma detector response was 
measured with a collimated beam of gamma rays. 
Since the Pr 697-kev gamma is of low intensity, 
Zr®-Nb® (mostly 767 kev, some 722 and 754 kev) and 
Cs'87 (660 kev) sources were used. The collimator 
consisted of three one-inch thick lead plates spaced an 
inch apart. The holes were 0.055-inch diameter and the 
source was confined to a small cylinder 0.055 diameter 
and ~} inch long one inch back of the last Pb plate. 
The collimator and gamma detector were assembled 
outside the spectrometer. The collimator is on a 
carriage which rotates about an axis. The collimated 
beam passes directly over the axis; this intersection 
defines the source position, and the gamma detector 
and its absorber sandwich is placed relative to this point 
exactly as it was relative to the source in the spec- 
trometer. X-ray film exposed at the face of the detector 
showed a sharp spot ~;’g-inch diameter. The calculated 
angular divergence of the beam was <1 degree. The 
response was surveyed across various diameters of the 
detector with the electronic window including only the 
photopeak as during the coincidence runs. Background 
was taken with a 1-inch Pb plug blocking the beam and 
constituted ~} of the rate. Only small differences were 
observed between different diameters of the crystal. The 
760 kev and 660 kev normalized response curves 
showed no significant differences. 

The numerical integration was done assuming a 
point source and using this experimentally obtained 
response function. The result was that 


N’(E)/N(E) =1+0.527 2A4(E)/[3+A(E)], (3) 


where N’(E) is the observed coincidence distribution, 
N(E£) the true distribution of betas, and A(£) is the 
anisotropy. 


2 T, Hauser, Nuovo cimento Suppl. 5, 182 (1957). 
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Fic. 2. Kurie plot of the 1.2% abundant 2.3-Mev beta group of 
Pr'#. The data were obtained with the magnetic spectrometer 
in coincidence with NaI detector viewing the 0.697-Mev gamma 
ray. The unique (AJ=2, yes) correction factor Ci4® has been 
applied. 


The particular geometry of this case indicated finite 
size source effects might be significant. The expansions 
of Feingold and Frankel* do not converge rapidly 
enough for our case so the more complicated inte- 
gration™ over both detectors and the source was done 
with one simplifying assumption, namely, that the 
gamma detector and its actual response curve was 
replaced by an ideal gamma counter with uniform 
response but of a diameter chosen so that the result 
of the integration for a point source agrees exactly 
with the result of the integration for a point source 
and the actual detector. The net effect of the finite 
source consideration was that 0.527 in Eq. (3) was 
replaced by 0.513, which was used in correcting the 
spectrum. The correction factor (Eq. 3) ranged from 
1.26 near the end point to 1.09 at 800 kev or about a 
16% correction to the spectrum shape over the energy 
range observed. If one takes A (/o)=0.85 and the same 
sort of energy dependence as the “unique” case the 
correction factor would range between 1.23 to 1.08 or 
about 14% correction to the shapes. Thus the order of 
2% uncertainty in the experimental shape is introduced 
by the uncertainty in the magnitude of the 6-y direc- 
tional anisotropy. 


G. Results 
A Kurie plot of the 2.3-Mev 6 group is shown in 
Fig. 2 with the C14 correction factor applied, 
Cya® « K*Lo+9L). (4) 
The notation is that of Konopinski and Uhlenbeck.‘ 


21 A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 

* We are much indebted to Dr. James P. Monahan for helping 
us set up the problem and for coding the numerical part for the 
IBM-704 computer. 
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The superscript on the C indicates AJ=2, K is the 
neutrino energy, Lo and L; are combinations of electron 
radial wave functions tabulated by Rose ef al/.% The 
Fermi function is screening corrected.” 

A weighted least squares fit to a straight line gives a 
standard deviation of +3 kev for Eo. This estimate for 
the standard deviation of course reflects only the 
internal consistency of the data and not the uncertain- 
ties in calibration of the instrument. But it is just the 
uncertainty from the internal consistency of the data 
that should be included in the shape factor errors. The 
experimental shape factor is given in Fig. 3. The error 
flags include the contribution from counting statistics, 
uncertainty in the fast coincidence resolving time of 
+5%, and the uncertainty in Ey just noted. These are 
the major contributors to the error. The next largest 
contributor (~ 2%) is the uncertainty in 8-y anisotropy 
correction ; this is not included in the flags. 

The solid curve is Ci4®, and it is seen that the 
experimental uncertainties very definitely include the 
unique shape factor and indicate then the assignment 
of 0O— to Pr, 

Can the assignment 1— be excluded? The answer is 
not simple. With a spin change (1—) — (2+) four 
matrix elements contribute, fr and fe from the vector 
part of the beta interaction, and fo Xr and ¥;;| B;;|? 
from the axial vector part. This is a three parameter 
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Fic. 3. Experimental shape factor for the 2.3-Mev beta group 
in Pr, Data taken in coincidence with the 0.697 gamma ray. 
The error flags (standard deviations) include contributions from 
the number of counts, uncertainty in the resolving time of the 
coincidence circuit and uncertainty in the Ep value. 

% Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Report ORNL-1459, 1953 (unpublished). 

*4 National Bureau of Standards Applied Mathematics Series 
No. 13 (U. S. Government Printing Office, Washington, D. C., 
1952). 
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fit problem and it is certain that small admixtures of 
the other matrix elements with 2,;|B,;|? (only con- 
tributor to (O—) — (2+) transition) are within the 
experimental errors. As an example we have considered 
the case in which the other contribution comes mainly 
from foXr. The energy dependent factor for this 
matrix element increases almost linearly with 8 energy 
and with a slope comparable to the higher energy part 
of the unique factor. The parameters a and 6 (and their 
standard deviations) in the following expression,‘ 


Cra & Bla(§K*Lo+-Mot+3Lit 3K No) 
+ (qeK*Lot G11) ], (5) 


foxe 
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were found using a weighted least squares procedure.”® 
The electron radial wave function combinations Lo, Mo, 
No, L1, have been corrected for finite charge distri- 
bution after Rose and Holmes.”* Here 


fore] /zatpur, (6) 


and 6 normalizes the expression to the experimental 
values. The result shows that at the 68% confidence 
level the largest positive value for a from these data 
is a=3.5X10—. If one defines the fo Xr contribution 
as 


a= 


ae NES (7) 


| | 
f pane (§K?*Lo+Mot3LitZKNo)+2.5| Bij|?(GeK*Lo+iLi) 


at a particular energy, then the foXr contribution is 
less than 2.8% in the energy range 0.8 to 2.3 Mev 
despite the large ratio (~ 100) of the energy dependent 
factors. 

Graham ef al.’ have also measured the shape of this 
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Fic. 4. Kurie plot of the 1.0% abundant 807-kev beta group in 
Pr'4, Data taken in coincidence with 1.49- and 2.19-Mev gamma 
rays. 


group in coincidence, but their data could not rule out 
as much as 25% fo Xr contribution. Their B-y direc- 
tional anisotropy analyzed on a (1—)6(2+)y(0+) 
basis admitted either an 8% or 60% for contri- 
bution. Thus they could not on the basis of this 
argument alone completely rule out the 1— assignment. 
But at the 68% confidence level the present shape 
measurements and the §-y anisotropy of Graham et al. 
rule out (1—) for the Pr assignment. This is stated 
with the reservation that no complete analysis of the 
shape or 6-y anisotropy has been made with the com- 
plete V-A mixture, a three parameter problem. Strictly 
speaking the value of the 8-y anisotropy is not consistent 
with a 0— assignment, but the expected systematic 
difficulties* in the measurement usually result in a 
reduction of the true anisotropy. It is important to 
point out, as the Chalk River group has, that any 
increase in the experimental value’ for the anisotropy 
makes the argument against (1—) stronger. 


Ill. THE 807-KEV GROUP IN COINCIDENCE 


The shape of the 807-kev group is not definitive in 
establishing the spin assignment of Pr’. The most 
probable assignment for the 2.19-Mev level state in 
Pri js 1— on the basis of 0.697y-1.49y directional 
correlation.!:*8 The allowed shape of the 807 group as 
shown in Fig. 4 is consistent with the scheme as shown 
and it was necessary to demonstrate this consistency. 


25W. E. Deming, Statistical Adjustment of Data (John Wiley 
& Sons Inc., New York, 1958), Chap. IX. 

26 M. E. Rose and D. K. Holmes, Oak Ridge National Labora- 
tory Report ORNL-1022 (unpublished). 

27T, Davidson and T. B. Novey (private communication) have 
found in preliminary experiments values for this 6-7 an isotropy 
consistent with the “full unique” value after large corrections for 
the 8-IB contribution to the results. 

28R. M. Steffen, Phys. Rev. 95, 614 (1954). Also refers to 
unpublished polarization direction correlation work by Brazos and 
Roberts supporting parity change in the cascade, 
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The same kind of procedures and precautions which 
have been described above were followed in obtaining 
the 807-kev beta spectrum. Because there is no B-y 
directional anisotropy® from the 2.19 Mev y and little 
(none if the 807-kev B transition is allowed as in scheme 
of Fig. 1) expected from the 1.49 Mev vy, the gamma 
detector was set to accept all pulses >975 kev.” The 
distance from the source to the Be disk covering the 
end of the gamma detector was j of an inch, a distance 
giving <0.3% increase in the count at 300 kev on a 
3-Mev spectrum due to backscattering. The beta 
channel integral level was 40 kev. The over-all coin- 
cidence loss at 100 kev was 6.8% dropping to 0.1% by 
260 kev. I.B.-8 coincidences were checked by a pro- 
cedure described above using an Y® stand-in. This 
correction was ~1% up to 459 kev, then increased 
to 7% at 713 kev, and was 22% at 767 kev. Chance 
rates (2r7=75 musec) varied over the spectrum from 
10% of the total coincidence rate at 100 kev to 1% 
at the peak of the spectrum, to a maximum value of 
35% at the highest energy point. Between 1400 and 
2000 coincidences were recorded for each point during 
the 73 hr running time. The data, corrected for chance 
coincidences, dead time, I.B.-8 coincidences, coincidence 
efficiency, and spectrometer resolution are shown in 
Fig. 4. The error flags indicate standard deviations 
calculated from number of counts and uncertainty in 
the chance rate only. 


Iv. H, OF THE Ce 134 KEV K LINE AND THE 
$8 TRANSITION ENERGIES 


If the 134-kev K line momentum is known accurately 
one has a “built in” calibration line in the Ce™-Pr 
sources. In addition there was some interest in more 
accurate values of this line for calibration purpose in 
our low-energy permanent magnet spectrograph. We 
have compared the 134-kev K line with the Cs 
660-kev K line by way of the combination source 
technique. Cs"? and Ce™ are successively volatilized 
(sublimated) from a hot filament onto 200 yg/cm? Al 
with a }-inch diameter mask, the mask remaining 
always fixed with respect to the source foil and nearly 
touching it. The source spot was invisible. Normalized 
plots of the line shapes are compared by superposition. 
No differences in the line shapes were ascertainable. 
The readings of the Rubicon Type B potentiometer in 
the current control are checked against a Leeds and 
Northrup type K potentiometer across a water cooled 
manganin shunt (<3°C temperature variation) passing 
the spectrometer current. The potentiometers were 
compared directly and against a third potentiometer 


® One cannot include the Compton distributions in the gamma 
channel if 8-y anisotropy exists because of the difficulty in making 
the B-y anisotropy correction to the spectrum shape. Gammas 
scattered from particular regions of the spectrometer, the room, 
etc., have quite different 8-y correlations, but will not end up in 
the full energy peak of the gamma detector. We have seen changes 
in the 2.3-Mev group shape if much of the Compton distribution 
of the 697 kev 7 is included in the gamma channel. 
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(L & N White). All of this showed up some non- 
linearities in the potentiometer and the current control 
which can be summarized in a correction of 2 parts in 
10‘. The line positions could be determined to 2 parts 
in 10‘ at 1% resolution. Since only the components of 
the earth’s field transverse to the spectrometer axis are 
compensated in this instrument, a correction must be 
made for the uncompensated earth’s field along the 
spectrometer axis. This is investigated by running 
low-energy lines with the current reversed in the coils 
of the spectrometer and noting the shift in position of 
the line. This effect results in a correction of 5 in 10‘ for 
the 134 kev K line and less than 2 in 10‘ for the 660 kev 
K line. Regarding the uncertainty of the axial field 
correction as the same order of magnitude as the 
correction, we give the results: 


Cel™(134 kev K line H,) 
Cs"*7(660 kev K line H,) 





=0.3149+0.0002. 


Taking the Cs"? (660 kev K line H,)=3381.28+0.5 
gauss-cm,” the H, of the Ce! 134 kev K line is 
1064.8 +0.6 gauss-cm or 91.52+0.06 kev. Using the Pr 
K-binding energy* of 41.99+0.10, the energy of the 
transition is (133.51+0.12) kev. 

On the basis of 8 runs, in various modes of operation 
of the spectrometer, of the total spectrum, Eo for the 
ground state transition is 299643 kev, where the 
standard deviation is computed including both internal 
consistency and calibration error. 


V. GAMMA-RAY INTENSITIES 


The gamma-ray intensities lead directly to the 
intensities of the weak inner beta groups and hence to 
the small subtractions from the total spectrum which 
will yield the ground-state beta spectrum shape. There 
have been other determinations of these intensities 
which are summarized in Table I. 

Our method makes use of 42 beta counting to get 
absolute disintegration rates coupled with calibrated 
Nal crystal® measurement of the gamma intensity. 


TABLE I. Photon abundance (% of Pr! decays).* 








Graham et al.c Kreger & Cook4 


1.5740.28 1.79 
0.26-4.0.06 0.35 
0.78-4.0.16 0.91 


10.6 +1.1 15.4 


y energy (Mev) Present work> 


0.697 1.49% 40.00 
1.49 0.29° +0.03 
2.19 0.68 +£0.10 


0.1335 13.9 





+1.4 








* These are also the transition abundances (except for the 134-kev case) 
since internal conversion is negligible. 

b 478 counting. 

© Assume 134ax =0.49.8 

4 Assume 134 level fed 22% of time [Phys. Rev. 96, 1276 (1954) ]. 


% Lindstrom, Siegbahn, and Wapstra, Proc. Phys. Soc. (London) 
B66, 54 (1953). 

31 Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 

® We take advantage here of much work by a colleague of ours, 
Dr. D, W. Engelkemeir, who has determined the full energy peak 
efficiency for this crystal at several source distances by 4 beta 
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The low intensity of the gammas means that the same 
samples are not conveniently used for both 8 and y 
counting. Diluting and aliquoting procedures used to 
make separate 6 and vy counting samples have been 
checked by repeating the procedures three times, and 
the consistency of the results (<2%) indicate the 
errors from this source are smaller than the y efficiency 
uncertainties. 

The 4x proportional counter samples are deposited 
from very dilute solutions onto 10-20 yug/cm? poly- 
vinylstyrene (VYNS) films. This thickness included 
the ~7 yg/cm? gold coating which is vacuum volatilized 
onto the films. The 4a rates were ~ 15 000 counts/min, 
giving negligible dead-time losses. 

The gamma spectra were taken with 23-inch diameter 
X2-inch high NalI(Tl) crystal on Du Mont 6363 
phototube at ~10% geometry, with no collimation. 
An absorber assembly of Be(2.00 g/cm*), Pb(1.21 
g/cm*), Cu(0.93 g/cm’), and 0.18 g/cm? of Al+MgO 
of the crystal container, was used to stop the betas and 
lower the 134 kev y intensity. The data were recorded 
on a 256 channel analyzer whose design insures that 
no counts can fall between channels. The counts under 
the full energy peaks were corrected for analyzer dead 
time (~6% correction), absorption (~50% for the 
697 kev y) and summing of the 0.7 and 1.48 gammas 
(~3-4%). The absorption correction was checked 
by running Cs"? and Na” absolute standards with the 
same absorber and showing that the calculated effi- 
ciencies fell within 3% of the previously obtained 
curve at 0.660, 0.511, and 1.28 Mev. 

The 134 kev y intensity was measured with a weaker 
source and with only the 2 g/cm? of Be absorber (plus 
the crystal container) present. A 3% escape peak 
correction® was applied. 

The uncertainty in the efficiencies was estimated from 
the scatter of the points defining the curve and is the 
major source of error quoted for the present measure- 
ment in Table I. 

With two 23-inch diameter by 2-inch high NaI(T]) 
crystals and a fast-slow coincidence circuit of resolving 
time 27=80 musec we have been unable to find the 
1.1-1.7 Mev y cascade and the 2.8 Mev cross-over 
reported by Firsov and Bashilov.** From a simple 
singles measurement using a low rate to minimize 
2.2-0.7 accidental summing, any 2.8 full energy peak 
is less than 1.3 10~* of the 2.19 full energy peak or less 
than 0.0009% abundant. We performed the same 
coincidence experiment reported by Firsov and 
Bashilov, namely with one gamma counter viewing the 
1.1 full energy peak region, the coincidences with 
another gamma counter were displayed on the 256 


counting and by 8-y coincidence techniques using several estab- 
lished decays. These are Am™!, Hg”, Au'%8, Na®, Cs}87, Sc*®, Co, 
and T}*8, 

33 P, Axel, Rev. Sci. Instr. 25, 391 (1954). 

34 E. I. Firsov and A. A. Bashilov, Izvest. Akad. Nauk S.S.S.R. 
Ser Fiz. 21, No. 12, 1633 (1957) [Columbia Technical Translation, 
21 No. 12, 1619 (1957) ]. 
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channel analyzer. Some coincidences were observed 
to tail out beyond 700 full energy peak. If we take all 
the coincidences in the 1.7 photopeak region without 
any detailed chance analysis, the abundance of any 
1.1-1.7-Mev cascade is less than 4X 10- of the 1.49-Mev 
intensity or <0.0012% abundant. The efficiency and 
geometrical factors used in obtaining this limit are 
conveniently checked by the 0.697-1.49 Mev cascade 
itself and with Co™, These limits are a factor of 10 or 
more lower than the abundances indicated by Firsov 
and Bashilov. 


VI. THE 0— TO 0+ TRANSITION 
A. Distortions 


The shape of the abundant ground-state transition 
was obtained from the total spectrum by subtracting 
the known shapes of the inner groups in abundances 
given by the gamma ray intensity measurements. The 
errors introduced by the uncertainties in the inner 
group shapes and intensities are reduced by a factor of 
the order of 50 because of the low abundance of the 
inner groups. A much larger source of error for the 
ground-state-transition is the systematic uncertainty 
in the measurement of the total spectrum arising from 
scattering and baffle penetration. 

While the arguments about 7P vs A do not depend 
at all on removing the last few percent distortion in the 
shape, the ratio of the axial vector nuclear matrix 
elements which is determined in this case is very 
sensitive to small changes in the shape. For this reason 
(as well as the general interests of the continuing 
“Shakedown” of this spectrometer) a considerable 
effort was made to find any sources of distortion. It is 
not appropriate to describe here in detail some thirty 
changes in the baffling and modes of operation of the 
spectrometer and the effects of the changes on the 
shape of the total spectrum of Pr, but we shall try 
to summarize what we have learned. 

The most obvious fact brought out by our early 
measurements with this high-energy spectrum was 
that the low (1%) and high (5%) transition modes of 
operation showed different shapes, the high transmission 
mode giving the order of 5% more low-energy electrons 
than the low-transmission mode at /y/10 with this 
3-Mev spectrum. The problem was to find out whether 
this result was caused by increased scattering raising 
the low-energy points with the spectrometer baffles 
opened up for the high-transmission case or by pene- 
tration effects emphasizing the high-energy points 
when the baffles are down for the low- 
transmission case (or by a combination of the two 
effects). The answer is that the spectrum distortion 
occurs in the high transmission case. The following 
outline shows some of the places where we looked for 
trouble. “‘No effect”? means less than 1% change in the 


closed 


spectrum shape. 
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Fic. 5. A schematic view of the Argonne double lens beta ray 
spectrometer. The labels are used in the discussion of the search 
for distortions of the experimental spectrum shapes. 


a. The eight }-inch X§-inch legs which supported 
the Pb plug and axial baffle assembly were replaced 
by 0.010-inch diameter phosphor bronze wire—no 
effect on the spectrum. 

b. The Al covering of the Pb plug was scored with 
1.inch deep V grooves running around the plug (other 
experiments showed this lowers the glancing angle 
scattering by 60% for the Pr betas)—no effect on 
the spectrum. 

c. While it was already known that the outside rings 
and axial disk baffles in region B (see Fig. 5) were 
important in reducing the tail beyond the spectrum an 
increase in the number of rings and disks by a factor 
of 2 showed no effect on the spectrum. 

d. Addition of outside ring baffles in region A showed 
no effect. 

e. By closing the a defining baffle nearly tight the 
penetration effects at this baffle could be emphasized— 
no effect ; similarly for the ring focus (RF) baffle. 

f. The 200 g/cm? Al foil backing for the sources for 
both modes of operation prior to these tests had been 
supported on j-inch diameter X7s inch square cross 
section Al rings. They had been inserted on a 4-fingered 
Al holder about 1 inch long which was in turn supported 
by heavier brass rod and cylindrical centering supports 
which were the order of 1} to 2 inches away from the 
source position. All these were eliminated leaving 
region D clear and the 4-inch diameter ring and foil 
support described in Sec. IIc was used. A 3% decrease 
in the beta intensity at 300 kev was observed for the 
high-transmission mode. This result was checked by 
running in brass plates and cylinders behind and around 
the source and noting that indeed when the spectrometer 
transmission is “opened up” large brass objects must 
be kept at least three inches behind the source. (Beryl- 
lium can be closer; see Sec. IIb.) 

g. A series of experiments involving the detector 
baffle (DB) in which the outer part of the axial focus 
image only was selected by use of a plug (which had 
the same rounded edge as the normal 5 mm hole in the 
DB used for low-transmission mode) showed that it was 
scattering rather than DB penetration that accounted 
for the last 2% difference between the modes. Further 
verification that the DB penetration effect was small 
came from the use of a platinum insert in the DB. Its 
greater density helps in the penetration problem (~ 
same radius of curvature for the edge as the brass one) 
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and it can be made ~ 3 as thick which should (according 
to some auxiliary experiments) actually decrease the 
net “‘in’-scattering from the edge. No change in the 
shape compared to the brass DB was noted. 


In summary then we have been unable to shake the 
results in the low-transmission mode of operation of 
the spectrometer. This is the very same mode in which 
the P* and Na™ measurements" were made. The high- 
transmission mode has some residual distortion (~2% 
at E,/10 for Ey=3 Mev). This will not affect the 
measurement of the 2.3 Mev in coincidence since the 
spectrum is investigated only to Ey/3.** 


B. Results 


Figure 6 shows the experimental shape factor for the 
ground-state transition in the low transmission mode 
of the spectrometer. Of the several runs we have picked 
the one with the most points and the most counts. It 
happens to be one in which the gas proportional counter 
was used. We continue to find complete interchange- 
ability as far as spectrum shapes are concerned between 
the gas counter and anthracene scintillation counter.’?" 
The spectrum was surveyed taking every other point 
with incréasing current and the alternate points with 
decreasing current. Five such cycles constitute the run, 
the whole covering an elapsed time of 28 hours. Back- 
grounds at zero current and at 3.4 Mev, above the 
spectrum, are included in each cycle. The only points 
where the background of ~10 c/m is an appreciable 
fraction of the count are the 2 or 3 nearest the end 
point; the background was 11% of the rate at the last 
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Fic. 6. Experimental shape factor for the abundant 2.996-Mev 
beta transition in Pr. The error flags (standard deviations) 
include contributions from the number of counts and the un- 
certainty in Eo value. The solid curve C)r°~” is the pure tensor 
prediction for a O— to 0+ case. The solid curves labeled with 
various A values are the pure axial vector predictions for O— to0+ 
transition where \ is the ratio of the two axial vector nuclear 
matrix elements which contribute in this case. 


56 The present work indicates the slight upturn at low energies 
which was observed in the Re'*® inner group may be an experi- 
mental distortion, i.e., the deviation from the allowed shape may 
be even more pronounced. 
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point. The peak rate was 3600/min so that dead time 
corrections were negligible. About 4X10! counts were 
collected for each point except the four near the end 
point. The 134-kev K line was run at the beginning and 
end of the experiment. From it the calibration factor 
and the first and second moments of the transmission- 
curve were obtained from which the resolution correc- 
tion was made. It amounted to less than 0.2% up to 
2600 kev where it increased to 7% at the last point. 

From the total spectrum 1.20% by area of a unique 
(AI = 2, yes) spectrum of 2.3-Mev end point and 0.97% 
of an allowed shape of 807-kev end point were 
subtracted. 

A Kurie plot of the points with E>2014 kev was 
constructed [i.e., {N/(fLo)}! vs E] and weighted least 
squares values for Ey and o(/») obtained, the weights 
being the inverse of the variance of the points obtained 
from the total counts and, in the case of a few points 
near the end point, the background uncertainty. With 
this value of £o(2993+0.5 kev for this particular run) 
the experimental shape factor was obtained. The error 
flags indicate a standard deviation including the error 
in Eo. 

The results are in good agreement with those of 
Graham ef al.,’> but in disagreement with those of 
Laubitz.’:** Hamilton and Langer*’ have reported some 
counting of high statistical accuracy between 2.3 Mev 
and the end point which would rule out any large 
deviation from the allowed shape in that region of the 
spectrum. 

Graham ef al. have observed the P® spectrum in the 
same spectrometer with which their Pr total spectrum 
was obtained. They find more deviation from the 
allowed shape in P*® than was found in the Argonne 
double lens by about 3% so that the agreement in the 
case of Pr! may be fortuitous with some features of 
either or both spectrometers not fully understood 
within uncertainties of that order. 


VII. DISCUSSION 


The fact that tensor interaction alone cannot explain 
the 0O— to 0+ shape is graphically illustrated [Cyr > 
in Fig. 6]. (The Fermi matrix elements make no 
contribution in 0— to 0+ case.) The difficulties even 
with a TP mixture in explaining the nearly allowed 
shape for a O— to 0+ transition are evident in the 
discussions of Zirianova,® Graham ef al.,8 and Alaga 
et al,*® 

The VA version of beta decay interaction explains 
the shape easily. Two matrix elements /ys and 
Jo-r make contributions. The Cy4° *” shape factor! 
can be written (see Sec. Ilg for comments on notation 


36 See reference 8 for the probable explanation of Laubitz’ 
results. 

37 J. H. Hamilton and L. M. Langer, Bull. Am. Phys. Soc. Ser. 
IT, 3, 208 (1958). 

38 Alaga, Sips, and Tadic, Glasnik mat. fiz. i Astron. Ser. II, 12, 
207 (1957). 
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Cy” ii: - AL ( pK °Lo+Mo— 2K No) 
+2r($KLo—No)+L0], (8) 


where \=if'y5/fo-r, a real number, and 6 is just a 
constant used to normalize the expression to the data. 

The expression (8) was compared with the experi- 
mental data and a weighted least squares®® adjustment 
of the parameters (A and 6) gave 


A=5+2. 


This standard deviation of course reflects only the 
internal consistency of the data. With the experi- 
mentalists’ prerogative we can speculate that any as yet 
undetected systematic errors will probably not throw 
outside the range 0 to 20, 

Theoretical estimates* give A~O to —20, but 
the present experiments rule out negative values for X. 
There is little ambiguity in the comparison of experi- 
ment and theory for the O— to 0+ transitions because 
only a single parameter is involved. In contrast, the 
other nonunique first forbidden transition (AJ=0, 1, 
yes) requires 2 or 3 parameter fits and so far have 
yielded large flexibility in the sets of consistent param- 
eters. Further, in the comparison of the beta polari- 
zation and spectrum shape in the first forbidden 
transitions" the 0O— to 0+ cases may offer a less 
ambiguous test of the formalism again because of the 
single parameter. 

If, for a reason as yet unseen, the specification of two 
component neutrino theory that C;= +Ci’ (t= VASTP) 
should be dropped then the O— to 0+ transition could 
play a role in determining the extent of 7-A mixing. 
Without two components neutrino theory the pure 
G.T. allowed transition spectrum shapes and K capture 
to position ratios say” only that 


CaCrt+Ca’Cr’ 0, (9) 


with an uncertainty the order of a few percent. The 
same coefficient (9) appears in the cross terms of the 
(T,A) shape factor for O— to 0+ transition® but since 
the direct (pure) T and A terms have quite different 
shape factors (not so for the allowed transition) one 
still has a measure of the relative size of the coupling 
constants, (C7?+C7”)/(C4?+C4”). It turns out to be 
a very poor measure when the experimental uncertain- 
ties are as large as the present case and further the 
result is blurred by the presence of a nuclear matrix 

% T, Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952). We 
wish to thank Dr. Ahrens for confirming that indeed these theo 
rectical estimates do not admit positive values for our A. 

“DPD. L. Pursey, Phil. Mag. 42, 1193 (1951). 

41 Bincer, Church, and Weneser, Phys. Rev. Letters 1, 95 (1958). 

“ We use the original T. D. Lee and C. N. Yang [Phys. Rev. 
105, 1671 (1957) ] notation C; and C;’. (9) is the Fierz interference 
coefficient, e.g., b of Jackson, Treiman, and Wyld [Phys. Rev. 106, 
518 (1957) ] where we assume T invariance, i.e., coupling constants 
are real. 

4 G, E. Lee-Whiting, Can. J. Phys. 36, 1199 (1958). 
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element ratio. If condition (9) holds then the following 
expression can be compared with the experiment: 


Cusr® + 0) a r(4K*Lo+Mot3KNo) 
+ (4K*Lo+Mo—¥KNo)+2A(4KLo— No) +rLo 


where, again, A\=i/'ys/fo-r and 


[3 
[60-1 
Cr’+Cr” | 


CAtCa®| | 
Jo 


With the present data values of r from 0 to ~1 are 
possible if \ takes on appropriate values from 5 to 60. 
Graham e al.§ have obtained similar results with their 
data. From our graphical solution of the two parameter 
problem we estimate a decrease in the experimental 
uncertainties by a factor of 10 might serve to put an 
upper limit on r <0.01, independent of X. It is clear that 
other experiments such as recoil spectra® already give 
(Cr?+Cr”)/(Ca2+Ca”) <0.1, and it seems unlikely 
the 0— to 0+ shapes will challenge this method. 

There is the additional question of the presence of 
any pseudoscalar type shape factor in the 0— to 0+ 
transitions. There are various pseudoscalar shape 
factors and PA interference terms in the litera- 
ture.*:*5.38.48 Graham ef al.§ have shown that the Pr™ 
spectrum is nol a sensitive means of putting small limits 
on the quantities 

CreCatCr'C,’ 
— —— and 


CH2+C 4” 





’ 
9 


Cr’+Cp” 
Ca+Ca” 


(11) 


They have used the two component theory assumption 
and the Rose-Osborne* treatment to demonstrate that 
Cp/Ca4 in the range from 0 to 1000 along with ap- 


“T. Ahrens, Phys. Rev. 90, 974 (1953). 
45M. E. Rose and R. K. Osborne, Phys. Rev. 93, 1315 (1954). 
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propriate positive values of A ranging from 0 to 200 
are consistent with their data. We do not anticipate 
any marked difference with our data. They also point 
out that the contribution of the direct P part of the A, P 
shape factor to the total shape factor Chsp®*, (i.e., 


2 
(CA+Cp') f o-r| (5) / Cuur®*, (12) 
| 


where S is the appropriate electron energy dependent 
factor) is very small, <1%, from the Pr spectrum 
(with Rose-Osborne formulation and including the AP 
interference terms) but the small magnitude of S in (12) 
allows only a large upper limit to be put on quantities 
(11). 

We summarize the work on Pr by noting that the 
0— assignment for Pr appears to be on firm ground 
(possibly only a direct attempt via atomic beam 
methods can improve the situation here) from the 
investigation of the 2.3-Mev 8 transition to the first 
excited state in Nd™., The nearly allowed shape of the 
3 Mev 0— to 0+ 8 transition is easily explained with 
a pure axial vector shape factor; in contrast, the TP 
formalism fails to reproduce the shape. The ratio of 
axial vector matrix elements (if'ys//@-r) can be 
determined well from the shape, and while being the 
same absolute magnitude as the theoretical predictions, 
the experimental value has the opposite sign. The 0— 
to 0+ shape does not offer a sensitive measure of the 
relative sizes of P and A coupling constants although 
the net relative contribution of the direct pseudoscalar 
part of the shape factor is very small. 
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A model is proposed for the description of direct-interaction inelastic scattering in which resolved final 
states of the target nucleus are observed. This model is expected to be useful in deducing the spins and 


parities of the excited states of nuclei. 


I. INTRODUCTION 


INCE the development of the theory of deuteron 

stripping by Butler and others'* the analysis of the 
angular distributions in these reactions which leave the 
residual nucleus in some definite quantum state has 
provided an important means of investigating the 
properties of low-lying states in nuclei. The usefulness 
of the stripping reaction in this respect is probably due 
to two important features of the process: it is a direct 
interaction, and it occurs near the nuclear surface. Of 
course experimental conditions can be found in which 
compound-nucleus contributions are appreciable, but 
these should be avoided in seeking data to yield in- 
formation on the spins and parities of the states of the 
residual nucleus. 

Another process which one might expect to be 
characterized by the above features is the inelastic 
scattering of nucleons by complex nuclei, in which the 
incident particle transfers energy and angular momen- 
tum to a single bound nucleon leaving the target in an 
excited state. This process is usually referred to as 
direct-interaction scattering, and has been treated 
theoretically by a number of authors. One uses the 
shell-model picture of the nucleus, with the direct 
interaction acting between the incident particle and a 
nucleon in the outer shell. The first-order processes of 
course involves the change in the quantum numbers of 
only one bound nucleon. 

The first theoretical treatment of direct-interaction 
inelastic scattering was given by Austern, Butler, and 
McManus.‘ They assumed a zero-range surface inter- 
action with spinless particles, and neglect the elastic 
scattering and partial absorption of the incident particle 
before and after the direct interaction. Their theory has 
met with moderate success in predicting angular 
distributions, especially in fitting peaks at forward 
angles, but fails conspicuously in other cases. An 
example of its failure is illustrated in Fig. 10 in which a 
comparison is made with the experimental data on 
C”, The theoretical cross section predicted by Austern 
et al. does not, in general, give sufficiently reliable 


* Summary of a thesis presented to the Department of Physics, 
Indiana University, 1958. 

1§. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

2 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 

3 P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952). 

4 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 


results to yield information on the spins and parities of 
the nuclear states. 

The most complete treatment of the direct-interaction 
process is given by Levinson and Banerjee. They take 
account of the elastic scattering of the free nucleon 
before and after the direct interaction by using waves 
distorted by a complex potential. Moreover, the direct 
interaction is allowed to occur throughout the entire 
nuclear volume. The theory agrees quite well with the 
carbon data over a wide range of energies. Unfortu- 
nately the numerical calculation is very lengthy, 
requiring considerable high-speed computer time. Since, 
as a tool for the nuclear spectroscopist, the theory is 
required only to be good enough to distinguish between 
different assumptions about the nuclear states involved, 
it seemed worth while to attempt to formulate a simpler 
model that would still satisfy the above requirement. 
That is the object of this work. 

In the treatment of direct interactions presented 
here, a surface interaction is used, and the free particle 
is allowed to interact with the whole nucleus before and 
after the direct inelastic event. It is shown how all the 
integrations can be performed explicitly, thus reducing 
the calculation time required in an attempt to analyze 
experimental data by means of the model. 


II. COMPETITION BETWEEN DIRECT REACTIONS 
AND COMPOUND-NUCLEUS FORMATION 


Weisskopf concludes from the experimental data that 
nuclear reactions with neutrons involve the formation 
of a compound nucleus with an 80 to 90% probability.® 
Nevertheless it is quite possible that the low-lying 
states of the target nucleus may be excited almost 
exclusively by the direct-interaction mechanism, for 
bombarding energies greater than a few Mev. This 
follows from a rather important difference between the 
two modes of excitation. In inelastic scattering through 
a compound-nucleus channel, the reaction proceeds 
through the formation and independent decay of a 
compound state, which separates the initial and final 
states of the target nucleus. For incident bombarding 
energies of a few Mev, a large number of states in the 
residual nucleus can be excited with comparable 
probability, so that the cross section for excitation of a 


5 C. A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957) ; 
2, 499 (1957); 3, 67 (1958). 
6 V. F. Weisskopf, Revs. Modern Phys. 29, 174 (1957). 
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given nuclear level may be very small. However, in 
scattering by direct interaction the two-body force 
between incident and bound particles is regarded as a 
perturbation causing transitions of the system from its 
initial state. Therefore the cross section depends on the 
matrix element of the direct interaction taken between 
initial and final states of the entire system, and accord- 
ingly is very sensitive to the overlap of the system 
states. Moreover, the lowest-order process involves a 
transition between nuclear states that differ in the 
quantum numbers of only one nucleon. Accordingly, the 
low-lying levels in the residual nucleus are those most 
strongly excited by the direct interaction, and amongst 
these, certain levels are more strongly excited than 
others because of selection rules and overlap of the shell- 
model states involved. 

Thus in formation of a compound nucleus by neutrons 
of more than a few Mev, the number of competing states 
to which the compound nucleus can decay is so large 
that the cross section for excitation of any given one 
of them is small. However, for direct reactions, which 
strongly favor the excitation of only a few low-lying 
states, there are few “‘competing”’ states even at high 
incident energies. For these reasons the direct-inter- 
action process is expected to dominate the compound- 
nucleus process in excitation of the low-lying levels of 
the final nucleus, for incident energies greater than a 
few Mev. These remarks are valid, of course, for 
protons as well. 

The most striking evidence that the compound- 
nucleus contribution to the excitation of low-lying levels 
is often small is found in the strong forward-hemisphere 
scattering of nucleon groups leaving the nucleus in a 
particular quantum state.’ The compound-nucleus 
theory predicts an angular distribution that is sym- 
metric about 90° or else isotropic.’ Moreover, the 
magnitudes of the observed cross sections are frequently 
much larger than can be explained by the compound- 


nucleus theory. 


III. SURFACE EFFECT IN DIRECT REACTIONS 


An attempt is made here to make plausible the 
assumption of a surface interaction for the direct- 
interaction scattering mechanism. 

The energy dependence of the real and imaginary 
parts of the optical-model potential, as found by 
Melkanoff et al., imply that the mean free path of 
protons in nuclear matter follows the rule 


A=K-"29, E<10 Mev, 
<1o, E> 10 Mev, 


7 E. H. Rhoderick, Proc. Roy. Soc. (London) A201, 348 (1950). 

8 H. McManus and W. T. Sharp, Phys. Rev. 87, 188 (1952). 

9R. M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 

1 Shrank, Gugelot, and Dayton, Phys. Rev. 96, 1156 (1954). 

1 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

12 Melkanoff, Moszkowski, Nodvick, and Saxon, Phys. Rev. 101, 
507 (1956). 


for 
(1) 


for 
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where 7p is a typical nuclear radius, say 6-8 10-" cm, 
E is the incident energy, and K is the absorption coeffi- 
cient, equal to the imaginary part of the complex 
propagation number inside the nucleus. Only for 
energies less than a few Mev or greater than, say, 100 
Mev does the nucleus become rather transparent. One 
may expect that once an incident nucleon of inter- 
mediate energy penetrates to a depth of a mean free 
length or more into the nucleus, the probability that a 
compound state will be formed is very large. This sug- 
gests that the direct interactions take place before the 
incident particle has penetrated to within a mean free 
length into the nucleus, and for incident energies 
E210 Mev this means that they take place near the 
nuclear surface. Using somewhat different language, one 
can say that, since the incident nucleon should be 
regarded as moving in the presence of the complex 
optical potential, its wave function will be damped 
exponentially as the particle enters the nucleus. 

Bjorklund et al.*.* take a rather different view of the 
absorption of nucleons by complex nuclei. They have 
proposed a surface absorption model which has been 
quite successful in predicting elastic scattering and 
polarizations of scattered neutrons. However, whichever 
view is more correct, both imply that the direct process 
is concentrated near the nuclear surface. 

The bound particles themselves that become excited 
by the direct interaction are usually those whose 
probability density tends to be concentrated near the 
nuclear surface, for a nucleon entering the nucleus 
cannot interact with one of the more tightly bound 
nucleons unless both particles scatter into unoccupied 
states. This requires a large energy transfer, and in Sec. 
II it was argued that this is less probable than a small 
energy transfer. Accordingly the bound nucleons that 
participate most freely in direct reactions are the loosely 
bound nucleons. Such nucleons generally are con- 
centrated near the nuclear surface. 

In addition to these arguments, the results of some 
calculations are presented in Sec. V which tend to 
justify the use of a surface interaction. 


IV. CALCULATION OF DIRECT-INTERACTION 
INELASTIC CROSS SECTION 


1. Brief Description of the Calculation 
The success of the shell model in describing the low- 
energy properties of nuclei!®-® sugests that direct- 
interaction scattering may well be discussed in the 


18 Bjorklund, Fernbach, and Sherman, Phys. Rev. 101, 1832L 
6 


(1956). 
4 F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 


18M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 


16M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 
17K. W. Ford and C. Levinson, Phys. Rev. 99, 792 (1955) ; 100, 
(1955) ; 100, 13 (1955). 

‘6D. Kurath, Phys. Rev. 101, 216 (1956). 

1S. Goldstein and I. Talmi, Phys. Rev. 105, 995 (1957). 

* W. W. True and K. W. Ford, Phys, Rev. 109, 1675 (1958). 
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language of the shell model. Since, in nuclear spectros- 
copy, one would study particles scattered from a 
particular excited state of the nucleus, the target 
nucleus is described by a closed-shell core plus those 
extra-core nucleons which characterize the ground and 
excited states of interest. Such extra-core nucleons are 
represented by harmonic oscillator radial functions with 
angular momentum and spin coupled to give a proper 
shell-model description in terms of the quantum 
numbers x, /, j, m, where is the principal quantum 
number, / is the orbital angular momentum, j the total 
angular momentum, and m its z component. When 
more than one nucleon lies beyond the core, they are 
represented by a properly antisymmetric wave function 
with total angular momentum equal to that .of the 
nucleus. 

The free nucleon, both before and after the direct 
interaction takes place, is subject to elastic scattering 
and partial absorption by the entire nucleus. Because of 
the success of the optical model in describing the elastic 
scattering of nucleons by complex nuclei,!-":?!.2 the 
free particle is represented by the wave function of a 
particle moving in the presence of a complex potential 
well. For simplicity a square well is used rather than a 
rounded well. A few calculations with rounded wells 
have been made, and are discussed in Sec. V. 

The direct interaction between free and bound 
nucleons is chosen to have a Gaussian form, and is 
spin-independent. In accordance with the assumption 
of a surface interaction, the direct two-body interaction 
has the form 


Va(|ri—re|)=y6(r1—170) UV a(| t1—F2] ), (2) 


where y has the dimension of length and is introduced 
so that U, has the dimension of energy. The coordinate 
r, refers to the free nucleon and rz to the bound nucleon, 
and ro is the interaction radius. 

Our choice of shell-model wave functions and two- 
body interaction is the one usually adopted in shell- 
model calculation.””.8 

The above description of the direct interaction 
process is illustrated schematically in Fig. 1. 

The cross section is calculated in first-order perturba- 
tion theory.™ That is 

‘ k'f m~? 
a (6) =— —) [Me|?, (3) 
k \2rh? 


where k and k’ are, respectively, the incident and 
outgoing propagation numbers, m is the reduced mass 
of the projectile, and Jt is the matrix element of the 
direct interaction taken between the initial and final 
states of the system. 


21R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

2 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

1. Talmi, Helv. Phys. Acta 25, 185 (1952). 

2%4N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, London, 1949), second 
edition. 


INELASTIC SCATTERING 


Projectile 
e-r 
Fic. 1, Schematic representation 
of the direct-interaction scattering. 
V, is the harmonic oscillator 
potential in which the extra-core 
nucleon moves. V pis the distorting 
potential representing the inter- 
action of the projectile with the 
whole nucleus, and Vq is the direct 
potential acting between extra- 
core nucleon and projectile which 
gives rise to the inelastic scattering. 


Target nucleus 


2. Scattering from Nuclei with One 
Extra-Core Nucleon 

For illustrative purposes we suppose that the ground 
state and excited state of a certain nucleus can be 
described as a zero-spin core plus one nucleon. (Other 
cases are mentioned briefly in the Appendix.) Hence the 
direct interaction will be diagonal with respect to the 
wave function of the core particles, so that the nuclear 
wave function need contain a description of only the 
extra-core particle. As a result of the direct interaction 
the extra-core nucleon becomes excited so that its 
quantum numbers change, 


nijm— n'l' j'm'. 
For the wave function of the extra-core particle we write 
| nljm)=Rri(r)|Ljm), (4) 


where R,, is the radial function and |/jm) is the spin- 
angle function: 
\Ljm)= >° C(lsj; mum,m) |lm,)| sm,). (5) 
mms 
Here C(j1j2j; mimzm) is a Clebsch-Gordan coefficient, 
|sm,) is a spin function, and 


| lm;) = Y,"'(0,) 


is a spherical harmonic. The free particle can be 
regarded as spinless, since we use a spin-independent 
interaction. Since the free particle is regarded as moving 
in the field of a complex distorting potential, its 
expansion in partial waves is written 


|k)= 5° {4r(2p+1)}4i?f,(kr) | pO), (6) 
Pp 
where k has been chosen to define the direction of the 


polar axis, | p0) is a spherical harmonic, and the radial 
functions f,(kr) are solutions of the equation 


1d? J(l+1) 2m : . 
(-- o< —— “Vo(ny+# ) fr=0 (7) 
r dr’ P 


r” 1 
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Vp is the distorting potential and 
k= (2m/W)E, (8) 


where E is the relative energy of the incident particle. 
If Vp=0 then f,(kr)=j.(kr), where j; is a spherical 
Bessel function. In general the emitted particle emerges 
in a direction different from k. Therefore we write 


(k’| =49 © (—i)?’ fy (Rn) (p'u|Vp*(R'). (9) 


pp 


Notice that although /; is a complex valued function, 
its complex conjugate does not appear in the expression 
for (k| (see reference 24, p. 144). Indeed (k] is not, 
strictly speaking, the adjoint of | k). 

The initial and final state of the system can now be 
written down, 


|i) = (4mr)* Do i7(2p +1) fp (hrs) Rni(r2) | pO): |1 jm)», 


(fade E (— A? f(r) Rew(r)¥ (RV P'u|1 (10) 
X (I j'm' |». 


The direct interaction is developed in its angular 
momentum transfer operators 02(11,72) ; 


Va(|ri—re|) 
*~ z, UL (11,72) P,(cos6,2) 
L 


4r 
=> —_—§1 ,( (13,72) ~ (= )¥Y L™ (1)Vz (2). ( 
L L 2L+1 








ya fetneareny 
4ar(27’+1) 
=0, for 


Using the results given above, one obtains 


2p+1 
Mt = (4) 8(—)H--1 (214-1) (27 +1)}# Lie» 
pp'L (2p’+1)3 


The cross section is given in terms of Jt by 


/ 


k 
=—(— 
2h? 


C(jLj'; —20—3), for 


1+l'+L=odd. 
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The matrix element of this interaction is 


M=(f|v]i)= (4x)! z DX (—) MiP” (2p-+1)'¥ p(k’) 


L Mu 


Stents V -™ | pO)’ j’m 


where 
Sf dr dro re? fy (k'rs)Ruv'*(r2) 
Xoz(r1,72)fp(kri)Rai(re). (13) 


We shall show later how this radial integral can be 
explicitly evaluated for the particular choice of func- 
tions that we have made. 

The Wigner-Eckart theorem” gives us 
(l'j'm' | Vi™ |ljm)=C(jLj’; mM m’)(I'7’\| Y1)\L)). 
Using methods developed by Racah?* we find 
7" V hj) = (—) #2" (2041) (27+ 1)}) 

XW (jl 7’; BL) UV 2\\), 


‘|¥i™|ljm), (12) 


Ry 1tp= 


2L+1 


(14) 


(15) 
also 
(16) 


(p’u| ¥i-™ | p0)=C(pLp; 0O—Mu) (‘|| x|\p), 


where 
(2/+-1)(2L+1)}! 


rjreio-[ Lari | caw; 00 (17) 


Rose’s definition of reduced matrix elements is used 
here.2®> The connection with Racah’s is 


(|| Tx\| 7’) Recah = (27+1)*(j||T1\|7’)Rove- (18) 


Ford!” has pointed out that the reduced matrix 
element (/’7’||V1!\/7) can be written in a particularly 
simple form, 


1+/’/+L=even 


(2L+1)Ry1p,C (LLI’; 000)C (pL p’ ; 000) W (17l' 7’; 3L) 


¥ C(pLp’; OMM)C(jLj’; m —Mm')¥ y™°(k’). (20) 
M 


Sime, 


> ——_ 


in 
Av 2j+1 m,m! 
3M. E. Rose, Elementary Theory of Angular Momentum (Jonh Wiley and Sons, Inc., New York, 1957). 


6G. Racah, Phys. Rev. 62, 438 (1942); 63, 367 (1943). 
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is a sum over final spin directions m’ and an average over the initial directions m. Notice that }-»/9{? contains 


the sum 
MA 


te aap ae J 
Dd C(jLj’; m —Mm’')C(jL'j’; m — M'm') =—— tv-bum, (22) 
m,m! 2L+1 
where L’ and M’ enter through squaring the sum (20). Thus one can write 


ae (2p-+1)(2g+1) 
X |Me|2= (4r)1(20+-1)(27’+1) SO iro v’ate’ 
Av pp’qq’L {(2p’+1) (29q’+1)}}! 
x C?(LLI'; 000) (2L+1) Rp tpR* gy rgC (pL p’ ; 000)C (qLq’ ; 000) 


xW2(Ljl 7’; 4L) X (—)C(pLp’; OMM)C(qLa!; OMM)Y M(B) ¥y-™(B’). (23) 
M 





where g and q’ are the annalogs of p and p’ that enter when the square of the sum (20) is formed. The sum over 
M can be performed first by writing the product Y,"“Y4--™ as a series of spherical harmonics (see, for example, 
Blatt and Weisskopf?’.) The sum over M now involves the product of three Clebsch-Gordan coefficients. This can 
be summed by standard methods.”* One obtains 


Y (—)"C(pLp’; OMM)C(qLq'; OMM)Y ,™ (BR) V(b’) 
M 
(2p’+1) (29’+1) 
= eae ——(—)* ¥ C(pqn; 000)C(p’q'n; 000) W (pp’gq’; Ln) Pn(cos6), (24) 
T n 


where @ is the polar angle of k’. This result is of course independent of ¢. 
Introduce the Z coefficient defined by 


Z (abcd ; ef) = { (2a+1)(2b+1) (2c+1) (2d+1)}*C(acf; 000)W (abcd; ef), (25) 


and observe that we can replace (—)” by (—)**+’ by virtue of C(qZq’ ; 000). Then the differential cross section can 
be written 


k's2m\? 1 
(@)=—(—*) —— LY iv ’'te-a'{ (2p'+1)(2q/+1)}}! 
k h? 2i+1 pp’qq’ Ln 

X (2p+1)(2g+1) Rp rpR*y rg (pLp’ ; 000)C(gLq’ ; 000) 

XC( pn; 000)C(p’q'n; 000)Z?(Ljl' 7’; LL) W (pp’qq’; Ln) Pn(cosé) (26) 
For calculation purposes it is useful to note 
Z(1jl'j';4L)=0, for 1+l’+L=odd, otherwise 
= (—)PX (2L+1) (27 +1) CGL7’; 303). 


The integrated cross section is 


k 


pp'L 


k' s2m\? 1 
o=4r ( -— ) Dd (2p+1)C?(pLp’; 000)2? (1 jl’ 7’; $L)| Rpt? (28) 
h? 7 2j+1 


The factor Z(/jl’j’; L) carries the selection rules on L which is the index on the angular momentum transfer 
operator, Eq. (11), 
1+l’+L=even, 


1+1I’+L=0, (29) 
j+j’+L=0. 
If the target nucleus has zero spin then there is the additional selection rule 


L=J, 
where J is the spin of the final nucleus. 


27 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, Inc., 1952), p. 793. 
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Notice that the first of the selection rules above states that the parity change of the nucleus is (— )”, so that for 
even-even nuclei, only states of even spin, even parity, or odd spin, odd parity can be excited in our theory by 
direct-interaction scattering. Excitation of the other states requires a spin flip between incident and emitted 
particle. 

3. Integration of the Radial Coordinates 
We now show how the integration of the variable r. can be performed in Ry1p [Eq. (13)] for the particular 
choice of functions made here. The interaction potential is assumed to be Gaussian, so that we have 
) = = Vo exp(—8|r1—12|?) 
= —Voexp[—8(r:2+r27) ] D1 (2L4+-1)i” jr (—2iBrire) Pi (u), (31) 
where p= cos6;2. Hence 
vi (11,%2) = — (2L+1)i”Voj1(—2iBrire) expl—B(r?+r:2”) ] (32) 
leading to 


Ry —- “ad vof 
0 


For the bound-state radial functions R,:, the oscillator functions are used, 


x 


dry 7 fp(kri) fp (R’r1) exp( ~ari) f dry r2R* yy (re) exp(—Bre") jr(—2iBrire)Rar(re). (33) 
0 


| n—1 /n—1 (2/+-1)!! 
Riilr) = N,w'(v'r)! exp(—43rr’?) ( ) —_—_—_———(—2pr’)*, 
mo \X Rk 7 (214+2k+1)!! 


(2/4+-2n—1)! l! ] 
(n—1)\(1-+-n—1)!L(20+1) 1 


, ¢ ‘ 9) 1 
N,P= 22 gt 


(The lowest oscillator state is given by n=1 in this notation.) Therefore we write 


n+n'~—1 


RuaRwv=NuN wrv' (vin)? exp(— vr’) é a,(vr?)* - (35) 


k=1 
where a, depends on nin’l' except ai:=1, and is defined by referring to the explicit form of Ry. Introduce the 
dimensionless quantities 
(36) 


Then 


Ry tp=— AVN awe f dry ri? fp (k’r1) exp(—Bri’) fp (kris) 
; fe B+y ntn’—1 
xf dy y't'+2 7, (by) exp| | Lay. (37) 


Vv k=1 
Call 
s=I4+U/+2(k-1), p=v/(8+y). (38) 
Then the integral over y is 
, (39) 
G_(s) -{ dy y***7,(by) exp(—y?/p). 
0 


Konopinski** has illustrated the use of the following result in evaluating Slater integrals: 


f J (ar) exp(— p’r’)r’dr = exp{ — (a/2p)’}, (40) 
. (2p?)"#1 

which of course can be rewritten in terms of j,. To arrange for the appropriate power of y to appear in Gz(s) so 
that Eq. (40) can be applied, use the fact that differentiation by (p?0/dp)" introduces the factor y*" into the inte- 
grand. Then 


4(s—L) 
) p+} exp{ —b%p/4}. (41) 


#8 E. J. Konopinski, Indiana University (private communication). 
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Note that s-Z is always an even integer because 
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2g=/+/'+ L=even, 


as required by the factor C(/L/’; 000) appearing in the cross section. 

This completes the integration of the variable r2. The integration over 7; can be done explicitly if we make the 
assumption that the direct interaction takes place when the incident nucleon lies on some interaction surface of 
radius ro. For this purpose we insert the factor yé(r1—ro) into the 7; integration (y has the dimension of length). 


The result is 
rT) 


Ry'tp= ail 


0 


g—-L+k-1 
gx(Ul’; L)= (. ) p**! exp{ — (1— p8/v)Bro?}. 


Op 


4. Properties of the Surface-Reaction Model 
of Direct-Interaction Scattering 

It is shown here that if the direct interaction is a 
surface phenomenon then the shapes of the angular 
distribution and excitation function of the inelastically 
scattered particles are rather insensitive to the force 
range of the direct interaction, to the radial parameter 
v of the bound radial function, and to the single-particle 
quantum numbers x/j of the bound nucleon, except as 
they determine the allowed angular-momentum transfer 
numbers L. 

For a surface interaction as defined by Eq. (2) the 
radial factor Ry», which appears in the expression for 
the cross section, can be written 


1 
Ry le yre f p( kro) fp (R’r0) 
2L+1 


xf drr?Ry *(r)y7 (ror) Rnilr) (44) 


0 


where the notation of Sec. IV-2 has been used. Thus the 
surface interaction causes a factorization of R>’r>» in its 
dependence on its indices. Referring to expression (26) 
for the angular distribution, one sees that as a conse- 
quence the cross section has the form 


o(0)=do1 a,(6,v) a bim(k,R’) Pm (cos@), (45) 
where 
a,=az,(nlj; n'l’;’| bv) 


is a function of those quantities to which the cross 
section is stated to be insensitive, and 


bim= Dial V,W,R | kk’) 


is a function of the optical-model distorting potential 
whose parameters are denoted by V, W, and R, the 
real and imaginary well depths and radius, respectively. 

One expects that when more than one L is allowed by 
the selection rules, the smallest one, say , gives the 
largest contribution to the sum. Therefore we can write 
approximately 


o(0)~ay(B,v) dm brm(R,R’) Pm (cos). (46) 


Bro 
4 ( Voyre) NaN wu (R10) fp! ino ( =i ) 5 


L n+n’'—1 


ange (Ul’; L) (42) 


v k=1 


(43) 


For an even-even nucleus, only one ZL is allowed, 
namely L=J. Only one term appears in the sum, and 
no approximation is implied in writing Eq. (46) in this 
case. Thus we see that the function a, becomes merely 
a multiplicative factor, and the assertion made above is 
true. 

The foregoing discussion is valid in the limit of a 
surface interaction. Such an interaction is of course an 
idealization. Physically one would expect the inter- 
action to occur throughout some region of finite 
extension near the nuclear surface under those circum- 
stances where a surface interaction is expected. Even 
so the thickness of this region may be too small to allow 
the incident nucleon to react sensitively to the radial 
state of the bound nucleon. Moreover, if the interaction 
region lies in the region in which the bound particles are 
represented by exponential tails, it is clear that the 
shapes (but not the absolute magnitudes) of the cross 
sections are insensitive to the single-particle transition 
in the nucleus. 


V. STUDY OF THE APPROXIMATIONS 


Several approximations have been made in calculating 
the cross section for direct-interaction inelastic scatter- 
ing of nucleons by complex nuclei. We here attempt to 
establish the significance of these approximations. 


1. Square-Well Distorting Potential 


It is well known that a significant improvement in the 
fit to elastic nucleon-scattering data was obtained when 
the edge of the square-well optical potential was 
rounded.”! Nevertheless, because of the increased calcu- 
lating time that use of a rounded optical potential 
would require, a complex square well was used as the 
distorting potential in the calculations for this paper. 
However, several sample calculations were performed 
with a rounded well, to ascertain the effect of the 
rounded edge. 

It should be noted that a potential with a rounded 
edge tends to cause less reflection of the incident waves 
at the edge of the potential than a square well. Accord- 
ingly, a square well that gives reflection at the edge 
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39.4 
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Fic. 2. Comparison of calculated direct surface-interaction 
angular distributions. of 15.2-Mev (lab) neutrons scattered from 
the 4.43-Mev level in carbon using a Saxon well and a square-well 
complex distorting potential. The cross sections are normalized 
at their minima. Lengths are quoted in units of 10~% cm and 
energies in Mev. 


comparable to a Saxon-type optical potential requires a 
deeper imaginary well depth than the Saxon potential. 

In Fig. 2 a comparison is made between the angular 
distribution calculated from the surface-interaction 
model, using a square and a rounded-edge complex 
distorting potential, for inelastic scattering of 15.2-Mev 
(lab) neutrons from the 4.43-Mev level in C”. 

This particular calculation agrees only qualitatively 
with the experimental data, and is presented to indicate 
to what degree the parameters defining a square well 
can be chosen to yield a cross section similar to that 
calculated with a particular set of Saxon-well parame- 
ters. The shapes of the angular distributions agree quite 
well, although the total cross section for the rounded- 
well calculation is about 5.5 times that for the square 
well. 

It appears therefore that, by a suitable increase of the 
imaginary part of the potential, the square distorting 
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Fic. 3. Angular distribution of 14-Mev nucleons inelastically 
scattered from the 4.43-Mev level in C”%. Curves compare the 
Levinson-Banerjee calculation with the surface-interaction model 
of this work, in which the same Saxon well potential was used for 
the distorting potential. An interaction radius of 3.3X10°" cm 
was used in the surface-interaction model. The Saxon well parame- 
ters are listed in Fig. 2. 
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potential can be made to yield the same shape of 
inelastic angular distribution as the rounded well, but 
with a change in the magnitude of the predicted cross 
section by as much as a factor of 6. Therefore, the use 
of the square well, with results suitably renormalized, 
has the advantage of saving a substantial amount of 
calculating time without sacrificing the ability to fit 
experimental cross sections. On the other hand, it has 
the disadvantage that it does not accurately predict 
elastic angular distributions, so that elastic and inelastic 
scattering are not fitted into a single consistent model. 


2. Surface Interaction 
Reasons have been given in Sec. III for expecting that 
a surface interaction for direct reactions may be a good 
approximation for a suitable range of incident energies. 
Levinson and Banerjee® calculated the inelastic cross 
section for 14-Mev protons on the 4.43-Mev level of 
C”, using a rounded-edge distorting potential, and a 
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Fic. 4. Angular distribution of 31.5-Mev alpha particles 
scattered from the 4.43-Mev level in C”. The curves compare a 
surface and volume direct-interaction model in the plane-wave 
Born approximation. The curves are arbitrarily normalized. For 
the surface interaction, the interaction radius is 5.9 10~ cm. 


volume interaction. This is compared in Fig. 3 with a 
calculation for a surface interaction based on the same 
distorting potential, except that the Coulomb repulsion 
is not included. For the latter calculation an interaction 
radius was used that is larger by about 10% than the 
radius of the Saxon potential. Considering how sensitive 
the cross sections are to the optical-model parameters 
(Sec. VI), the agreement is quite satisfactory. It 
indicates that the main contribution of the volume 
interaction used by Levinson and Banerjee comes from 
the surface region, and corroborates our use of a surface 
interaction. Moreover, the agreement implies, as earlier 
discussed, that the shape of the cross sections is deter- 
mined principally by the optical-model parameters and 
by the allowed angular-momentum transfer numbers L ; 
not by the particle quantum numbers. 

A comparison is made in Fig. 4 between plane-wave 
calculations for 31.5-Mev alpha-particle inelastic scat- 
tering from the 4.43-Mev level in carbon.” Here of 


2H. J. Watters, Phys. Rev. 103, 1763 (1956). 
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course the free-nucleon wave function is not damped 
inside the nucleus, as it is for a function distorted by a 
complex potential. As one might expect, the volume 
interaction shows little trace of the diffraction minima 
present in the surface-interaction angular distribution. 
The volume interaction also reduces markedly the 
scattering at larger angles, compared with the first 
peak at small angle. 


3. Exchange Forces 


Throughout this work, a nonexchange force has been 
used for the direct interaction. In addition, the wave 
function describing the system of incident nucleon 
plus bound nucleons has not been antisymmetrized with 
respect to interchange of the free nucleon with one of 
the bound nucleons, as required when all are identical 
nucleons. Both the exchange force and antisymmetriza- 
tion of the wave function have similar consequences, 
so that we make no distinction between them in the 
discussion of their omission. 

Antisymmetrization gives rise to exchange integrals. 
Therefore it is appropriate to examine the relative 
magnitudes of the direct and exchange terms, which 
have the form 


D= C/o (r:)Rv (12), Viofp(ri)Ril(re)), 
E=(fp(r2)Rv (ni), V ef p(r1)Ri(re)). 


These integrals are quite sensitive to the degree of 
overlap of the radial functions. The exchange integral 
generally contains poorer overlap because a bound 
radial function is associated with a free-particle radial 
function, and the latter decays with an exponential 
amplitude inside the nucleus. Indeed, the calculation by 
Levinson and Banerjee® for C! indicates that the ex- 
change contribution is very small. 

For a zero-range interaction, the exchange contribu- 
tion is precisely zero. For, in this case, the two nucleons 
can interact only in the symmetric space state because 
the direct and exchange integrals are equal. The matrix 
element of the interaction accordingly is proportional 
to 2D. The statistical weight of the space-symmetric 
state is, however, }. Hence the cross section is pro- 
portional to | D|*. This result is equivalent to that which 
would be obtained if nonsymmetrized functions were 
used from the beginning. 

In the limit that the direct 
strictly a surface interaction as defined in Sec. IV, the 
shapes of the cross sections, both total and differential, 
become insensitive to the range of the direct interaction. 
In particular, for a zero-range force the cross section is 
independent of the symmetrization. Therefore, in the 
limit of a surface interaction, the shape of the cross 
section is approximately independent of the exchange 
character of the interaction and of the possibility of 
exchange collisions between identical nucleons. 


interaction becomes 
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TABLE I, Percentage admixtures of the dominant configurations 
in several states of Pb**.* 





Energy of Percentage admixture 
level (Mev) 


_ level (Me : — (p12)? (pry2foy2)* ~— (Payapay2)~ 
0 0+ 73 0 0 
0.803 2+ 56 30 
1.45 2+ 


Spin 





“fee reference 20. 
4. Pure Shell-Model States 


Throughout the calculations in this work, pure shell- 
model wave functions have been used to describe the 
bound nucleons. If one were to admit configuration 
mixing, interference terms would appear in the cross 
section, and these cannot be evaluated as concisely as 
has been done for the pure states. The justification for 
use of pure states is that certain of the states of the 
residual nucleus are excited with far greater probability 
than others. Such states are those whose overlap with 
the initial stage is large. 

Consider, as an example, excitation of the 2+ states 
at 0.803 and 1.45 Mev in Pb”*, The dominant configura- 
tion admixtures for the states involved found by True 
and Ford” are listed in Table I. The excited states are 
seen to contain large impurities. However, the calcu- 
lated cross sections for direct-interaction inelastic 


scattering, which cause the single-particle transitions 


3p) “aig 3pi, 
2 fi 3p), 


differ by a factor of 100 in favor of the first. The relative 
cross sections which lead to the final configurations 
shown are listed in Table II. It is evident that the 
excitation of both 2+ levels is due to the same con- 
figuration component, and this component is excited 
with a cross section large enough that the other com- 
ponents and interference terms contribute negligibly. 

In summary, it appears that none of the approxima- 
tions introduced in our calculations introduces serious 
errors, except for the error in magnitude, which can be 
corrected by a renormalizing factor. It should be possible 
with the model considered here to calculate angular 
distributions for inelastic scattering nearly as accurately 
as in a refined model which includes a rounded complex 
well, a volume interaction, exchange forces, and mixed 
configurations—refinements, however, which would 
greatly lengthen the calculating time. 


TABLE II. Calculated relative cross sections for excitation of the 
dominant configurations in the two low-lying 2+ states of Pb®®. 


Relative cross section 
(ps2 foy2) (pip2pay2) 
1X 107? 1 
4X107 


Energy of 
level (Mev) 


0.803 
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VI. GENERAL STUDY 

We wish here to report a few calculations for inelastic 
scattering of 15-Mev neutrons from a hypothetical 
nucleus (A~30) to illustrate the sensitivity of the cross 
sections to assumptions about the target. For this 
purpose, we adopt as standard parameters the following: 
E,=2 Mev, 
Real depth of square well, V=—40 Mev, 
W=-—12 Mev, 
R=4X10-" cm, 
Rri=R. 


Energy of excited state, 


Imaginary depth of square well, 
Radius of square well, 
Interaction radius, 


In Fig. 5 we compare cross sections for various 
assumptions about the levels. Two curves correspond to 
an even-even nucleus with two nucleons beyond doubly 
closed shells. (Except for a multiplicative factor this is 
the same as for closed shells.) The curves corresponding 
to a 2+ and a 4+ excited state show a marked differ- 
ence in character. This suggests that the analysis of 
inelastic scattering may be a useful tool in determining 
the spin and parities of nuclear states, provided that in 
the same nucleus one or more known levels may be 
successfully analyzed to provide the parameters of the 
distorting potential. Contrast these curves calculated in 
the distorted-wave approximation with the plane-wave 
result, which for the 2+ state is just 7.°(QR). The 
latter predicts negligible scattering in the forward 
direction, and is smoother than the cross sections 
calculated in the distorted-wave approximation. This 
comparison illustrates the dominant role played by the 
distortion of the incident and emitted waves by the 
nucleus. The remaining curve on this figure is calculated 
for an odd-even nucleus having a single nucleon 
beyond a zero-spin core. The single-particle transition 
is dy— gi, which allows angular-momentum transfers 
L=2, 4, and 6. This cross section is very similar to the 
0+-—>2+ transition in even-even nuclei because 








60 30 


Angle (degrees) 


Fic. 5. Angular distribution of 15-Mev neutrons inelastically 
scattered from a nucleus (A~30). The 0-2 and 0-4 curves are 
for an even-even nucleus with ground- and excited-state spins and 
parities as indicated. The § — } curve is for an odd-even nucleus 
which allows angular momentum transfers 2, 4, and 6. The or 
indicates relative total cross sections when there are two nucleons 
beyond closed shells in the even-even nuclei. 
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the L=2 component is larger than the L=4 or 6 
components. 

In Fig. 6 two cross sections are calculated under the 
same circumstances except that the excited state is 
at 2 Mev for the one calculation, and 4 Mev for the 
other. The curves are very similar, and probably this 
is generally true as long as the energy of the excited 
state is small compared with the incident energy. The 
magnitude of the cross section is somewhat reduced 
for the higher excited state, as expected from overlap 
consideration. 

In Fig. 7 we compare the angular distributions of 
neutrons inelastically scattered from even-even nuclei 
having several different radii. Curves with constant 
VR? and WR? are similar, so that similar results would 
be obtained by changing the depth of the distorting 
potentials. These curves exhibit marked differences, 
illustrating once again the dominant role played by 
the distorting potential in determining the inelastic 
scattering. 

Figure 8 shows cross sections resulting from excitation 
of odd-parity states in even-even nuclei. These cross 
sections are small at forward angles, in contrast to the 
forward peaking found in most calculations with no 
parity change (Fig. 5 and 7). This qualitative difference 
suggests that the parity change may be determined 
experimentally by a very cursory examination of the 
angular distribution. It is intended that a closer study 
of this matter will be made at a later date. 

We compare, in Fig. 9, calculations made by using 
several values of the interaction radius R; and imaginary 
part W of the distorting potential. Increasing either Ry 
or W tends to reduce the back-angle scattering relative 
to scattering in the forward hemisphere. If W is varied 
over a reasonable range of values, the direct-interaction 
inelastic cross section decreases as W increases, while 
the cross section for compound-nucleus formation 
increases, or—more precisely—the cross section for all 
other inelastic processes increases. 


2 Mev o,; 
4 Mev oO, 


— Energy level 
--- Energy level 


Cross section (arbitrary units 
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Fic. 6. Angular distribution of 15-Mev neutrons inelastically 
scattered from an even-even nucleus (A~30). The curves corre- 
spond to states at 2 and 4 Mev, respectively. The single-particle 
transition is the same in both cases and the spin change is 


0+ — 2+-. 
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VII. COMPARISON OF THEORY 
WITH EXPERIMENT 


I. Introduction 


In the preceding sections a model for the description 
of nucleon inelastic scattering by direct interaction with 
a bound nucleon has been presented. The calculations 
reported below apply to uncharged particles, because 
Coulomb distortion of the incident waves has not been 
included. However, Levinson and Banerjee found for 
proton scattering on C™ that the Coulomb distortion 
played a very minor role in determining the angular 
distributions for incident energies greater than about 
16 Mev. Because of this finding, and the fact that there 
is a dearth of experimental measurements of neutron 
angular distributions from resolved final states, we 
include a comparison of the present theory with 
charged-particle inelastic scattering. 


2. Choice of Nuclear Parameters 


It was pointed out earlier that, in the model of 
inelastic scattering presented here, the shapes of the 
cross sections are almost independent of the parameters 
8, v, and Vo, the depth of the direct interaction. The 
choice of values for these parameters is therefore not 
critical. 

The direct interaction parameters Vo and £6 are 
chosen to be those which yield the correct n-n low- 
energy scattering in singlet even states. 


Vo= —32.5 Mev, 
8=0.2922 (10-* cm)-?. 


The parameter v which appears in the oscillator 
radial function [y~exp(—3vr*)] is determined by 
requiring the classical turning point in the oscillator 
potential to lie at some reasonable radius Ro. In par- 
ticular we shall often choose Ro to be the radius of the 
Saxon well at which a nucleon in the S state would be 
bound with energy of B= 10 Mev. Let Vobe the oscillator 
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Fic. 7. Angular distribution of 15-Mev neutrons inelastically 
scattered from an even-even nucleus (A~30). Curves show the 
effect of changing the radius of the distorting potential. Changing 
the depth of the distorting potential produces similar changes. 
Relative cross-sections are indicated by or. The spin change is 
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Fic. 8. Angular distribution of 15-Mev neutrons inelastically 
scattered from an even-even nucleus (A~30). The levels excited 
are odd-spin odd-parity states with spin changes as shown. 
Relative intensities are shown by or. 


quantum number [ No=2(n—1)+/], which determines, 
the energy of the oscillator state, E=(Not+3/2)hw. 
At the classical turning point we have 


(Vot+3/2)hw= V (Ro) = (1/2)Mw?R,?. 
Since v= Mw/h, then 
y= (2No+3) /R. 
Since, however, only one value of v can be used con- 
veniently in the theory, we choose v to be the same for 
both initial and final single-particle states, and equal to 
y= (NotNo'+3)/Re?. 


In seeking to fit the theory to experimental angular 
distributions, the usual procedure adopted was to 
choose the radius R of the square-well distorting 
potential to be approximately equal to that given by 
elastic scattering data, and then to adjust V and W for 
a best fit, where 


V distorting = V+iW, for 
=0, for 


r<R 
7>R: 


The analysis of neutron elastic scattering by Beyster 
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Fic. 9. Angular distribution of 15-Mev neutrons inelastically 
scattered from an even-even nucleus (A~30), with excitation of 
2+ states. The curves illustrate the effect of changing the imagi- 
nary part of the distorting potential W and the interaction radius 
Rr. The radius of the distorting potential is R, and its real well 
depth V. Energies are quoted in Mev, and lengths in units of 
10-8 cm. 
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Fic. 10. Angular distribution of 14-Mev nucleons inelastically 
scattered from the 2+ level at 4.43 Mev in C”. The curves 
compare the theory of this work and the theory of Levinson and 
Banerjee with the experimental data. The optical-model parame- 
ters used in our calculation are listed in Table ITI. 


el al.”* was used for guidance in the choice of optical- 
model parameters. 


3. Inelastic Scattering of Protons and 
Neutrons from Carbon 


There are more experimental data®* available on the 
inelastic scattering of protons from the 4.43-Mev level 
in C® than for any other level. There exist 14-Mev 
neutron data also.® 

An attempt has been made to fit the data at 14, 19.4, 
and 39.6 Mev (lab). 

The excited state is assumed to be formed from the 
ground state by raising a particle from the #,; shell to 
the , shell. 

In Fig. 10 the 14-Mev neutron and proton data and 
the theoretical curve calculated by Levinson and 
Banerjee® are compared with a calculation using the 
theory developed in this work. The neutron and proton 
data are very similar; the minimum in the proton data 
near 90° is shifted toward larger angles by about 10°, as 
one would expect due to the Coulomb repulsions.* 
Because the Coulomb distortion was not included in 
our work, our curve should agree more closely with the 
neutron data. The theory predicts a lower cross section 
at angles less than 40° than is actually observed; 
for larger angles, however, the agreement is quite 
satisfactory. 

It must be stressed that both our theory and that of 


*R. W. Peele, Phys. Rev. 105, 1311 (1957). 

31S. Chen and N. M. Hintz, University of Minnesota Progress 
Report, March, 1958 (unpublished). 

® Anderson, Gardner, McClure, Nakada, and Wong, Phys. Rev. 
111, 572 (1958). 

% According to classical mechanics, a 14-Mev proton with 
impact parameter equal to the C” radius would be scattered by 
that nucleus through an angle of about 12°. The agreement be- 
tween the experimental shift of the minimum in the proton and 
neutron angular distributions and this prediction tends to confirm 
our assumption of a surface interaction. 
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Levinson and Banerjee had to be renormalized. Our 
calculation had to be multiplied by the number 220 to 
get the result shown in Fig. 10. However, the calculation 
was carried out with the length parameter y set equal 
to unity [Eq. (2) ]. If instead one sets y equal to the 
force range, and recalls from Sec. V that use of a square 
well rather than a rounded well reduces the absolute 
magnitude of the cross section by a factor of 5 to 6, the 
discrepancy between calculated and measured cross 
sections is reduced to a factor of about 14. Because of 
the uncertainty in the factors just mentioned this must 
be regarded as essentially in agreement with the factor 
~ 6 by which Levinson and Banerjee renormalized their 
theory. 

Figure 11 compares our theory with the experimental 
proton data at 19.4 Mev (lab). The agreement is only 
qualitative, and is not as satisfactory as the fit obtained 
by Levinson and Banerjee. 

Figure 12 shows the experimental data for scattering 
of 39.6-Mev protons. The theoretical curve agrees only 
qualitatively, exhibiting much larger oscillations than 
indicated by experiment. It is interesting to note, 
however, that there is evidence for alternate maxima 
and minima at 90°, 110°, 140°, and ~180°, which are 
predicted by the theory. The size of the oscillations 
would probably be reduced by allowing the direct 
interaction to occur throughout a region of finite 
thickness near the nuclear surface. 

In Table III we summarize the parameters used in the 
calculation of the inelastic scattering from carbon. The 
imaginary part W of the distorting potential shows the 
correct dependence on the bombarding energy. The 
calculation at 39.6 Mev does not represent a very 
thorough search for a best fit, and the parameters R 
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Fic. 11. Angular distribution of 19.4-Mev protons inelastically 
scattered from the 2+ level at 4.43 Mev in C”. The optical-mode] 
parameters are listed in Table III. 
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and V might quite possibly be chosen differently, and in 
better agreement with our expectations. 

In summary we may say that a rather good agreement 
of theory with experiment was obtained for 14-Mev 
neutron scattering, but only qualitative agreement was 
obtained with the two higher-energy proton experi- 
ments. Even the qualitative agreement is, however, a 
marked improvement over the plane-wave Born ap- 
proximation which predicts distributions similar to the 
one shown in Fig. 5 with very small forward scattering. 


4. Proton Inelastic Scattering from Oxygen 


Hornyak and Sherr* have measured the angular 
distribution of 19-Mev protons inelastically scattered 
from a number of states in O'8. The most strongly 
excited state is the level at 6.14 Mev. Its spin and 
parity are known to be 3—. However, to illustrate that 
the theory adequately distinguishes this from the 
assumption that the level in question has spin and 
parity 1—, two theoretical curves corresponding to 
these assumptions, together with the experimental 
results are shown in Fig. 13. For the theoretical curve 
designated 3—, the single-particle transition 1p; — 1d 
was assumed. 

The maxima and minima are predicted by the 3— 
curve to within about 15° of the observed values. The 
cross section in the backward hemisphere is too large 
compared with the forward-hemisphere scattering. Since 
volume interactions tend to reduce this ratio, the 
agreement could probably be improved by taking these 
interactions into account. Nevertheless the agreement 
of theory with experiment is fair, and represents a 
vast improvement over the simple plane-wave Born 
approximation. 

Just as for carbon, the calculated cross section (for 
3—) has been renormalized, this time by a factor of 210. 
Again if we set the length parameter equal to the force 
range, and recall that use of a square rather than a 
round distorting potential can reduce the absolute 
magnitude of the cross section by a factor of 5 or 6, the 
remaining discrepancy is a factor of ~10. 

The square-well parameters used in the above 


TABLE IIT. Summary of parameters used in analysis of inelastic 
scattering from the 4.43-Mev level of C”. 


Energy Rr 
(lab system) (107% 
(Mev) cm 


R 
(1078 V Ww 
Projectile cm) (Mev) (Mev) 





This calculation 
35 10 
35 14 
3. 35 20 
Levinson- Banerjee 
14 tee 9 ~39.4 
19.4 tee 2 


14 3.45 3. 
19.4 3.3 .98 
3.5 


39.6 


neutron 
proton 
proton 


proton 


proton 34.4 8 


® Normalizing factor by which theory must be multiplied to obtain agree- 
ment with experiment. 


34 W. F. Hornyak and R. Sherr, Phys. Rev. 100, 1409 (1955). 
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Fic. 12. Angular distribution of 39.6-Mev protons inelastically 
scattered from the 2+ level at 4.43 Mev in C”. The optical-model 
parameters are listed in Table ITI. 


calculation were 


Vp=— (40+16i) Mev, 
=0, 


for r<3.35X10-" cm 


otherwise, 


and the interaction radius used was 3.6 10-" cm. 


5. Inelastic Scattering of Alpha Particles 
by Carbon 


Watters”? has measured the inelastic scattering of 
31.5-Mev alpha particles from the 4.43-Mev level in C’*. 
He shows that the simple plane-wave Born approxi- 
mation gives a reasonable fit to the data. The minima 
of the plane-wave approximation are actually zero, 
which does not agree with experiment. One might 
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Fic. 13. Angular distribution of 19-Mev protons inelastically 
scattered from the 3— level at 6.14 Mev in O'*, The experimental 
curve is a smooth curve drawn through the results of Sherr and 
Hornyak. The calculation labeled (1—) corresponds to assuming 
the excited state has this spin and parity, and is included to 
illustrate that the theory can discriminate between various 
assumptions concerning the spin and parity of the excited state. 
The optical-model parameters are listed in the text. 
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Fic. 14. Angular 
distribution of 31.5- 
Mev alpha particles 
inelastically scattered 
from the 2+ level at 
4.43 Mev in C®. The 
optical-model param 
eters are listed in the 
text. 
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expect the zeros to be removed by the introduction of a 
distorting potential. Several calculations have been 
made in an attempt to fit the data with our theory, and 
such a calculation is shown in Fig. 14. The theory gives 
too large a ratio of maxima to minima, but this might be 
removed by a more extensive search for a fit. The first 
two peaks are in agreement with experiment. At larger 
angles, however, the experimental positions of peaks 
and valleys are shifted toward larger angles. This could 
be accounted for by Coulomb repulsion (not included in 
the present theory) which would be more effective for 
large-angle scattering. 

The optical-model parameters used for the curve 
shown in Fig. 14 are 


Vp=— (204141) Mev, for r<3.110-% cm 


=(0, otherwise, 


and the interaction radius used was R;=5.5X10-" cm. 

It is not clear what depth one should adopt for the 
direct-interaction potential. When the same value is 
used as that quoted for nucleon scattering, the calcu- 
lated cross section is smaller by a factor of ~2.7 than 
the experimental result. Of course some of this dis- 
crepancy may be due to use of a square well. For square 
wells with a depth of 35 to 40 Mev, we have seen that 
the absolute magnitude of the cross section is less by 
about a factor of 5.5 than for a corresponding calcula- 
tion using a rounded potential. For our calculation we 
used a real square-well depth of 20 Mev, so that it is no 
longer clear what this correction factor would be. 

The Bessel-function angular distribution predicted by 
the plane-wave Born approximation fits the alpha- 
particle scattering by both carbon and magnesium 
quite well,” in contrast to the poor fit given by that 
approximation to nucleon scattering by carbon and 
oxygen. 


GLENDENNING 





1000 


) 


Decchlaalad AAS 


1 


Cross section (mb 


--- Experiment 
—— Theory (R= 8.2) 
Theory (R=7.85) 








! 1 
2  } “ 
Energy (Mev) 





Fic. 15. Neutron-excitation function for the 2+ level at 
0.803 Mev in Pb®*. The theoretical curves correspond to inelastic 
scattering by direct interaction at the nuclear surface. The 
experimental curve is deduced from the work of Day and Lind. 
The optical-model parameters are V = —40 Mev, W = —2.4 Mev, 
and the radii in units of 10- cm are indicated in the figure. The 
theory was multiplied by a factor of 10 (see text). 


6. Excitation Function for Inelastic Scattering 
of Neutrons by Lead 


The cross section for inelastic scattering of neutrons 
from the 0.803-Mev level in Pb®* has been measured 
by Day and Lind* for incident energies up to 3 Mev. 
The excitation function deduced from their data is 
shown in Fig. 15. Also shown are calculations for the 
excitation of this level, assuming a direct interaction 
mechanism. As was pointed out in Sec. V, this level is 
strongly admixed, and the (p;p;)~! component of the 
level at 0.803 Mev is excited with an intensity ~100 
times as great as the (p;/s)"' component. The curves 
shown represent the cross section for excitation of a 
pure (p4p;)~" level. 

The calculated curves are less than 75 of the experi- 
mental cross section. However, recalling that the theory 
ought to be renormalized as has already been discussed, 
we see it is possible that the direct interactions may 
contribute significantly to excitation of this level, even 
at these low energies. 

It is probable that compound-nucleus formation and 
decay is the dominant mechanism at energies near 
threshold. However, in Pb®** there are about 20 excited 
states between 1.3 and 3.5 Mev, so that competition in 
the decay of the compound nucleus amongst these 
states may rapidly damp the compound-nucleus con- 
tribution. The experimental cross section, nevertheless, 
shows no sign of decreasing between 2 and 3 Mev, 
indicating that the direct excitation may already be 
making an important contribution to the excitation of 
the 0.803-Mev level. The answer to these speculations 


36 David Lind and R, Day (private communication), 
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probably lies in the measurement of the angular 
distribution. A simple calculation of the angular distri- 
bution indicates that the forward-to-backward scatter- 
ing ratio may be quite large. 


7. Concluding Remarks 


For inelastic nucleon scattering by complex nuclei of 
more than a few Mev incident energy, a direct-interac- 
tion mechanism is the predominant mode of excitation 
of the low-lying nuclear levels, particularly those whose 


overlap with the ground state is large. Inelastic scatter- - 


ing should therefore provide an important means of 
studying these highly excited levels, because, as for 
stripping reactions, the scattering depends on the 
nature of the ground and excited states more intimately 
than it does for scattering through a compound-nucleus 
channel. That a few of the levels are excited much more 
strongly than others by the direct interaction inelastic 
scattering is important from the experimentalist’s point 
of view, because it means that the resolution of scatter- 
ing events from various levels in the target nucleus can 
more readily be achieved. The experimental work by 
Cohen and co-workers on Pb*6 indicates that only a 
few states are strongly excited.**** Tamura and 
Choudhury have met with some success in analyzing 
these experiments, using the plane-wave Born-approxi- 
mation model of direct interactions.” 

We have compared the theory of direct interactions 
developed in this work with some of the more appropri- 
ate experimental measurements. It appears that within 
the range of validity of the theory, sufficiently good 
agreement can be obtained to permit one to deduce 
information on the spins and parities of excited states 
when the ground-state spin and parity are known. The 
analysis would be particularly unambiguous if the 
optical-model parameters could be fixed by fitting the 
theory to the angular distribution from an excited state 
of known spin and parity. 

The modest success of our surface-interaction model 
demonstrates the usually dominant role of the distorting 
potential in determining angular distributions. The 
extent to which the surface-interaction model is success- 
ful measures the degree to which the cross section is 
independent of the single-particle configurations in- 
volved, aside from their importance in determining the 
absolute cross sections (see Sec. IV-4). Nevertheless, 
direct interactions will undoubtedly provide an im- 
portant means of studying nuclear energy levels, and 
may contribute to our understanding of the physical 
significance of the optical model. In this connection, 
Levinson and Banerjee® found that the optical-model 
parameters that fit the elastic-scattering data are not 
the ones that give the best fit to the inelastic data. 
Indeed, in our calculations, the real part of the distort- 


36 B. L. Cohen, Phys. Rev. 105, 1549 (1957). 

37 B. L. Cohen and S. W. Mosko, Phys. Rev. 106, 995 (1957). 
38 B. L. Cohen and A. G. Rubin, Phys. Rev. 111, 1568 (1958). 
399 T. Tamura and D. C. Choudhury, Phys. Rev. 113, 552 (1959). 
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ing well depth was always smaller than indicated by the 
elastic-scattering analysis. In particular, the parameters 
used by Beyster ef al.” to fit the elastic scattering of 
14-Mev neutrons by the 4.43-Mev level in carbon were 
used by us to calculate the cross section for the inelastic 
scattering, and the theoretical curve bore little re- 
semblance to the experimental curve. It is not clear, 
therefore, from these analyses that the optical-model 
parameters for elastic scattering should be the same as 
for mechanisms that contribute to the absorption from 
the incident beam. 


ACKNOWLEDGMENTS 

The author would like to express his appreciation to 
Professor K. W. Ford for many helpful discussions 
throughout the course of this work. 

A grant from the Physics Department, Indiana 
University, and National Science Foundation is grate- 
fully acknowledged, as is the hospitality of Los Alamos 
Scientific Laboratory, where this work was carried out. 


APPENDIX 
The cross section for direct-interaction inelastic 
scattering can be simply written for the four cases: 
1. One extra-core nucleon, 2. Closed shell nucleus, 
3. Two extra-core nucleons, and 4. Two holes in closed 
shell. 
Define the differential cross section. 


jP-P't+a-q’ 


k' 2m? 1 oS 
o(o)=—( aus = 


kN ne J 2j+1 
X { (2p’ +1) (2q’+1)}#(2p+1) (2g+1) 
xC(pLp’ ; 000)C (gLq’; 000)C (pgn ; 000) 
XC(p'q'n; 000) Ry rpR* 9’ te 

XW (pp'qq’; Ln) P,,(cosd), 


Ppp’aqq'n 


and total cross section 
ki s2m\? 1 
oi=te_( ) ——Z*(L jl’ 7’; 4L) 
RN WS 2j+1 
XX (2p+1)C?(pLp’; 000) | Ry1p!”. 


pp’ 


Then for the four cases listed above 
m= LL, 
oo= (2j+1)oy, 
o3=20,, 
o4= (2j—1)?| Da (J faj) (aj JO) |*o, 


where in the last three cases the ground-state spin is 
zero, and the excited state spin is J. The symbol 
(al }/) is a coefficient of fractional parentage 


(al JJ)= (7X 4(al)J iN), 
where V=2j+1. 
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Gamma Rays from the 1.83-Mev Resonance in the Reaction Mg” (p,y)Al*° 
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The Mg*(p,7)Al® reaction has been studied in the range of proton energies from 1.66 Mev to 2.02 Mev. 
A new resonance at 1.833+-0.007 Mev was observed which corresponds to an excited state of 4.047+0.010 
Mev in Al**, The new excited state was observed to decay by the emission of 4.01+0.04, 2.43+0.04, and 
1.62+-0.03 Mev gamma rays. The last two gamma rays were observed to be in coincidence and the intensity 
ratio of the first two gamma rays was found to be 60+10:40+10. The experimental value of wy 
=(J+4)r,I,/I, for the ground state transition was found to be 3X10™ ev and an upper limit of 10 kev 
was estimated for I the total width of the resonance. Angular distribution measurements have shown that 
the angular momentum of the new state is either 5/2 or 9/2 with the latter value favored. On the basis of 
the observed dipole-quadrupole admixtures found for the gamma rays the parity of the new state is probably 
even. A discussion is given of the place of the new state in the rotational-like bands of Al*. 


INTRODUCTION 


HE collective model, applied to the low-lying 

states of Al**! indicates that there should be 
excited states appearing as resonances in the vicinity 
of 2-Mev proton energy in the reaction Mg**(p,y)Al*5 
which have hitherto been overlooked. These are the 
9/2+ and 7/2+ states which are members of bands 
based on the first-excited state and the fifth-excited 
state respectively. Since the discovery of further 
members of the bands already located in Al*® would be 
of considerable interest the work reported in this paper 
was undertaken. 

In two previous papers’*® a study was reported of 
the gamma radiation from a number of resonances in 
the reactions Mg*(p,y)Al> and Mg"™(pp’,y)Mg*. In 
the first paper no resonances in the region of proton 
energies from 1.66 Mev to 2.01 Mev were observed 
though it was clear from the published yield curve that 
weak resonances could easily have been overlooked. 
The second paper contained a detailed study of the 
1.66-Mev resonance. 

In the region between 1.66 Mev and 2.01 Mev no 
resonances for the elastic scattering of protons by Mg” 
have been observed.‘ However because the expected 
7/2+ and 9/2+ resonances would be g-wave resonances 
their small elastic proton width would make their 
observation by elastic scattering very difficult. The 
discovery’ of what is almost certainly a g-wave reso- 
nance in the reaction Mg*(p,y)Al*® at 1.20 Mev 
illustrates the suitability of the capture gamma-ray 
method for the study of resonances of very small 
particle width. The thick target yield of gamma rays 
from a.capture reaction is proportional to I,l',/T.§ 


1 Litherland, McManus, Paul, Bromley, and Gove, Can. J. 
Phys. 36, 378 (1958). 

? Litherland, Paul, Bartholomew, and Gove, Phys. Rev. 102, 
208 (1956). 

% Gove, Litherland, Almqvist, and Bromley, Phys. Rev. 111, 
608 (1958). 

* Mooring, Koester, Goldberg, Saxon, and Kaufmann, Phys. 
Rev. 84, 703 (1951). 

5 Fowler, Lauritsen, and Lauritsen, Revs. Modern Phys. 20, 
236 (1948). 


The yield is therefore independent of the particle 
width, l',, provided T, is greater than the gamma-ray 
width, ',. The total width, I’, is assumed to be equal 
to T,+I,. With present techniques resonances for 
which I',I’,/[>10-* ev can be observed so that pro- 
vided both I’, and I, are greater than approximately 
10-* ev the resonance should be readily observed. The 
single particle limit for the g-wave proton width at 
1.80-Mev bombarding energy on Mg” is approximately 
200 ev® so that even if the reduced width for the g-wave 
resonance were one ten thousandth of the single particle 
value, that is ',~20X10- ev, the resonance should 
be readily observed. A search was therefore made for 
weak resonances in the reaction Mg*(p,y)Al*® in the 
region of bombarding energies between the resonances 
at 1.66 Mev to 2.01 Mev. The search was terminated 
at 2.02 Mev because the increasing background made 
the observation of weak capture resonances increasingly 
difficult. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The apparatus employed was identical in most 
respects to that described previously.?* As in the 
previous measurements two 5-inch diameter by 4-inch 
long NalI(Tl) crystals were used together with a 
“fast-slow” coincidence arrangement which had a 
resolving time 7 of about 25 millimicroseconds. 

The principal difficulty in locating resonances in 
the vicinity of 2 Mev lies in the presence of impurities 
such as fluorine and nitrogen in the target material and 
backing. These give gamma rays from the exothermic 
(p,a) reactions which usually have much larger cross 
sections than the cross sections for the emission of 
capture gamma rays from the target material. Conse- 
quently it was decided to search for new resonances in 
the Mg**(p,y)AI®> reaction by observing only gamma 
rays that were in coincidence with other gamma rays. 
This procedure eliminates much of the background 
since the gamma rays from the (p,q) reactions with the 


6H. E. Gove, Atomic Energy of Canada Limited, Chalk River 
Project, PD-287, 1957 (unpublished). 


1312 





y RAYS FROM 1.83-MEV 


Mg (py) Al 


COINCIDENCE YIELD CURVE 


TARGET , [Al 


ee, 
PROTON BEAM 


(By 


~2—5x% 4 Nal CRYSTALS 


INTENSITY 


GAMMA RAYS STUDIED IN COINCIDENCE 


Bcrystat 
0.75 To 3.62 Mev 
0.95 To 3.5 Mev 


A CRYSTAL 
*—e 0.7 To 1.55 Mev 
»—« 1.7 TO 3.0 Mev 
o— |.6! Mev 


RELATIVE 





1.66 1.70 174 178 1.82 1.86 1.90 1.94 198 2.02 
PROTON ENERGY Mev 
Fic. 1. The yield of gamma rays from the reaction Mg™(p,y) Al’. 
The gamma rays were studied in coincidence using two large 


sodium iodide crystals as shown in the inset. The various ranges 
of gamma-ray pulse heights studied in coincidence are also shown. 


principal contaminants are not in coincidence with 
other gamma rays. 

The new resonance was first located by means of the 
coincidence yield curves shown in Fig. 1. For these 
measurements the two large sodium iodide crystals 
were placed at 90° to the proton beam with their front 
faces approximately 2 inches from the target. The target 
was a layer of metallic Mg” evaporated onto a 0,02-inch 
tantalum backing. This target and subsequent targets 
used in the experiment were obtained from the Atomic 
Energy Research Establishment, Harwell, England. 
Initially the range of gamma-ray pulse heights studied 
in coincidence was chosen to include all likely gamma- 
ray cascades in Al**. The yield curve from 1.66 Mev 
to 2.02 Mev was studied in this way and the resonance 
shown in Fig. 1 at approximately 1.83 Mev discovered. 

The proton energy of the new resonance was measured 
relative to the two prominent resonances in the same 
reaction at 1.655 and 2.007 Mev.’ The value obtained 
was 1.833+0.007 Mev. To obtain this value the total 
width, I’, of the new resonance was assumed to be 
much less than the observed width of about 10 kev. 
The observed width is almost certainly due to target 
thickness but it constitutes an experimental upper 
limit of 10 kev to the total width of the resonance. 

The background below and above the proton energy 
of the new resonance was not studied in this experiment. 
Past experience however indicates that the background, 
which consists of genuine coincidences, is from high 


7L, J. Koester, Phys. Rev. 85, 643 (1952). 
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Fic. 2. Coincidence pulse spectra taken at the 1.83-Mev 
resonance. (a) all gamma-ray pulses in coincidence with gamma- 
ray pulses in the energy range from 0.75 to 3.62 Mev. (b) All 
gamma-ray pulses in coincidence with a narrow gate set on the 
total absorption peak of the 2.44-Mev gamma ray. The inset 
shows the assumed sequence of the 2.44-Mev and 1.61-Mev 
gamma rays. 


Q-value contaminants in the Mg™ target and the 
tantalum backing. 

The gamma-ray coincidence pulse spectrum from 
crystal A observed at the new resonance is shown in 
Fig. 2(a). In this case the range of pulses from crystal 
B studied in coincidence was the same as the range used 
for the yield curve of Fig. 1. In this particular case the 
points are shown as solid circles. Two gamma rays of 
approximately 1.61 and 2.44 Mev appear clearly in the 
coincidence spectrum. The averages of the measured 
energies of these two gamma rays from several coin- 
cidence spectra and the direct gamma-ray spectra 
discussed below were 1.62+0.03 and 2.43+0.04 Mev. 
The sum of these energies, 4.05+0.05 Mev, agrees very 
well with the value of 4.047+0.010 Mev obtained from 
the measured energy of the resonance, 1.833+0.007 
Mev, and the measured Q-value, 2.287+0.006 Mev, 
of the Mg™(p,y)Al*® reaction.’ This agreement supports 
the assignment of these gamma rays to a cascade in 
Al’, 

The order of the 1.62+0.03 and 2.43+0.04 Mev 
gamma rays cannot be established from the measure- 
ments reported in this paper. The available evidence?*.* 


8P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
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Fic. 3. (a) The gamma-ray pulse spectrum, at 90° to the beam, 
taken at the 1.20-Mev resonance in the reaction Mg*(p,7) Al. 
The measured? branching ratios are shown on the right. (b) The 
gamma-ray pulse spectrum, at 90° to the beam, taken at the 
1.83-Mev resonance in the reaction Mg*(p,7)Al?5. The measured 
branching ratios are shown on the right. 


however strongly favors the existence of a state in Mg”® 
and A]* at about 1.61-Mev excitation and provides no 
evidence for a state near 2.43 Mev which decays prin- 
cipally to the ground state. In this paper therefore, the 
2.43+0.04 Mev gamma ray will be assumed to be the 
2.44-Mev primary transition to an excited state at 1.61 
Mev in Al”. 

To demonstrate more clearly the existence of the new 
resonance the range of pulse heights studied in coin- 
cidence was narrowed considerably. The ranges used 
are shown in Fig. 1 together with the yield curve 
observed near the resonances at 1.66 and 1.83 Mev. 
The points on the yield curve in this case are shown as 
solid squares. The 1.83-Mev resonance appears quite 
clearly and appears under these conditions stronger 
than the 1.66-Mev resonance. This is due to the very 
weak cascading from the 1.66-Mev resonance in this 
range of gamma-ray energies.* The gamma-ray pulse 
spectrum in one of the large crystals, taken with a 
narrow gate set to include pulses from the main peak 
of the 2.44-Mev gamma ray, is shown in Fig. 2(b). The 
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1.61-Mev gamma ray appears very clearly in the 
coincidence pulse spectrum. 

The ground state transition from the 1.83-Mev 
resonance was first located by taking spectra on and 
just below the resonance and subtracting them. Un- 
fortunately the tantalum backing contained sufficient 
nitrogen for the 4.43-Mev gamma rays from the 
N(p,ay)C” reaction to almost obscure the 4.05-Mev 
ground-state gamma ray from Mg**(p,y)Al*®. A detailed 
study of the new resonance therefore had to await the 
arrival of targets of Mg*™ deposited upon tungsten 
which was found to be comparatively nitrogen free. 
The background from the new targets was principally 
fluorine in the target material and the 2.61-Mev and 
1.46-Mev gamma rays from the room background. 
However since there were usually about twice as many 
counts on the resonance compared with the counts off 
the resonance, it was possible to obtain reliable spectra. 
Fig. 3(b) shows the difference spectrum taken at 
the 1.83-Mev resonance and Fig. 3(a) shows a difference 
spectrum taken at the lower resonance at 1.20 Mev in 
the same reaction. Both pulse spectra were taken with 
the same geometrical arrangement of counters, with 
the same target and for the same number of micro- 
coulombs of protons and consequently were used, with 
corrections for angular correlation effects to obtain the 
ratio of the quantities wy=(J+4)r,I,/T for each 
resonance. The ground state gamma ray from the 
1.83-Mev resonance appears quite clearly in the 
spectrum together with the 1.61- and 2.44-Mev gamma 
rays found previously in the coincidence spectra. The 
measured energy of the ground-state gamma ray from 
several spectra was 4.01+0.04 Mev. This is in approxi- 
mate agreement with the value of 4.047+0.010 Mev 
which was derived earlier for the energy of the excited 
state in Al**. In this paper the 4.01+0.04 Mev gamma 
ray will be assumed to be the 4.05-Mev ground-state 
gamma ray from the 1.83-Mev resonance. The gamma- 
ray branching ratios, corrected by using the Nal 
efficiency curve given by Gove and Litherland? and the 
measured angular correlation coefficients discussed 
below, are also illustrated in the figure. In Fig. 3(a) the 
4.43-Mev gamma ray from the N!°(p,vy)C™ reaction 
is also present because of the close proximity of the 
1.210-Mev resonance in that reaction. 

The angular correlations with respect to the proton 
beam of the 4.05-Mev ground-state transition and the 
2.44-Mev gamma ray, were obtained by taking a pulse 
spectrum on and just below the resonance at each angle 
to the proton beam. The Chalk River 100-channel 
transistorized “kicksorter” was used for these measure- 
ments.!° The spectra taken at each angle were monitored 
at 90° to the beam by measuring simultaneously the 
spectrum on and below the resonance with a 30-channel 


*H. E. Gove and A. E. Litherland, Phys. Rev. 113, 1078 
(1959). 

Designed by F. S. Goulding, Atomic Energy of Canada 
Limited, Chalk River, Ontario. 
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TaBLE I. Analysis of the angular correlations of the 2.44-Mev 
and 4.05-Mev gamma rays from the 1.83-Mev resonance. The 
even-order Legendre polynomial coefficients were obtained by the 
method of least squares and are given together with their standard 
deviations (S.D.). 





Gamma- 
ray 
energy 
in Mev 


2.44 
4.05 


a2/a0 


+0.40 
+0.45 


S.D. 
0.05 
0.05 


a4/ ao 
—0.01 
—0.25 


S.D. 


~ 0,05 
0.06 








“kicksorter’. The front faces of the two large NaI(T1) 
crystals were 5.4 inches from the target. The results of 
these measurements are shown in Fig. 4 together with 
the results of a least-squares calculation of the Legendre 
Polynomial coefficients. Table I gives the results of the 
least-squares fit to the data together with the standard 
deviations. An analysis of the angular correlation of the 
1.61-Mev radiation was not attempted because of the 
large background in the vicinity of that gamma-ray 
energy. 

The quantity oI’ ,I’,/T for the ground-state transition 
at the 1.83-Mev resonance was determined by com- 
parison with the 1.66-Mev and 1.20-Mev resonances in 
the same reaction. The value obtained was 3X 10™ ev. 
This low value for wy indicates why the 1.83-Mev 
resonance was difficult to observe. An estimate was 
also made of the quantity ',/I',, by searching for the 
1.37-Mev gamma ray from inelastic scattering in the 
pulse spectra. The gamma ray was not observed and a 
lower limit of 6 was obtained for l',/T'». 


DISCUSSION 
Experimental Properties of the 4.05-Mev State 


The angular correlation coefficients of the ground- 
state gamma ray given in Table I permit the definite 
angular momentum assignment of 5/2 or 9/2 to the 
1.83-Mev resonance." An angular momentum of 3/2 
is ruled out because of the observation of a finite a, 
coefficient and 7/2 is eliminated because the theoretical 
a, term, shown in Fig. 5, has opposite sign to that 
observed. The coefficients for the other various angular 
momentum possibilities discussed in this paper are 
also shown in Fig. 5 and in Table II. These correlation 
coefficients were calculated from the tables of Sharp 
et al. In each case the coefficients are shown as a 
function of x, which is the amplitude of the electric 
11 To compare the experimental angular correlation coefficients 
given in Table I with theory it is necessary to apply a correction 
for the effect of the finite angular spread of the detector. This 
correction can be estimated from the tables of H. E. Gove and 
A. R. Rutledge [Chalk River Laboratory Report CRP-755, 
1958 (unpublished) ]. Since only the upper portion of the pulse 
spectrum was used to obtain the angular correlation the correction 
given by Gove and Rutledge is an upper limit. However the 
conclusions reached in this paper are not affected by this 
uncertainty. 

2 Sharp, Kennedy, Sears, and Hoyle, Chalk River Laboratory 
Report CRT-556, 1953 (unpublished). 
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Fic. 4. The angular correlations with respect to the proton 
beam of the 2.44-Mev gamma rays and the 4.05-Mev gamma rays. 
The curves are the result of least squares fits to the experimental 
data. The Legendre polynomial coefficients shown on the figure 
are also given together with their errors in Table I. 


quadrupole radiation divided by the amplitude of the 
magnetic dipole radiation. The theoretical correlation 
coefficients for a resonance of angular momentum 9/2 
decaying by quadrupole radiation to a state of angular 
momentum 5/2 are given in Table II. The choice 
between the assignments of 5/2 or 9/2 to the 1.83-Mev 
resonance cannot be made with certainty on the basis of 
the present data because for an appropriate quadrupole 
to dipole mixing ratio for the 5/2 assignment the experi- 
mental correlation can be fitted equally well. This 
ambiguity can be readily seen by comparing the 
coefficients for an assignment of 9/2 to the resonance, 
given in Table II, with the coefficients given in Fig. 5 
for an assignment of 5/2. The coefficients for the two 
alternative angular momenta become very difficult to 
distinguish experimentally in the region of « equal to 
approximately +1.6."% Table II however shows that 
there is good agreement between the measured corre- 
lation of the ground-state gamma ray and the theo- 
retical value for an angular momentum of 9/2 for the 
1.83-Mev resonance. Since there is no adjustable 
dipole-quadrupole mixing parameter in this case an 
angular momentum assignment of 9/2 can be considered 
to be more likely than 5/2. A similar argument can be 
used for the 1.20-Mev resonance in the same reaction. 

By using the experimental coefficients given in 
Table I and the theoretical coefficients given in Table 
II and Fig. 5 it is possible to deduce the values of the 
quadrupole-dipole mixing ratio, x, for the 2.44- and 
4.05-Mev gamma rays. Table III lists the values of x 
for the two alternative angular momenta assignments 
for the 1.83-Mev resonance. The 1.61-Mev state is 
assumed to be 7/2+.? The presence of appreciable 
quadrupole-dipole radiation mixtures for the two 


3Tt is possible to decide experimentally between these alter- 
natives. This however, requires a difficult triple correlation 
measurement or an even more difficult polarization measurement 
of the ground-state gamma ray at 90° to the beam. 
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states in Al*®, The 
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as a function of x 
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gamma rays indicates that, for either spin assignment, 
the 1.83-Mev resonance has probably even parity.This 
is because only in very special cases, such as self- 
conjugate nuclei, does magnetic quadrupole radiation 
compete with electric dipole radiation." 

The 1.83-Mev resonance was not observed‘ in the 
elastic scattering of protons by Mg* which is an indi- 
cation that the natural width of the resonance is very 
small. The d-wave resonances at 1.66 Mev and 2.01 
Mev were however observed by Mooring et al.‘ and were 
shown to have total widths of 0.1 kev and 0.15 kev, 
respectively.’ It is therefore quite probable that the 
resonance at 1.83 Mev has an even smaller total width. 
Consequently, though it is not possible to deduce the 
value of I, from the observed value of oI',I',/T by 
assuming that the natural width I of the resonance is 


TABLE IT. Comparison of angular correlation of the 
4.05-Mev gamma ray with theory.*’> 








S.D. 
0.08 


S.D. 
0.06 


a4/a0 


—0.33 
—0.29 


@2/ do 


0.49 
0.48 





Experiment 
Theory 








*® The theoretical coefficients for the case 9/2 + —#2 — 5/2 were obtained 
from Sharp et al. (reference 12). The spin and parity of Mg™ were assumed 
to be zero and even. 

> To correct for the effect of finite angular acceptance of the gamma-ray 
counters the experimental a2/ao coefficient has been divided by 0.915 and 
the a4/ae coefficient by 0.765 [H. E. Gove and A. R. Rutledge, Chalk River 
Laboratory Report CRP-755, 1958 (unpublished) ]. 


4 Gamba, Malvano, and Radicati, Phys. Rev. 87, 440 (1952). 
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approximately equal to the proton width I,, it is 
possible to make the definite statement that T,>6 
X 10~ ev for the ground-state gamma ray. The extreme 
single particle gamma-ray transition widths'® to the 
ground state are 4X 10- ev for an electric quadrupole 
transition and 10~* ev for a magnetic quadrupole 
transition. The observed lower limit for I', is therefore 
consistent with an even parity assignment for the new 
state at 4.05 Mev but does not conclusively establish 
the parity. 


Comparison of the Data with the 
’ Collective Model 


The application of the collective model to Al” 
results in the prediction of two states in the vicinity 
of the new state reported in this paper.! These states 
are the 7/2+, K=1/2, member of the band of rotational 
states based upon the 2.51-Mev excited state in Al*® 
and the 9/2+, K=1/2, member of the band based 
upon the first-excited state of Al at 0.45 Mev. A 
summary of the experimental information®* on the 
gamma-ray branching ratios is given in Fig. 6. The 
7/2+ state cannot correspond to the new state at 4.05 
Mev because an angular momentum of 7/2 is eliminated 
by the measured angular correlation of the ground-state 
gamma ray. Angular momenta of 5/2 or 9/2 are how- 


16D, H. Wilkinson, Atomic Energy Research Establishment 
Report T/R 2492, 1958 (unpublished). 
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Fic. 6. A summary of the experimental information** on the gamma-ray branching ratios in Al**. The 
branching ratios shown on this figure supersede those given in Fig. 1 of reference 1. 


ever allowed for the 4.05-Mev state with 9/2 the most 
favored value as discussed above. 

A more recent estimation of the expected position of 
the 9/2+, K=1/2, state has been made’ as a result of 
the discovery of a state at 2.74 Mev in Al**. This state 
has the expected properties of the 7/2+, K=1/2, 
member of the band based upon the first excited state 
of Al. The 9/2+, K=1/2, state is expected near 
3.85-Mev excitation. Though it is possible that the new 
state at 4.05 Mev is this state, a review of the evidence 
for or against a 9/2+, K=1/2, state near 3.85 Mev 
is necessary. 

At a proton bombarding energy of 1.62 Mev there 
appears, in the reaction Mg*(p,y)Al*, a pronounced 
broad resonance.? This bombarding energy corresponds 
to an excitation in Al*® of 3.85 Mev. No evidence for a 
sharp g-wave resonance corresponding to the expected 
9/2+,K=1/2, state was observed. The sharp resonance 
at 1.66 Mev is a d-wave resonance whose properties have 
been extensively studied.?* However the 9/2+, K=1/2, 
state would be expected to decay primarily by emitting 
2.04-Mev £2 radiation to the 5/2+, K=1/2, 1.81-Mev 
state and by 1.11-Mev M1 £2 radiation to the 7/2+, 
K=1/2, 2.74-Mev state. Unfortunately yield curves 
including those gamma rays in the vicinity of 1.62-Mev 
proton energy were not taken in the early experiments? 
on the Mg”™(p,y)Al*® reaction. Moreover it was not 
confirmed in the early work that the additional very 
weak cascading at the 1.62-Mev resonance was actually 
resonant at 1.62 Mev. Two of the very weak gamma 
rays observed at 1.62-Mev bombarding energy were 
observed to be in coincidence and to have energies of 
approximately 1.34 Mev and 2.06 Mev. These gamma 


rays were interpreted? to result from a cascade through 
the 2.51-Mev state in Al*®. However they could also 
within the considerable experimental uncertainties be 
the strongest of the gamma rays from a nearby g-wave 
resonance. The 2.04-Mev primary to the 1.81-Mev 
state would be followed by a strong 1.36-Mev branch 
to the 0.95-Mev state in Al**. It would seem therefore 
that the region near 1.62-Mev bombarding energy 
should be investigated more thoroughly using very 
thin targets of Mg’ on tungsten to minimize the effect 
of the broad resonance at 1.62 Mev. 

There is also the possibility that the missing 9/2, 
K=1/2, state is so close to the sharp resonance at 1.66 
Mev that the two cannot be separated with the targets 
used in the experiments.” The two resonances would 
have to be less than five kilovolts apart for this to 
happen. The low-energy primary at the 1.66-Mev 
resonance which feeds the 7/2+, K=1/2, 2.74-Mev 
state in Al*® could then be due partly to the de-excitation 


TABLE III. The quadrupole-dipole amplitude mixtures of the 
4.05-Mev and 2.44-Mev gamma radiations from the 1.83-Mev 
resonance, for the two alternative angular momentum assign- 
ments for the resonance. The values of x were obtained from the 
experimental and theoretical coefficients listed in Tables I and II 
and in Fig. 5. J;, xr; and Jy, xy refer to the angular momenta and 
parities of the initial and final states involved in the gamma-ray 
transition. 


Quadrupole-dipole 
mixture x 


Gamma-ray 
energy Mev 


4.05 
2.44 
4.05 
2.44 
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9/2+ co 

9/2+ 7 0.4+0.05 
+1.6+0.03 
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of the 9/2, K=1/2, state at about 3.88 Mev. This 
possibility could be investigated by careful thin target 
measurements and by angular correlation measure- 
ments of the gamma rays. 

It is now necessary to consider the possibility that 
the 4.05-Mev state, which is very probably 9/2+, is 
the missing member of the band based on the first 
excited state. By analogy with the lower members of 
the first K=1/2 band in Al” the 9/2+, K=1/2, state 
would be expected to exhibit prominent cascading 
within the rotational band. This feature is not observed 
since the prominent gamma-ray transitions from the 
4.05-Mev state are to the two lowest K=5/2 states. 
However the gamma-ray decay properties of the state 
at 4.05 Mev do not by themselves completely eliminate 
the possibility that it is the missing 9/2+, K=1/2, 
state. The £2 transition to the ground state is not 
K-forbidden on the collective model, and the 14% E2 
intensity admixture in the 2.44-Mev radiation could 
reflect the K-forbiddenness of the M1 radiation. The 
most serious discrepancy between the 9/2+, K=1/2, 
assignment and the results of the collective model is 
provided by the lack of a 1.37-Mev gamma ray from 
inelastic scattering at the 1.83-Mev resonance. The 
expected width'* for inelastic scattering at the 9/2+, 
K=1/2, resonance is approximately 0.6 ev if the 
resonance is at 1.83 Mev. The observed width is less 
than 10~ ev, provided I’, is assumed to be the largest 
of the partial widths, so that there are indications that 
the inelastic scattering is forbidden by some selection 
rule. 

It is relevant here to point out the similarities 
between the two states in Al*® at 3.44 Mev and 4.05 
Mev. Figure 3 shows a comparison between the pulse 
spectra taken at the two resonances. It is possible to 
argue that the 4.05-Mev state is also a candidate for 
the third member of the band based upon the ground 
state. There are two arguments against this possibility. 
The first and possibly weakest argument is that the energy 
spacing of the states would then be anomalous. The 
ground state, the 1.61-Mev state and the 3.44-Mev 
state form a sequence in energy which agrees quite 
well with the /(J+1) spacing modified by a vibration 
rotation term similar to that used for other rotational- 
like bands in the region A~25. The second argument 
is based upon the absence of inelastic scattering at the 
1.83-Mev resonance. The inelastic scattering width for 
the 9/2+, K=5/2, state situated at 1.83-Mev bom- 
barding energy can be shown to be 0.3 ev using equation 
6 given by Litherland ef al.' and the barrier penetra- 
bility tables given by Gove.® 

The possibility remains that the state at 4.05 Mev 
is 9/2+ with a K-value of 7/2 or 9/2. The emission of 
d-wave protons from the 1.83-Mev resonance leaving 
Mg” in its 2+, K=0, first excited state would then be 
K-forbidden. The gamma ray cascading at the 1.83- 
Mev resonance is also consistent with a high K-value. 
However no low-lying even parity states with K>5/2 
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are predicted in Al*® by the Nilsson model!:'¢ of a single 
nucleon in a slowly rotating spheroidal potential. 
Consequently if the 4.05-Mev state is 9/2+ with a K 
of 7/2 or 9/2 then its parent states in Mg*4 must be 
excited states with K-values greater than zero. Similar 
considerations! are necessary to give a satisfactory 
account of the properties of the 4.22-Mev and 4.60-Mev 
states in Al*®, There are indications that the considera- 
tions of Elliott’? on “collective motion in the nuclear 
shell model” can yield, in a simple way, a band of 
states in Al*® with K=7/2.!8 The absence however of a 
7/2+, K=7/2, state at lower excitation energy than 
the 4.05 Mev 9/2+, K=7/2, state raises an obvious 
problem for this interpretation since the 9/2+, K=7/2, 
would be expected to decay by gamma-ray emission 
to the 7/2+, K=7/2, state. The separation of the two 
states might be expected to be about 1.83 Mev by 
analogy with the K=5/2 band based on the ground 
state of Al*®. It is of course possible that the assumed 
2.44-Mev, 1.61-Mev gamma-ray cascade is incorrectly 
assigned and that a primary of approximately 1.61 Mev 
feeds a new state in Al*® at about 2.44 Mev. Such a 
state has not been observed by other methods*® and 
its existence is doubtful. If the 7/2+, K=7/2, state 
were at an excitation energy greater than 3 Mev in 
Al*® then the results of the present experiment could 
not exclude the possibility that the state is fed by a 
low-energy primary. 


CONCLUSIONS 


The new state in Al* at 4.047+0.010 Mev has been 
shown experimentally to have an angular momentum 
of 5/2 or 9/2. Arguments have been presented which 
favor the assignment of 9/2+ to the state. A discussion 
of the place of the new state in the rotational-like 
bands of Al has demonstrated that in spite of the 
detailed knowledge of 16 states below 4.5-Mev exci- 
tation more experimental evidence is needed before the 
rotational bands of Al*® are firmly established. Attempts 
to find the higher members of the bands already 
discovered would be of considerable significance 
especially if it could be shown experimentally that the 
bands in Al** do terminate at the expected angular 
momenta. At present such projects seem experimentally 
unfeasible though the work at the Atomic Energy 
Institute of the Academy of Sciences of the U.S.S.R. 
at Moscow" indicates that the gamma-ray cascading 


16S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

17 J. P. Elliott, Proc. Roy. Soc. (London) A245, 128 and 562 
(1958), and private communication. 

18 The low-lying rotational-like bands in Al are predicted!’ 
to terminate at quite high values of the angular momentum. Since 
these angular momenta are in the vicinity of 21/2+ the failure to 
observe the 9/2+ member of a band cannot be attributed to the 
termination of the bands unless the theory is inapplicable. 

9G. N. Flerov, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), A/CONF.15/ 
P/2299; and private communication. 





y RAYS FROM 1.83-MEV 


of high angular momentum states in the region A ~ 130 
can be observed by heavy ion reactions. In the region 
of A~ 25 high angular momenta states should be formed 
by such reactions as B"(O!*,p) Mg”®. 

Finally the new state in Al* at 4.047+0.010 Mev 
corresponds closely in energy to a state in Mg® at 
4.052+0.010 Mev. A comparison of these mirror 
nuclei including all the information available to date 
has been published.” 

”H. E. Gove and A. E. Litherland, Phys. Rev. 107, 1458 
(1957). 
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Precision Measurement of the Be’(y,n) Cross Section 


J. H. Grssons, R. L. Mackin, J. B. Marton,* AnD H. W. ScuMITT 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received January 5, 1959) 


Measurements have been made of the photoneutron cross section for Be® using y rays from radioactive 
sources of Y** (1.85 Mev) and Sb! (1.69 Mev). The values obtained at these two energies are (6.54+0.31) 
10-8 cm? and (12.62+0.69) 10-8 cm?, respectively. The limiting factors in the accuracy of these 
measurements are the uncertainties in the y-ray source strength calibration and in the NBS No. 2 Ra-y-Be 
neutron source standard, and the lack of precise knowledge concerning the Sb'** decay scheme. A new 
measurement of the y-ray branching ratios in the Sb'* decay has also been made. 


I. INTRODUCTION 


EVERAL absolute measurements have been made! 

of the cross section for the Be®(y,) reaction using 
radioactive sources, bremsstrahlung x-rays, and y rays 
from proton reactions with the light elements. In 
general, these measurements have not been of high 
accuracy; although an uncertainty of only 5% has 
been reported in one instance,’ differences of a factor 
of two between experiments have occurred.! 

Since a high efficiency, flat response, 44 neutron 
detector has recently been constructed* at the Oak 
Ridge National Laboratory, it was felt that a re- 
measurement of the Be*(y,7) cross section was war- 
ranted in order to obtain somewhat higher precision 
than has been possible in the past. 

In order to be able to approach the accuracy with 
which the world neutron source standards are known 
(+2%), it was necessary not only to design the experi- 
ment with care, but to choose the radioactive y-ray 
sources with some caution. The choice of Sb’ as one 
of the sources was dictated by the wide use of Sb-y-Be 
neutron sources, even though the Sb!‘ decay scheme 
is not known as accurately as it is possible to measure 

*Summer visitor, 1958. Permanent address: University of 
Maryland, College Park, Maryland. 

1See the summary by F. Ajzenberg-Selove and T. Lauritsen, 
Nuclear Phys. (to be published), or that listed in reference 2. 

2R. D. Edge, Nuclear Phys. 2, 485 (1956/57). The table in 
this article which summarizes previous measurements should be 


used with caution as it contains several inaccuracies. 
3R. L. Macklin, J. Nuclear Instr. 1, 335 (1957). 


the (7,7) cross section. In addition to the well-known 
1.69-Mev y ray which occurs in about half of the 
disintegrations,‘ the Sb’ decay also includes a 2.09-Mev 
y ray which is approximately one-fifth as intense as 
the 1.69-Mev radiation.‘ The corrections for the 
branching ratio and for the effect of the higher energy 
y ray (both of which have been re-measured with 
increased accuracy) introduce sizeable uncertainties. 

It was therefore necessary to choose another less 
equivocal radio-isotope in order to realize the precision 
of which the method is capable. An additional restriction 
was that the y-ray energy not be too high, otherwise 
radiation Compton-scattered within the source would 
still have sufficient energy to produce a Be*(y,n) 
reaction. Such an effect could be quite significant if 
the Be®(y,”) cross section indeed rises to the reported® 
value of 0.1 barn at 1.70 Mev. 

The isotope Y** was selected as satisfactorily fulfilling 
these requirements: the dominant y ray has an energy 
of 1.85 Mev and the only other radiation with an 
energy (2.76 Mev) above the Be®(y,n) threshold at 
1.67 Mev has an intensity®” of only 0.5% of the 
1.85-Mev y ray. 

4N. Lazar, Phys. Rev. 95, 292 (1954). 

5D. R. Connors and W. C. Miller, Bull. Am. Phys. Soc. Ser. IT, 
1, 340 (1956). 

6 Lazar, Eichler, and O’Kelley, Phys. Rev. 101, 727 (1956). 

7F. M. Tomnovec, Bull. Am. Phys. Soc. Ser. IT, 1, 391 (1956). 
There is a misprint in this abstract; the value given as 0.005% 
should be 0.5%. 
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Il. EXPERIMENTAL PROCEDURE 
A. Neutron Detection 


The neutron detector assembly consisted of BF; 
counters embedded in a 5-foot diameter graphite sphere 
moderator. This detector has previously been described 
in detail’; it need only be remarked here that the 
response is known to be flat to +1% for neutron 
energies between 1 kev and 2 Mev. For the neutron 
energies encountered in this experiment (Sb-y-Be, 
mean energy 23 kev; Y-y-Be, mean energy 158 kev; 
and Ra-y-Be, maximum energy 620 kev) the deviation 
from a flat response is less than +0.3%. 

The absolute efficiency of the graphite sphere 
detector was obtained by counting the neutrons from 
the Oak Ridge Ra-y-Be secondary source standard. 
This source had previously* been intercalibrated with 
the National Bureau of Standards No. 2 Ra-y-Be 
source (which is one of the world standards) to an 
accuracy of 0.11%. The efficiency thus obtained, after 
correction for the dead-time’ of the BF; counters, was 
2.99%. This dead-time correction (8.1+0.6)% was by 
far the largest correction which had to be applied to 
the data. (Dead-time corrections were negligible for 
the much lower counting rates obtained in making the 
cross-section measurements. ) 


B. Beryllium Sample 


The beryllium sample was in the form of spherical 
shell of inner radius 7,= 15.31 mm and of outer radius 
r2= 16.81 mm (shell thickness ‘=1.50 mm). The shell 
was found to be spherical and of uniform thickness to 
within 0.005 mm. The mass of the shell was 8.838 
grams. Since the thickness of the shell was much less 
than its radius, the mean radius R= (r;+7r2)/2= 16.06 
mm will be convenient to use in some of the discussions 
below. 

The shell was formed of two hemispheres and a 
;s-inch hole was drilled through at the mating edge to 
facilitate the insertion and positioning of the radio- 
active sources. Since the absorption of y rays in the 
shell by the Be*(y,m) reaction was only ~2X10~, for 
the purposes of calculating N/, the number of Be 
atoms/cm? in the shell, the hole was considered to be 
“distributed uniformly throughout the shell.” The 
accuracy of this approximation is better than 0.01%. 
The average areal density of the shell calculated in 
this manner was N/= 1.821 10” cm~’. 


C. Radioactive Sources 
1. Y*%* Source 


The Y* source was prepared by cyclotron bombard- 
ment using the Sr®*(p,2)Y*® reaction. The yttrium 
was separated from the target material by chemical 
methods and placed in aqueous solution. Apart from 
Y*® (7,=105 days), all radioisotopes of yttrium which 
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THIN-WALLED GLASS 
SOURCE HOLDER 


R= 16.06 mm 


SOURCE VOLUME 


Fic. 1. Geometry of the Be shell and y-ray source. 


can be formed by the proton bombardment of strontium 
have half-lives of at most a few hours. Since the Y® 
source was not used in this experiment until a few 
weeks after its preparation, there was no possibility of 
y-ray contamination by other yttrium isotopes. 

The original aqueous solution containing the Y* 
was evaporated in the Oak Ridge Radioisotopes 
Division to 1.0+0.1 ml and placed in a spherical glass 
source holder of wall thickness approximately 1 mm. 
When the source holder was placed inside the beryllium 
sphere, the neck of the holder extended through the 
;%s-inch hole in the shell and the holder was suspended 
as indicated in Fig. 1. 


2. Sb" Source 


The Sb™ source material was prepared by machining 
a 4-inch diameter sphere from natural antimony. A 
ze-inch hole was drilled through the sphere along a 
diameter and a 2S aluminum rod was inserted to serve 
as a support. This assenbly was then irradiated in the 
Oak Ridge Low-Intensity Test Reactor (LITR) for 
approximately 2 days. The activity (2.8-day Sb! and 
the desired 60-day Sb!) was then allowed to decay 
for a period of approximately three months before the 
experiment was performed. The correction for the 
residual Sb'” activity was then entirely negligible. 


D. Counting Procedure 


A y-ray source (Sb or Y) was inserted in the beryllium 
shell and carefully mounted in a central position. The 
shell was then put on a thin aluminum support and 
the entire assembly placed at the center of the graphite 
sphere neutron detector. Counting statistics of 1% 
were obtained and then the Be shell was removed for 
the background count. The true-counts-to-background 
ratio was approximately 7:1 for the Y case and 70:1 
for the Sb source. Both the “Be on” and “Be off” 
counting rates were measured twice on different days. 
After making the correction for the source decay, the 
net counting rates agreed within the statistics. 
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E. Determination of y-Ray Source 
Strength and Purity 


The y-ray source strengths were measured in the 
Radioisotope Division’s 4m high-pressure ionization 
chamber. The accuracy of these measurements was 
conservatively estimated to be 4.0%. 

In the preparation of the Y** source, the yttrium 
was chemically removed from the target, and in the 
case of the Sb’ source only pure antimony and pure 
aluminum were irradiated. Consequently, in the case 
of neither source was there any reason to suspect the 
presence of any radioactive contaminant. Even so, it 
was felt desirable to examine the spectra of the sources. 
These measurements were performed by the Analytical 
Chemistry Division with the result that any foreign 
radioactive material was less than 1% of the intensity 
of the desired radiation. 

During the course of the latter measurements a 
scintillation counter determination of the source 
strength was made which agreed to within 1% with 
the ionization chamber value. 


F. Corrections to the Data 
1. Neutron Counter Dead-Time 


This correction, applicable only to the calibration 
runs, was briefly discussed above. 


2. Finite Source-Size 


Since neither radioactive source could conveniently 
be made in a form approaching a point source, an 
effort was made to fabricate them closely to spherical 
shapes so that finite size corrections could be made 
analytically. 

This correction is made by calculating the number 
of reactions produced in a thin shell (i.e., thickness 
‘mean radius R) by a spherical, homogenous, isotropic 
source of radius a. The geometry is shown in Fig. 2. If 
the source strength is Q y rays/sec, then the strength 
of the volume element dV is (30/41a*)dV. Let Nt be 
the number of atoms/cm?’ in the shell. Then the number 
of neutrons/sec from the shell, dn, due to the source 
element dV is given by: 

R? 30 
dn= Nto— ——dV. (1) 
p” 4ra*® 


Expressing p in terms of R, a, and cos, and performing 
the intergration over the source volume, 


n=Mnof, (2) 
where = Nio(Q is the result if the source were con- 
centrated at a point in the center of the shell, and f is 
the finite source-size correction given by: 


3Rr_—s (R°—a®) /R+a 
[xo-——— in )} (3) 
2a’ Z R-a 


f=— 


CROSS SECTION 


Fic. 2. Geometry for the calculation of the finite 
source-size correction. 


Since aR the logarithm may be expanded; retaining 
the first five terms of the expansion gives the result : 


f&1+<02/5R?. (4) 


Since the a?/5R? term was only 0.030 for the Y* source 
and 0.007 for the Sb’ source, the use of f in the form 
of Eq. (4) is fully justified. 


3. Compton Scattering in the Sources 


The y-ray sources were chosen to have low energies 
so that Compton scattering within the sources es- 
sentially removes the scattered radiation from the 
“beam,” i.e., the scattered y rays no longer have 
sufficient energy to produce a (y,m) reaction in the Be 
shell. However, when the source strength measurements 
were made, all y rays emerging from the source, includ- 
ing those which had undergone scattering, were 
detected. Therefore, a correction for the degraded 
radiation was necessary. Instead of the measured 
source strength Qo, one must use in calculating the 
cross section a reduced source strength Q given by: 


Q=Qole™)m, (S) 
where & is the Compton scattering cross section in 
units of cm™ and / is the path length of the y ray in 
the source. For the range of values for k/ for the sources 
used, a sufficient approximation is: 


OOo exp(—l), (6) 


where l is the average path length of y rays within the 
source. Under the assumption of a homogenous, 
spherical source, a straightforward but lengthy inte- 
gration yields 1= (3/4)a, where a is the radius of the 
source. Since the Y** source was in aqueous solution, 
the value of & was taken equal to that for water; the 
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TABLE I. Corrections and uncertainties in the measurement of 
the Be®(y,n) cross section for Y** y rays (1.85 Mev). 


Uncertainty 
(percent) 


Correction 


Item (percent) 


y-ray source strength see 4.0 
Purity of y-ray source vee 1.0 
Half-life of Y** tee <0.1 
Neutron detector dead-time (Ra-y-Be ; 0.6 
calibration only) 
Flatness of detector sensitivity ee 0. 
Counting statistics tee 1. 
Finite source size 3. <0. 
Compton scattering in source volume . 0. 
Compton scattering in source holder , 0. 
Attenuation of y rays in Be shell ‘ <0. 
Geometry of Be shell and position of . 0. 
y-Tay source 
Effect of 2.76-Mev y ray 
Absolute source strength of NBS No. 2 
Sb-y-Be neutron standard 


Root-mean-square uncertainty 
o(yn) = (6.5440.31) X 10°*8 cm? 


value for antimony was, of course, used for the Sb! 
source. 

For the Y* source an additional scattering correction 
was necessary for the glass source holder. The average 
path length was taken equal to the thickness of the 
glass (1 mm) for this case. 

Since a small hole had been drilled through the 
antimony sample, a new radius, equal to that which 
would have resulted had all of the antimony been 
concentrated in a true sphere, was used to obtain the 
value of l. 


4. Gamma-Ray Altenuation in the Be Shell 


Both of the source radii were much smaller than the 
mean radius of the Be shell, so that the average path 
length of the y rays in the beryllium was approximately 
equal to the shell thickness. A correction of 0.2% was 
calculated for the y-ray attenuation in passing through 
1.50 mm of Be. 


5. Nonuniform Activation of the Antimony Sphere 


Since the thermal neutron absorption cross section 
for antimony is rather large (5.5 barns), the neutrons 
impinging on the sample during activation are attenu- 
ated in passing into the sample. This results in a surface 
activity 5.5% higher than that in the interior, but this 
effect is reduced slightly by the presence of the radial 
hole through the sample. In any event, this non- 
uniformity can only affect the finite source-size cor- 
rection and the Compton scattering correction (2 and 
3, above), both of which were based on homogeneous 
sources, and as a second order correction, is entirely 
negligible. 


6. Effect of the 2.76-Mev y Ray in the Y** Spectrum 


Fortunately, the energy of this secondary y ray 
from Y** is almost exactly equal to the energy (2.745 
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TABLE II. Corrections and uncertainties in the measurement of 
the Be®(y,) cross section for Sb! y rays (1.69 Mev). 





Uncertainty 
(percent) 


Correction 
(percent) 


y-ray source strength 

Half-life of Sb! 

Purity of y-ray source 

Neutron detector dead-time (Ra-y-Be 
calibration only) 

Flatness of detector sensitivity 

Counting statistics 

Finite source size 

Compton scattering in source 

Attenuation of y ray in Be shell 

Geometry of Be shell and position of 
y-Tay source 

Branching ratio of Sb" decay 

Effect of 2.09-Mev y ray 

Nonuniform activation of source 

Absolute source strength of NBS No. 2 
Sb-y-Be neutron source 


Item 





A 
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Root-mean-square uncertainty 
o(y,n) = (12.62+0.69) X 10728 cm? 


Mev) of the prominent Na™* y ray. The Na*-y-Be 
cross section has previously been measured® to be 
(6.74+0.54) X 10-*8 cm?. Using this value together with 
the intensity measurement® [ (0.5+0.3)% of the 1.85- 
Mev y ray ], gives a straight-forward correction for the 
presence of the 2.76-Mev radiation. 


7. Branching Ratio of the Sb'* Decay 


Branching ratio measurements of the Sb‘ decay are 
conveniently made by comparing y-ray intensities 
with the intensity of the 0.603-Mev y ray which 
occurs in each disintegration. A new measurement of 
this branching ratio has been made using the well- 
established Nal crystal techniques.’ It was found that 
the 1.69-Mev y ray occurs in 50.6+2.5% of the decays. 
This value is in agreement with the somewhat less 
accurate measurements of Lazar‘ and of Zolotavin 
et al." 


8. Effect of the 2.09-Mev y Ray in the Sb’* Spectrum 


The ratio of the 2.09- to 1.69-Mev y rays in the 
decay of Sb‘ has also been measured’ and found to be 
0.146+0.007. (The 2.09-Mev y ray occurs in 7.4+0.4% 
of the decays.) Although the cross section for the 
Be®(y,7) reaction is not accurately known at 2.09 Mev, 
a value of (3.8+0.6)X10-%8 cm? has been obtained" 
for the 2.18-Mev y ray from Pr. By making a reason- 
able extrapolation to 2.09 Mev, a value of (4,040.8) 
10-285 cm? was obtained. This latter cross section 
together with the above intensity ratio permitted the 


8 Snell, Barker, and Sternberg, Phys. Rev. 80, 637 (1950). 

9 We are indebted to Mr. W. S. Lyon of the Analytical Chemis- 
try Division for making this measurement. 

10 Zolotavin, Grigoryev, and Abroyan, Izvest. Akad. Nauk 
S.S.S.R. Ser. Fiz. 20, 289 (1956). 

11 B. Hammermesh and C. Kimball, Phys. Rev. 90, 1063 (1953). 
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calculation of the effect of the 2.09-Mev y ray. The 
correction amounted to 4.4%. 

The decay scheme” for Sb'* allows the possibility 
of a 2.3-Mev y ray. A search" for this radiation has 
shown that its intensity is less than about 0.4% of the 
1.69-Mev vy ray and so has been neglected here. 

The corrections to the data and the various uncer- 
tainties are listed in Tables I and II for the Y** and 
Sb!‘ measurements, respectively. 


III. RESULTS 


The cross sections which resulted from the use of 
the technique described are: 


Y* (1.85 Mev): 
Sb" (1.69 Mev): 


o=( 6.54+0.31) K 10-%8 cm’, 
o= (12.62+0.69) X 10-*8 cm’. 


Previous measurements with which these results 
may be compared are, at 1.69 Mev, values of 19 10-*8 
cm?! and 1010~-*8 cm?."4 Although no cross section 
measurements have been reported for Ey=1.85 Mev, 
our results are in good agreement with measurements 
made at only slightly different energies.! The results 
are in relatively good agreement with the calculations 
of Guth and Mullin.® The peaking of the (y,) cross 
section near threshold indicated by the results given 


12 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 
30, 585 (1958). 

13B.S. Dzhelepov and I. A. Iaritsyna, Izvest, Akad. Nauk 
S.S.S.R. Ser. Fiz. 20, 343 (1956). 

14 A. H. Snell, as reported in reference 15. 

16 E. Guth and C. J. Mullin, Phys. Rev. 76, 234 (1949). 


Be* (7,2) 
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in this paper is, however, narrower with a higher 
maximum (by about 25%) than computed by Guth 
and Mullin. 


IV. DISCUSSION 


The present method of measuring the photoneutron 
cross section for beryllium using radioactive sources is 
capable of considerably higher precision than techniques 
previously used. This is the result of the use of a 
neutron detector whose properties are accurately 
known and of maintaining precise geometry for both 
the Be sample and the y-ray sources. The factors which 
have limited the accuracy of the measurements most 
severly have not been associated with the method 
used but rather arise from the uncertainties in the 
absolute strengths of the y-ray sources and the world 
standard neutron sources and from the lack of precise 
knowledge concerning the Sb!‘ decay scheme. 

It is hoped that the cross sections obtained for the 
1.69- and 1.85-Mev y rays will be of value in normalizing 
excitation curves for the Be®(y,7) reaction. 
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Nuclear Photon Absorption in Carbon and Oxygen* 


A. S. Penrotpf AND E. L. Garwint 
The Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received January 15, 1959) 


The importance of narrow, isolated, resonances in the photonuclear absorption cross sections of C and O 
was investigated by means of an absorption experiment performed with 30.7-Mev bremsstrahlung. The 
experiment yielded values for the cross sections averaged over the (7y,) cross sections for C and O'S. The 
results for C were the same as those expected for a cross section without narrow resonances, while for O a 
definite resonance effect was demonstrated. The O photonuclear absorption cross section, averaged over 
the O'*(7,%)O" cross section, was found to be 26.7+3.5 millibarns, 16+4 millibarns higher than the value 
expected if narrow resonances contribute insignificantly. Estimated values for the parameters of the O 
resonances near 22 Mev are: average peak height, 106-+14 mb; ratio of the radiative width (to ground 
state) to total width, (6.6+0.9)X10~*; total width about 30 kev. The experimental results are insensitive 
to uncertainties in the non-nuclear x-ray attenuation cross sections for C and O. 





INTRODUCTION 


HE bremsstrahlung yield curves for (y,) reac- 

tions in the light elements exhibit fine structure 

in the form of sudden, and often large, changes of slope. 

The sudden changes have been interpreted as manifesta- 

tions of narrow levels in the total absorption cross 
section for photons.!* 

For carbon and oxygen, the fine structure in the yield 
curves is observed not only on the low-energy side of 
the giant resonance, but over the peak of the giant 
resonance as well. It is not yet clear, however, whether 
the implied narrow resonances contribute significantly 
to the total absorption cross section. 

Narrow resonances do contribute significantly on 
the low-energy side of the giant resonance in oxygen. 
This has been shown by means of an absorption experi- 
ment? using an oxygen detector and an oxygen absorber. 
The experiment yielded an average value for the total 
absorption cross section over the region 17 to 18 Mev, 
of 13+8 mb. This value is to be compared with the 
value 2.5+0.3 mb, obtained by adding together the 
average (y,n) and (y,p) cross sections*® from con- 
ventional analyses which smooth out the very narrow 
structure. Thus, the experiment yielded a higher value 
than can be accounted for by smooth cross sections, 
and so resonance absorption is indicated. In fact, if 
narrow resonances are assumed, the experimental value 
1348 mb implies that the average peak height of the 
resonances is 26+16 mb. This value is in good agree- 
ment with the value of 17.56 mb for the average peak 
height which can be calculated from the fine structure 
data given by Penfold and Spicer.? 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ Now at Litton Industries, Beverly Hills, California. 

t Now at the University of Illinois. 

1 Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954). 

2 A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 

3A. S. Penfold, Ph.D. thesis, University of Illinois, 1955 
(unpublished). 

4R. Montalbetti and L. Katz, Can. J. Phys. 31, 798 (1953). 

5 Cohen, Mann, Patton, Reibel, Stephens, and Winhold, Phys. 
Rev. 104, 108 (1956). 


Attempts have been made to determine the im- 
portance of narrow resonances throughout the whole 
of the giant resonance region in light elements.*-* The 
results indicate that narrow resonances play a minor 
role’’* in the case of carbon. For oxygen, narrow reso- 
nances seem to be more important,’ but the experiments 
have not been conclusive. 

This paper reports the results of an absorption ex- 
periment which studied the influence of narrow reso- 
nances near the peak of the giant resonance of carbon 
and oxygen. The experiment studied the effects on the 
yields of selected (y,m) reactions in carbon, oxygen, and 
copper due to nuclear photon absorption in graphite 
and water absorbers. The experiment was performed 
with a 30.7-Mev bremsstrahlung beam, and it yielded 
average values for the photonuclear absorption cross 
sections of C and O'* near 23 Mev. The bremsstrahlung 
energy was chosen large enough to encompass the giant 
resonance regions for C and O, but not so large as to 
give high sensitivity to the energy region above the 
giant resonance. 

The experiment was designed to minimize the effects 
of systematic errors, and the results do not depend on a 
knowledge of the following quantities: the energy re- 
sponse of the bremsstrahlung monitor, variations of 
the bremsstrahlung intensity during the irradiations, 
the stability of the bremsstrahlung monitor for periods 
longer than 10 min, the shape of the bremsstrahlung 
spectrum below 11 Mev, the sample thicknesses, the 
beta-ray counting efficiencies, and the stability of the 
beta-ray counting system for periods longer than 30 min. 
In addition, the results do not depend on a knowledge 
of the non-nuclear x-ray attenuation coefficients for 
graphite and water, but only on their change between 


* Haslam, Horsley, Johns, and Robinson, Can. J. Phys. 31, 
636 (1953). 

7A. K. M. Siddiq and R. N. H. Haslam, Can. J. Phys. 36, 963 
(1958). 

8 M. M. Wolff and W. E. Stephens, Phys. Rev. 112, 890 (1958). 
A large amount of additional information, including some on 


absorption in oxygen is contained in: M. M. Wolff, University 
of Pennsylvania, Department of Physics, Technical Report No. 4, 
1958 (unpublished). 
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17 and 24 Mev. This also means that the results are 
insensitive to the solid angle which the samples sub- 
tended with respect to the absorbers. 


EXPERIMENTAL PROCEDURE 


The irradiation geometry is shown in Fig. 1. The 
diameter of the x-ray beam at the absorber position 
was determined by the secondary collimator and was 
? in. The diameter of the x-ray beam at the ion chamber 
was determined by the main collimator and was 1? in. 
The samples which were irradiated were one inch in 
diameter. They were placed at the main collimator 
entrance and just covered it. 

Each sample consisted of a Lucite disk and a copper 
disk, simultaneously irradiated. The activities induced 
in the samples which are of interest to the experiment 
are: the 10.0-min activity in copper due to the Cu®(y,m)- 
Cu® reaction; the 2.02-min activity in Lucite due to 
the O'*(y,n)O" reaction; and the 20.1-min activity in 
Lucite due to the C"(y,n)C" reaction. These activities 
were measured by means of a single end-window geiger 
counter, and they were the only ones produced in 
observable amounts. The samples were all thick com- 
pared to the range of the beta rays involved so that 
minor variations in the individual sample thicknesses 
did not affect the counting. The samples were counted 
in the sequence Lucite-copper-Lucite. The carbon and 
oxygen activities in the Lucite were separated by 
calculation. The total period of counting was 30 minutes 
per irradiation, and the irradiations lasted 10 minutes. 

The bremsstrahlung intensity was monitored by 
means of a thick parallel-plate ionization chamber con- 
nected to a vibrating reed electrometer, whose output 
was proportional to the instantaneous bremsstrahlung 
intensity. This signal was presented to a three-channel 
activity computer, whose three output voltages were 
analogs of the 2.02-minute O” activity, the 10.0- 
minute Cu® activity, and the 20.1-minute C" activity. 
Hence fluctuations in the instantaneous bremsstrahlung 
intensity produced similar changes in both the sample 
activities and the recorded monitor readings. 

The experiment employed a 77.2 g/cm* water ab- 
sorber, and an 89.5 g/cm? graphite absorber. The 


Main 
Collimator 
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Fic. 1. Irradiation geometry for the experiment. 
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TABLE [. Experimental results. Each entry in column three is 
the mean of eight determinations. Column four gives the observed 
standard deviations from the means, while column five gives the 
standard deviations expected from counting statistics alone. 








Mean of Observed Expected 
measurements st'd. dev. st’d. dev. 


382+1 0.7% 1.3% 
301+1.5 1.4% 
39543 2.0% 
3252.5 2.3% 
400+3.5 2.5% 
32242 1.9% 


Quantity 
measured 


a(O)/a(Cu) 
a(C)/a(Cu) 
a” (O)/a” (Cu) 
a” (C)/a”(Cu) 
a? (O)/ae (Cu) 
a (C) /ae (Cu) 


Absorber 





None 
Water 


Graphite 


absorbers had a transmission factor of about 25% for 
photons of 20 Mev, and they were placed as shown 
in Fig. 1. 

Each irradiation-count sequence gave values for the 
relative yields a*(C), a*(O), and a*(Cu) of C", O'", and 
Cu®, respectively. The notation which is used is the 
following : a7(a) is the recorded number of counts from 
atoms of type ‘‘a” divided by the reading from channel 
“a” of the activity computer at the beginning of the 
counting period. The superscript ‘‘x” gives the absorber 
condition and is ‘‘w’” for the water absorber, “g” for 
the graphite absorber, and is omitted for no absorber. 

A total of eight irradiations were made with the 
water absorber, eight with the graphite absorber, and 
eight with no absorber. For each irradiation the yield 
ratios a*(C)/a*(Cu) and a*(O)/a"(Cu) were computed. 
The mean values (for all irradiations with the same 
absorber condition) were also computed. These mean 
values appear in Table I, along with the corresponding 
standard deviations from the mean values. The table 
also shows the standard deviations expected from 
counting statistics alone. The two standard deviations 
are in satisfactory agreement, indicating that the 
only important source of random error was counting 
statistics. 

An analytic expression for the ratio of the number of 
counts due to atoms of type “a” to the corresponding 
reading from channel “a” of the activity computer is 


€ 


«(= f P(R)f*(Roa( dk / 


f P(k)f#(k)R(k)dk. (1) 


0 


In Eq. (1): €a is a constant which depends on the 
length of the count period, the energy of the beta rays, 
the density of the sample, and the characteristics of 
the geiger tube; Ka, is a constant, characteristic of 
channel “‘a” of the activity computer; Aq is the time 
constant to which channel “a” is set and is equal to the 
radioactive decay constant for atoms of type ‘‘a”; P(k) 
is a function of photon energy, and it has the same 
shape as the bremsstrahlung spectrum incident on the 
absorber; {*(&) is the fractional photon transmission, 
for photons of energy & and an absorber of type “x”; 
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o.(k) is the photonuclear cross section for production 
of atoms of type “a’”’; R(k) is the charge transferred by 
the ion chamber per incident photon of energy &. 

The experimental data given in Table I are in the 
form of yield ratios, a*(a)/a*(b). An analytic expression 
for these ratios follows from Eq. (1): 


a*(a) K wAn€a ” 

| -|- . f P(k) f*(R)oal ak / 

a™(b) K ate IY 6 
f P(k) f(k)os(k)dk. (2) 
0 


Equation (2) is independent of the monitor response, 
R(k). The good agreement between the observed and 
the expected standard deviations given in Table I 
indicates that the bracketed parameters in Eq. (2) 
remained constant throughout the experiment. 


ANALYSIS OF THE DATA 


As a first step in analyzing the data of Table I the 
ratios, W*(b/a), of a(a)/a(b) to a*(a)/a7(b) were 
formed. An analytic expression for W7*(b/a) follows 
from Eq. (2): 


W*(b/a)=(f*)0/( fa, (3) 


where, for example, 


(m= f (a) (Real dk / f P(k)oa(k)dk. (4) 
0 0 


Thus the quantity W*(6/a) is equal to the ratio of the 
fractional photon transmission, f*(k), averaged over 
the cross section o, to the same averaged over the 
cross section oa. 

The photon transmission, f*(%), can be written as 
the product of a function f,7(%) which expresses the 
effects due to non-nuclear, or “electronic”, absorption, 
and a function, f,7(&), which expresses the effects due 
to nuclear absorption. The nuclear absorption was never 
larger than 7% for any of the absorbers used in this 
experiment, and so it is sufficiently accurate to put 
fn?(k) equal to 1—o7(k)tz, where: o7(k) is the nuclear 
absorption cross section in cm? per atom of type “x” in 
the absorber; and /, is the corresponding number of 
atoms/cm’, 

By using the foregoing, one obtains 

(f*)a=(fe7)a—tX fe70")a; (5) 
with a similar expression for (f*)». For the graphite 
absorber o” is equal to o©, the total photonuclear absorp- 
tion cross section for carbon (98.9% C'). For the water 
absorber o* is equal to o®, the total photonuclear absorp- 
tion cross section for oxygen (99.8% O'°). 

Explicit calculations were made which showed that, 
for the conditions of this experiment, Eq. (5) can be 
simplified by putting (/.707). equal to (/.*)a(o")a. This 
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approximation leads to an error which is considerably 
smaller than the errors already present in the data due 
to counting statistics. With this simplification, Eqs. (3) 
and (5) may be combined to give the following result : 


1[(fe*)a 
(oo? v= | W(0/a ~ i} (6 
(feo , : 


Because the (y,) cross sections for C”, O'*, and Cu® 
are all strongly peaked, the transmission ratios, 
(fe*)a/(fe*)», of Eq. (6) are approximately equal to 
1+[ue7 (ke) —Me*(Ra) IT 2; where Me™ (Rp) and Me™ (Ra) are 
the non-nuclear x-ray attenuation coefficients at the 
energies for which the cross sections a, and og have their 
peak values, and T, is the thickness of the absorber. 
For the present experiment ¢» is the (y,7) cross section 
for Cu®, and aq is the (y,7) cross section for either C” 
or O'*. The transmission ratios have values of about 
1.1 for both the graphite and the water absorber used 
in this experiment. It is evident that the transmission 
ratios are not sensitive to possible uncertainties in the 
absolute values of the non-nuclear x-ray attenuation 
coefficients. In fact, the latter could be uncertain to 
10% before introducing errors comparable to the 
statistical errors of the experiment. 

The photon transmission ratios, (f.7)a/(f-7)», of Eq. 
(6) were computed for the graphite and the water 
absorber using the non-nuclear x-ray attenuation 
coefficients tabulated by White,’ the bremsstrahlung 
spectra tabulated by Penfold and Leiss," and the (y,) 
cross sections for C”, O'®, and Cu® which are given in 
Fig. 2. The cross sections of Fig. 2 were obtained by 
averaging various published measurements.**""-§ 


z 
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Fic. 2. The (y,m) cross sections for C”, O18, and Cu® which were 
used to compute the photon transmission ratios of Eq. (6). 


®G. R. White, National Bureau of Standards Report No. 1001, 
1952 (unpublished). 

1 A. S. Penfold and J. E. Leiss, University of Illinois Report, 
1958 (unpublished). 

1 L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951); 
A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954) ; Barber, 
George, and Reagan, Phys. Rev. 98, 73 (1955) ; B. C. Cook, Phys. 
Rev. 106, 300 (1957); R. Sagane, Phys. Rev. 84, 587Z (1951); 
Horsley, Haslam, and Johns, Can. J. Phys. 30, 157 (1952). 

§ Note added in proof.—In constructing Fig. 2 it was assumed 
that the peak of the C total cross section occurs at the same 
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The calculated values of (f.7)a/(fe7)s, and the 
measured values of W*(b/a) were combined as pre- 
scribed by Eq. (6) to give the results shown in Table II. 
The estimated errors in Table II were obtained by 
compounding the errors from Table I with an estimated 
0.6% error on the photon transmission ratios caused by 
uncertainties in the shapes of the (y,) cross sections. 

In Table IT, (¢®)o is the total absorption cross section 
for oxygen averaged over the O!*(y,n)O"® cross section, 
(0°)c is the total absorption cross section for oxygen 
averaged over the C!(y,n)C" cross section, and so on. 
The averages are of the type prescribed by Eq. (4). 

There is a significant difference between the first two 
entries in Table II. This means that the oxygen photo- 
nuclear absorption cross section overlaps the O'*(y,n)- 
O” cross section better than it does the C?(y,n)C" 
cross section. On the other hand, there is no significant 
difference between the last two entries in Table II, so 
the carbon photonuclear absorption cross section over- 
laps the O'*(y,2)O", and the C?(y,n)C" cross sections 
equally well. Thus the experimental results indicate 
that narrow, isolated, resonances play an important 
role in the giant resonance region of the oxygen absorp- 
tion cross section, while they, do not do so in that region 
of the carbon absorption cross section. The copper 
data serves as a basis for comparing the behavior of 
carbon and oxygen. 

The quantities (o°)cy and (o©)c, are expected to be 
much smaller than the other quantities of Table IT 
since the giant resonance in copper occurs at a lower 
energy than in carbon and oxygen. If it is assumed that 
there are no narrow, isolated resonances in the 
Cu®(y,2)Cu® cross section then the quantities (0°)cu 
and (¢©)c, can be calculated. This assumption is sup- 
ported by the fact that no fine structure is observed 
in the (y,7) yield curve for copper, and by the expecta- 
tion that the level density in the giant resonance region 
of copper is very high. If the copper cross section is 
smooth, then (o7)cu goes over into (@")cu, where the bar 
designates an average over any narrow resonances in 
o*. Computations were made using the Cu®(7,n)Cu® 
cross section of Fig. 2, and published data on the (y,n) 
and (y,p) cross sections of oxygen and carbon.**!! 
The results were: (0°)cy=2.5+0.6 mb; (¢°)cu=4+1 


TABLE II. Cross-section differences, in millibarns, obtained 
from Eq. (6). The cross-section values are averages as prescribed 
by Eq. (4). The values (0°) were obtained from the data with the 
water absorber, and the values (o©) from the data with the 
graphite absorber. 


Estimated 
error (mb) 


Value 
(mb) 


(9°)o—(6® cu 24.2 aS 
(9?)e—(0)ou 9.8 4 
(o9)o—(6©)ou 10.9 2.9 
(a©)o—(o® ou 8.6 2 


Cross section 


energy as that of the O cross section. This has now been verified 
experimentally (H. W. Koch, private communication, 1959). 
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Fic. 3. The experimental results (solid dots) compared to pre- 
dicted results (crosses). The predicted results were obtained by 
assuming completely “smooth” cross sections. (o®)o is the total 
photon absorption cross section for oxygen averaged over the 
O'6(y,n)O!§ cross section, (¢®)c is the total photon absorption 
cross section for oxygen averaged over the C!(y,m)C" cross 
section, and so on. 


mb. These were added to the numbers given in Table IT, 
and the results are plotted as the solid points in Fig. 3. 


DISCUSSION 


In order to test whether the experimental results 
indicate absorption due to narrow, isolated, levels the 
quantities (0°)o, (0°)c, (o©)o, and (o°)c were calculated, 
assuming smooth cross sections. The “smoothed” total 
absorption cross sections needed for the calculations 
were obtained by adding together published data on 
the (y,z) and (y7,p) cross sections of oxygen and 
carbon.':>' The results of these calculations are shown 
by the points marked by crosses in Fig. 3. The errors 
on these points result from uncertainties in the absolute 
values of the published cross sections. 

The measured values are in good agreement with 
the calculated values for all cases except (o°)o. The 
large difference in this case indicates that narrow, 
isolated resonances occur in the oxygen photonuclear 
absorption cross section and contribute significantly 
to it. On the other hand, no such effect is in evidence 
for carbon. 

As discussed in the introduction, the oxygen total 
cross section is known to be composed of narrow reso- 
nances up to at least 19 Mev. To test the sensitivity 
of this experiment to these known levels, the quantity 
(o°)o was recalculated assuming a completely levelized 
structure? up to 19 Mev, and a smooth cross section 
thereafter. The recalculated value was only 0.3 mb 
higher than the value obtained assuming a completely 
smooth cross section. It was concluded that the present 
experimental results imply strong level absorption near 
or at the peak of the oxygen giant resonance. 

In order to interpret the experimental value for 
(o)o, the following assumptions were made: 
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(a) The oxygen photonuclear absorption cross section 
is composed entirely of narrow, isolated, resonances. 

(b) The envelope of the resonance peaks has a giant 
resonance shape. 

(c) The giant resonance is due to dipole transitions. 

(d) The ratio of proton emission to neutron emission 
for the narrow resonances is, on the average, equal to 
the ratio o(y,p)/o(y,n) which is obtained from gross 
cross-section studies. At present there is no conclusive 
experimental evidence in regard to this point. 


Using assumptions (a) and (b), both of which are 
consistent with a fine-structure study of the O'*(y,”)O" 
reaction,” the ratio of (0°)o to the average peak height 
is calculated from an equation having the form of Eq. 
(4). For an individual] Breit-Wigner resonance, the ratio 
is 4; if the resonance peaks have a resonance envelope, 
the ratio becomes nearly }, as was determined by 
integration over the actual shape of the oxygen giant 
resonance. Employing this ratio, and the value of 
(o°)o from the experiment, a value of 106+14 mb is 
obtained for the average peak height of the narrow 
resonances near 22 Mev, in oxygen. If the cross section 
has an underlying continuum in addition to narrow 
resonances, the average peak height of the resonances 
near 22 Mev is larger than 106+14 mb. 

In accord with assumption (c), the maximum theo- 
retical value for the peak heights of the narrow reso- 
nances is 16 barns (6rA*). T',/T’, the ratio of the radiative 
width (to the ground state) to the total width of a 
resonance is equal to the peak height of the resonance 
divided by the maximum theoretical value for the peak 
height. Therefore, this experiment gives (6.6+0.9) 
X10 asa minimum value for I',/T for resonances near 
22 Mev, in oxygen. 

Assumptions (a) and (d) imply that the sum of the 
areas under the narrow resonances, multiplied by the 
number of resonances per Mev, must equal 10.542 mb, 
the average value of the absorption cross section; i.e., 
the value obtained from gross cross-section studies. 
Therefore, using the value for (0°)o from this experi- 
ment in the relation: (0°)o=o(average)/nnT’, a value 
nI'=0.12+0.02 is obtained, where n is the number of 
resonances per Mev, near 22 Mev. A fine-structure 
study of the (y,m) reaction in oxygen® gives n~4 in 
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this region, and this value for m applies here. The 
resulting value, ['=30+5 kev, should be regarded as 
an upper limit, however, since some levels may have 
escaped detection in the fine-structure study. 

It is surprising that a resonance effect should be 
found for oxygen and none for carbon. If carbon had 
shown a resonance effect then the following changes in 
Fig. 3 would have been observed : 


(a) The measured value for (c©)c would have been 
higher than the calculated value. 

(b) The measured values of both (¢°)c and (o°)o 
would have been Jower than the calculated values, due 
to nonoverlap of the levels in carbon and oxygen. 
Thus our conclusion that carbon shows no detectable 
resonance effect is based upon three experimental 
numbers, not just one. 


A plausible explanation for the observed behavior of 
carbon is available. Fine-structure studies of the 
C"(y,n)C" reaction indicate that only about 50% of 
the cross section can be accounted for by narrow 
resonances.” (In contrast, similar studies indicate that 
the entire (y,) cross section of oxygen is composed of 
narrow resonances.”) If 50% of the carbon absorption 
cross section is smooth, and if the resonances are about 
150 kev wide, the results of this experiment are to be 
expected. 


CONCLUSIONS 


It is concluded that narrow, isolated, resonances 
occur in the oxygen photonuclear absorption cross sec- 
tion and contribute significantly to it, whereas such 
resonances do not contribute strongly to the carbon 
photonuclear cross section. Similar conclusions have 
also been reached by Siddiq and Haslam.’ 

Although no resonance effect was observed for 
carbon, the existence of narrow resonances is not out of 
the question. In fact, if narrow resonances constitute 
50% or less of the carbon photonuclear absorption 
cross section, they might well produce an effect too 
small to have been observed by this experiment. 


21. Katz, Program of 1958 Photonuclear Conference, Washing- 
ton, D. C. (unpublished). 
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A comparison is made of the ratios of the squares of the Gamow-Teller and Fermi coupling constants, 
Car*/Cr’, calculated from the latest experimental ft values and the theoretical matrix elements for the 
“doubly closed shell--one nucleon” mirror transitions and the 0*-0* transitions. The /¢ value of the neutron 
derived from the recent half-life measurement of 11.7+0.3 minutes leads to a value for Car*/Cr* of 
1.42+0.06, which is in agreement with the ratio obtained from the correlation coefficient for the beta- 
particle momentum and the spin direction of the decaying neutron. The ft value for the decay of H? is also 
in good agreement with this ratio if the Gamow-Teller matrix element for this transition does not differ 
appreciably from that predicted by the individual particle model. The /t value of the heavier mirror nuclei, 
O', F'’ and Ca®, are consistent with a considerably lower ratio. In particular, O"8 and F"’, for which the 
Gamow-Teller matrix elements are considered the most reliable because the magnetic moments of the 
daughter nuclei are especially close to the Schmidt limits, lead to a value for Cqr?/Cr?* of 1.16+0.05. These 
results are consistent with recent theoretical considerations which suggest that meson exchange effects may 
give rise to appreciable corrections in the calculation of the matrix elements. 





HE ratio of the squares of the Gamow-Teller and 
Fermi coupling constants in beta decay, Cgt?/CF’, 

as obtained from the ft values of the mirror transitions 
between “doubly closed shell+1 nucleon” nuclear 
configurations together with those of the 0*-0* transi- 
tions, has been re-evaluated on the basis of the latest 
experimental information. This special group of mirror 
transitions is composed of the decays of m', H®, 0}, 
F!’, Ca®, and Sc“. Analyses of this type have been 
the subject of several papers'* where Cor*/Cr’ is 
assumed to be a constant for all beta transitions and is 
derived from experimental ft values by means of the 


conventional expression 
2 2 
+Car’ fe | 


The analysis is limted to special cases of superallowed 
transitions for which the matrix elements can be 
calculated with some confidence. It has been suggested 
in several papers** that it may not be possible to 
obtain agreement between the ft values of the various 
transitions with the conventional theory of the beta- 
decay interaction in which mesonic exchange effects are 
neglected. The previous analyses, however, were limited 
because precise ff values were not available for many 
of the transitions. 

To resolve the discrepancies in the published ft 


2n* In2= (fl) [ce 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
Selskab, Mat-fys. Medd. 27, No. 14 (1953). 

O. Kofoed-Hansen and A. Winther, Kgl. Danske Videnskab. 

Selskab, Mat-fys. Medd. 30, No. 20 (1956). 

3G. L. Trigg, Phys. Rev. 86, 506 (1952). 

4J. B. Gerhart, Phys. Rev. 109, 897 (1958). 

5 J. M. Blatt, Phys. Rev. 89, 83 (1953). 

®R. J. Finkelstein and S. A. Moszkowski, Phys. Rev. 95, 1695 
(1954). 

7J. S. Bell and B. J. Blin-Stoyle, Nuclear Phys. 6, 87 (1958). 

8 Fujita, Matumoto, Kuroboshi, and Miyazawa, Progr. Theoret. 
Phys. Japan 20, 308 (1958). 


values for O'§ and Ca®, we reinvestigated these transi- 
tions.®° Because the major contribution to the error 
of the.O! ft value came from the uncertainty in the 
half-life, this quantity has been remeasured. The isotope 
was made by the reaction C(a,n)O", with a-particles 
from the Brookhaven 60-inch cyclotron. Absorbers were 
used to degrade the beam energy to below the (a,2n) 
threshold. Reactor graphite, grade A-A, was used for 
the target. The decay was observed at several energies 
with a thin-lens beta spectrometer and a stilbene 
scintillation detector, and recorded with a pen oscillo- 
graph. The apparatus was the same as that described 
for the investigation” of the Ca® decay. The results of 
measurements made at 0.5, 0.9, and 1.4 Mev, after 
subtraction of a weak, long-lived background, give a 
half-life of 124.1++0.5 seconds, where the error is the 
external standard deviation. This result is in excellent 
agreement with the value of 123.95+0.50 seconds 
recently reported by Penning and Schmidt." Accurate 
data on the other transitions, with the exception of 
Sc“, have recently been reported by other investigators. 
The experimental data and other pertinent information 
for these transitions are listed in Tables I and II. 

The Fermi matrix elements required for this analysis 
can be calculated with the single assumption of charge 
independence of nuclear forces.'? For the 0+-0* transi- 
tions, these matrix elements have the value of 2; and 
since these transitions obey only the Fermi selection 
rules, the ft values for this group are expected to be 
equal. The well-known fact that the ft values of these 
transitions are in excellent agreement‘ with this pre- 
diction indicates that the Fermi matrix element is very 
nearly a constant, independent of the A or Z of the 
nucleus. The three most accurately measured 0+-0+ 


® Kistner, Schwarzschild, Rustad, and Alburger, Phys. Rev. 
105, 1339 (1957). 

100, C. Kistner and B. M. Rustad, Phys. Rev. 112, 1972 (1958). 

1 J. R. Penning and F. H. Schmidt, Phys. Rev. 105, 647 (1957). 

12, P. Wigner, Phys. Rev. 56, 519 (1939), 
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TABLE I. Data for the 0*—0* transitions. 








Half-life Emax (kev) Type of meas. tt» 


Transition 
O4(gt) NM 72.5 +0.5 sec 1810+8° O” (He®,n)O" thres. 3106+ 62 
Al?** (8+) Mg6 6.60+0.06 sec4 3202+ 10° Mg?*(p,n) A2®* thres. 3120+ 53 

(6.5 +0.1 sec) (3200+ 50)#» (Mag. lens) 
Cl*(gt+)S™ 1.53-+0.02 sec! 4500+ 30) Mag. lens 3164+110 
(1.58+0.05 sec)#* (4500+ 30)! (S*(p,y)Cl*) 





Average= 3120+ 46 


tables of S. A. Moszkowski and K. M. yesins, University of California at Los piailee Technical eee UCAL- 


* Calculated from the “ f function” 
10. 26- 55 (unpublished). 
B. Gerhart, Phys. Rev. 100, 945 (1955), ¢=72.1+0.4 sec; Sherr, Gerhart, Horie, and Hornyak, Phys. Rev. 100, 945 (1955). Branching =99.4+0.1%. 
. Bromley, Almquist, Gove, Litherland, Paul, and Ferguson, Phys. Rev. 105, 957 (1957). 
4 See reference 4. 
¢ Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 (1955). 
f Haslem, Roberts, and Robb, Can. J. Phys. 32, 361 (1954). 
« The values in parentheses are supporting data which were not used in the calculation of ft. 
b Kavanagh, Mills, and Sherr, Phys. Rev. 97, 248 (1955). 
'R. M. Kline and D. J. Zafferano, Phys. Rev. 96, 1620 (1954). 
iD. Green and J. R. Richardson, Phys. Rev. 101, 776 (1956). 
k P, Stahelin, Helv. Phys. Acta 26, 691 (1958). 
'C, Van der Leun, thesis (unpublished). 


TABLE IT. Data for the “doubly closed shell+1 nucleon” mirror transitions. 








| fol? le 
1 ransition _Half- life Emax (kev) Type of meas. ft single particle # cazeeted Cat?/Cr? 


n 1(g- \H! 11.7 +0, 3 min* 782+ 1> H?(p,n) He? thres. 1187435¢ 3 1.42+0.06 
(78234 1.0)4¢ (React cycles) 

H?(8-)He® 12.262+0.004 yr! 18.65+ 0.20¢ H*-He? mass dif. 1132+40° : 3.625 1.25+0.06 

O4(Bt)N% 124.1 +0.5 seci 1739+ 2i N'5(p,n)O"8 thres. 4475+30* ; 0.350 1.13+0.07 

(123.95 +0.50 sec)*! (17364+10)°™" (Mag. lens) 

F17(g+)O" 66.0 +0.5 sec° 1748+ 6™P Mag. lens 2381+40* : 1.373 1.18+0.04 
(66.0 +1.8 sec)®? (1745+ 6)¢:4 (React cycles) 

Ca** (gt) K* 0.88 +0.01 sec" 5490+25"'" Mag. lens 4320+ 100* y 0.39 1.13+0.12 
(0.876+0.012 sec)*"* (5430+60)°* (180° mag. spect) 








* See reference 15. 
» Taschek, Argo, Hemmendinger, and Jarvis, Phys. Rev. 76, 325 (1949). 
© Cale ulated by graphical integration from the Tables for the Analysis of Beta Spectra, National Bureau of Standards Applied Mathematics Series No. 13 
. Government Printing Office, Washington, D. C.). 
Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
‘he values in parenthesis are supporting data which were not used in the calculation of ft. 


°T 

‘W. M. Jones, Phys. Rev. 100, 124 (1955). 

« L. Friedman and L. G. Smith, Phys. Rev. 109, 2214 (1958). 

b Average value taken from the results of the H* and He* magnetic moments. 


i Present work. 
i Lidofsky, Weil, and Jones, Bull. Am. Phys. Soc. Ser. II, 2, 182 (1957). 
k Calculated from the ‘‘f function” tables of S. A. Moszkowski and K. M. Jantzen, University of California at Los Angeles Technical Report UCAL- 


10-26-55 (unpublished). 
! See reference 10. 


m See reference 8. 
n bg reference supplies evidence that the beta spectrum is simple. 


© Von L. Koester, Z. Naturforsch. 9A, 104 (1954). 
P Calvin Wong, Phys. Rev. 95, 765 (1954). 
aC. W. Li, Phys. Rev. 88, 1038 (1952). 


' See reference 9. 
* J. E. Cline and P. R. Chagnon, Bull. Am. Phys. Soc. Ser. II, 3, 206 (1958). 
t J. A. Welch, Jr., and R. Wallace, Bull. Am. Phys. Soc. Ser. II, 3, 206 (1958). 


transitions are listed in Table I. Small order corrections coupling of the odd particle to the core of the 
to the Fermi matrix elements of the 0*-O* transitions nucleus,!** which express the G-T matrix elements in 
due to Coulomb and relativistic effects have been terms of the experimental magnetic moments. 
investigated by MacDonald and were shown to be When the single-particle G-T matrix elements are 
less than approximately 1% for the vector interaction corrected according to the magnetic moment method! 
in the particular cases of O% and Cl*. For the mirror of Winther and Kofoed-Hansen, which is essentially 
transitions, the Fermi matrix element is 1. an interpolation between the Schmidt limits, the ft 
The calculation of the Gamow-Teller matrix element — values of H*, 0", F"”, Ca® together with the average ft 
requires a nuclear model. The applicability of the single- of the O+-0*+ transitions, are consistent within experi- 
particle model for the “doubly closed shell+1 nucleon” mental error with a unique value of Cgr?/Cr*, as may 
mirror transitions, as suggested by shell theory, is be seen in Table II. Both the single-particle and the 
substantiated by the fact that the experimental mag- magnetic moment corrected G-T matrix elements, and 
netic moments of the daughter nuclei are relatively the values of Cgr*/Cr* corresponding to the latter are 
close to the Schmidt limits. Several methods have been listed for each transition. The above interpolation 


devised for correcting the single-particle model for - — 
- -—- uG. Mayer and J. H. Jensen, Elementary Theory of Nuclear 
13 W, M. MacDonald, Phys. Rev. 110, 1420 (1958). Shell Structure (John Wiley & Sons, Inc., New York 1955), p. 176. 
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method, however, does not consider possible contri- 
butions from exchange moments'®'® to the deviations 
from the Schmidt limits. 

For the decays of O! and F’, the experimental 
magnetic moments are very close to the Schmidt limits; 
and the corrections to the single-particle matrix 
elements, as shown in Table II, are correspondingly 
small, namely 5% and 2%, respectively. If the single- 
particle approximation is applicable to these nuclei to 
the extent indicated by the experimental magnetic 
moments, then the matrix elements for O'!® and F!? 
should be reliable. The weighted average of Cer?/Cr 
for these two transitions together with the Ot+-O+ 
transitions is 1.16+-0.05. The error is derived from the 
quoted errors of the ft values and the small magnetic 
moment corrections, which are taken as estimated 
errors in the theoretical matrix elements. 

This analysis may be illustrated by a type of graph 
first used by Blatt® which is based on the following form 
of the above equation, 


y=Cr’+ (Car’—Cr’)x, 


where y=2n'* In2/ft(| f1|?+|fo|?) and «=| fo|?/ 
(| fo|?+| f1|?). In Fig. 1, two points are plotted for 
each of the mirror transitions; the open and solid 
points correspond to the values of x and y calculated 
from the single particle and the magnetic moment cor- 
rected values of the G-T matrix elements, respectively, 
as listed in Table IT. 

From the beta decay of the neutron, a clearly dif- 
ferent value is obtained for Cgr?/Cr’. The ft value of 
this transition, calculated from the recently reported 
half-life measurement!” of 11.7+0.3 minutes, when 
combined with the average ft of the 0+-0+ transitions, 
yields a value for the ratio of 1.42+0.06. This higher 
value is supported by the recent measurement!’ of the 
correlation coefficient between the beta-particle mo- 
mentum and the neutron spin for the decay of the 
neutron, A=—0.11+0.02. With the assumption of 
time reversal invariance, this result gives a value for 
the ratio of 1.56+0.14, independently of ft value 
measurements. For the case of H*(8~)He’, following the 
assumption of Villars,!® most of the deviation of the 
magnetic moments from the Schmidt limits can be 
accounted for successfully by exchange moments. On 
this basis, the G-T matrix element for this transition 
would be nearer to the single particle value of 3, in 


15 Felix Villars, Helv. Phys. Acta 20, 476 (1947). 

16 J. S. Bell, Nuclear Phys. 4, 295 (1957); H. Miyazawa, Progr. 
Theoret. Phys. 6, 283 and 801 (1951); E. Kuraboshi and Y. Hara, 
Progr. Theoret. Phys. Japan 20, 163 (1958). 

17 Sosnovskij, Spivak, Prokofiev, Kutikov, and Dobrynin (to 
be published), reported by M. Goldhaber at the 1958 Annual 
International Conference on High-Energy Physics at CERN, 
Geneva, July, 1958, edited by B. Ferretti (CERN, Geneva, 1958). 

18 Burgy, Krohn, Novey, and Ringo, reported by M. Goldhaber 
at the 1958 Annual International Conference on High-Energy 
Physics at CERN, Geneva, July, 1958, edited by B. Ferretti 
(CERN, Geneva, 1958). 
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Fic. 1. Plot of y=Cr’+(Catr’—Cr’)x for the “doubly closed 
shellt-one nucleon” mirror transitions, the O+-0* transitions 
and the He®(8-)Li® transition, where y= 27° In2/ ft(| [1|?+| fo|?) 
and x=| fo|?(| f1|2+| fo|?). The line for the ratio, Car’/Cr 
=1.16, corresponds to the 0*-0* transitions, O!8 and F'’; the 
line for 1.42 corresponds to the 0*-0* transitions and n'; and the 
line for 1.56 corresponds to the 0*-0* transitions and the electron- 
momentum, neutron-spin correlation coefficient, A, for the decay 
of the neutron. The scale on the extreme right gives the value of 
Cat?/CF corresponding to the y intercept at x=1. 


agreement with the prediction by Blatt,’ and the fi? 
value” would be in better agreement with the value of 
Cat*/Cr* as determined from the neutron decay. In 
addition we have also included the superallowed 
transition, He*(@-)Li®. This decay has an ft value” 
of 808+32 seconds and obeys only the G-T selection 
rules. The matrix element for the transition is estimated 
by Baz” as 5.25 from an intermediate coupling model 
fitted to the magnetic moment of Li®; pure Z-S coupling 
gives the maximum individual particle value of 6. In 
Fig. 1, the solid and open points for He® correspond to 
the values of 5.25 and 6, respectively, for the G-T 
matrix element. As can be seen, the ft of the He® decay, 
on the basis of the estimated matrix element, agrees 
with the higher value of Cqr*/Cr’. 

The ft values of the heavier nuclei, O', F'’, and 

possibly Ca**, lead to a value for Car?/Cy* which is 
approximately 20% smaller than that derived from the 
neutron decay. Bell and Blin-Stoyle’? have considered 
19 John M. Blatt, Phys. Rev. 89, 86 (1953). 
2 Note added in proof.—A precise determination of the maximum 
beta energy of H’, 18.6+0.1 kev, has recently been made by F. T. 
Porter with a double-lens beta-ray spectrometer [Phys. Rev. (to 
be published) ]. This value is in excellent agreement with the 
He?-H? mass difference measurement of Friedman and Smith, 
which is used in the present paper. These values are significantly 
higher than the average of previous measurements, 18.1+0.2 
kev, as given in the compilation of total beta disintegration 
energies by R. W. King, Revs. Modern Phys. 26, 327 (1954). 

21 A, Z. Schwarzschild, Columbia University Report CU-167 
AT30-1-GEN-72, thesis (unpublished). 

2A. I. Baz, Igvest. Akad, Nauk S.S.S.R. Ser. Fiz. 19, 363 
(1955). 
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various possible nonmesonic effects in the calculations 
of the matrix elements and have concluded that they 
could probably not account for a deviation of this 
magnitude. Recent theoretical calculations by Fujita 
et al.,® indicate that meson exchange effects between 
nucleons could reduce the strength of the G-T inter- 
action in the beta decay of complex nuclei relative to 
that for a free nucleon by an amount comparable to the 
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above deviation and may be responsible for a con- 
siderable part of this discrepancy. 
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Analysis of Photonuclear Cross Sections* 
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The problem of obtaining a photonuclear cross section from a yield curve measured with a bremsstrahlung 
beam is discussed. This paper constitutes part of a larger report on the same subject containing numbers 
enabling cross-section analysis in the energy range 2 Mev to 1 Bev. 


INTRODUCTION 


pe )SS sections of photon-induced nuclear processes 
are usually studied with the aid of a brems- 
strahlung beam. Such radiation contains photons of all 
energies from zero to the kinetic energy of the initiating 
electrons, and so the desired cross section can seldom 
be measured directly. Instead, it must be deduced 
from an integral (bremsstrahlung) yield curve. The 
present report deals with the process of making this 
analysis. 

Let a sample and a suitable monitor be simul- 
taneously irradiated by a bremsstrahlung beam of 
maximum energy x. If N(x,k) is the number of photons 
of energy k (per unit range of k) which enter the sample 
per unit of monitor response, o(k) is the desired photo 
cross section in cm? per nucleus, and 9, is the number 
of nuclei of the appropriate type per cm? of sample, 
then, the number of reactions which occur per unit 
of monitor response, a(x), is given by the following 
integral : 


wos, f N(xk)o(R)db. (1) 


If the measurements are repeated for a series of 
values of x then a series of points on the bremsstrahlung 
yield curve, a(x), are obtained. Each point is a measure- 
ment of the relative response of the monitor and the 
sample to the photon beam. Hence, if the response of the 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission and by the 
National Science Foundation. 

t Now at Litton Industries, Beverly Hills, California. 


monitor is known, the cross section for the reaction can 
be deduced. 

Equation (1) holds only if the sample is uniformly 
thick over the lateral extent of the beam. Otherwise, 
ns Tepresents the average thickness of the sample and 
due to the angular dependence of the radiation becomes 
a function of x. The upper limit to the integral in Eq. 
(1) follows since by definition NV (x,k)=0 for k>x. 

Sometimes an energy dependent experimental bias 
will make it impossible to obtain the number of re- 
actions per unit of monitor response directly from the 
measurements. Then, Eq. (1) must be modified by 
replacing o(k) by G(k)o(k), [where G(k) represents the 
experimental bias ] and by suitably redefining a(x). The 
solution of Eq. (1) would then yield a value for G(k)o(k). 

Various methods for obtaining a practical solution 
of Eq. (1) have been proposed in the literature.'~“* The 
method to be discussed here is not essentially different 
from some which have been proposed,!~ but has the 
advantage of providing a clear insight into the problem 
and of setting forth the relation between the solutions 
which are obtained and the actual cross section. In 
addition, the present procedure minimizes compu- 
tational labor and eliminates the propagation of compu- 
tational errors from one value of o(k) to the next. This 


1B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 
( 2 Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
1950). 

3L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 

*R. Sagane, Phys. Rev. 84, 586 (1951). 

5L. V. Spencer, Bureau of Standards Report No. 1531, 1952 
(unpublished). 

*R, Wilson, Proc. Phys. Soc. (London) 66, 645 (1953). 
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latter advantage follows because the method is not an 
iterative one. 

Tables of numbers have been prepared which can be 
used to obtain solutions of Eq. (1) in the energy range 
2 Mev to 1 Bev. These tables are too lengthy for 
inclusion in this report, but copies may be obtained 
| from the Physics Research Laboratory, University of 
Illinois or from the authors. The tables were calculated 
with the aid of the digital computer Illiac, which is at 
the University of Illinois. 

A preliminary report of this work has been presented 
previously,’ 


THE RADIATION SPECTRUM 


The radiation spectrum, N(x,k), which appears in 
Eq. (1) is determined by the bremsstrahlung cross 
section so far as its gross features are concerned, but 
there are many modifying factors. Here we take the 
spectrum to be the product of three factors: first, a 
function which has the same shape as the brems- 
strahlung cross section; second, a photon transmission 
function which describes the distortion caused by 
photon absorption in the radiator, sample, and other 
material in the beam; and third, a function which 
normalizes the spectrum to unit monitor response. 


N (X,k) = (®(X,k)/k ]fe(h)/F (x). (2) 


The bracketed term in Eq. (2) is the function which 
is proportional to the bremsstrahlung cross section, and 
when written in the form shown makes the dominant 
1/k dependence of the bremsstrahlung explicit. &(X,k) 
is thus a function proportional to the intensity spectrum. 
The monitor response function, F(x), is the function 
which normalizes the spectrum to unit monitor response, 
and f,(&) is the photon transmission function referred 
to above. 

Actually, ®(X,k) should be replaced by a more 
complicated function bearing a rather tenuous relation 
to the bremsstrahlung cross section. This follows from 
the fact that the shape of the bremsstrahlung cross 
section is somewhat angle dependent.’ Hence, the 
spectrum incident on the sample is influenced by the 
mean angle and solid angle which it subtends to the 
radiator and also by the thickness of the radiator since 
multiple scattering of the radiating electrons usually 
dominates the angular distribution. In addition, energy 
losses in the radiator will change the shape of the 
spectrum. 

The inclusion of an angular dependence to the shape 
of the radiation spectrum is a considerable complication 
and very little work has yet been done on the problem. 
The spectrum for zero angle has been studied®”” but 
this is a very restrictive case—one that is seldom 


7A.S. Penfold and J. E. Leiss, Phys. Rev. 95, 637(A) (1954). 
§L. I. Schiff, Phys. Rev. 83, 252 (1951). 

9 E. Hisdal, Phys. Rev. 105, 1821 (1957). 

0 A, Sirlin, Phys. Rev. 106, 637 (1957). 
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approached in practice. For present purposes the angle 
would have to be considerably smaller than mc*/x, the 
intrinsic angle of bremsstrahlung. If the angle is 
mc*/X or larger the spectrum will have a shape close to 
that of the integrated over angles bremsstrahlung cross 
section due to the strong influence of multiple scattering. 

Here we have taken (x,k) to be proportional to the 
integrated over angles cross section as given by Schiff.* 
We have therefore also neglected the effects of energy 
losses suffered by the electrons in the radiator. This is a 
good approximation for most purposes. 


THE MONITOR RESPONSE FUNCTION 


In order to calculate the monitor response function, 
F(x), one must write down an expression for the radia- 
tion spectrum which is incident on the monitor per 
unit of monitor response. This spectrum will be desig- 
nated by N,,.(x,k). It will differ from N(X,k) in two 
respects: first, f,(&) must be replaced by a similar 
function, fm(k), which is valid for the monitor arrange- 
ment; second, a correction must be made if the sample 
and the monitor do not subtend the identical solid angle 
to the radiator. The monitor spectrum can be written 


as follows: 
maa aed a 
k JF) 





Nm(x,k) = (3) 


ws(x) 


The ratio wm(X)/w,(X) in Eq. (3) is a ratio of effective 
solid angles. It is the ratio of the angular distribution 
of the radiation integrated over the monitor solid angle 
to that integrated over the sample solid angle. 

We now define R(x) to be the number of units of 
monitor response produced per unit of radiant energy 
incident on the monitor. Then, it follows from Eq. (3) 
and from the definition of N,(X,k) that the monitor 
response function is: 


wm ( 
F(x)= : 


Rx) f Sm(k)®(x,k) dk. (4) 


w(x) 


For the simple case of a calorimeter monitor where the 
unit of monitor response is taken to be equal to one 
unit of energy, R(x) is independent of x and has value 
one. In general, R(X) will depend on the shape of the 
radiation spectrum and hence on the photon trans- 
mission function f»(%). Thus, a monitor calibration 
made for a given experimental arrangement may require 
significant change when used in a different arrangement. 


THE REDUCED YIELD CURVE 


The solution of Eq. (1) can now be considered since 
the radiation spectrum, N(X,k) has been completely 
defined through Eqs. (2) and (4). However, N(X,k) is 
geometry dependent and so any numbers which are 
evaluated would not have general application. For this 
reason Eq. (1) will be transformed to a reduced, or 
geometry independent, form. 
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We define a reduced yield curve, V(x), equal to 
F(x)a(x) and a reduced cross section, 2(k), equal to 
nef e(k)o(k)/k. The reduced cross section has dimensions 
(energy) and represents the number of energy units 
absorbed by the sample per unit of energy entering the 
solid angle subtended by the sample. The desired 
reduced form of Eq. (1) is 


(S) 


Y(x)= f ©(x,k)Q(k)dk. 
0 


The values of 2(&) which are obtained by solving 
Eq. (5) can easily be transformed to values of o(k) 
through use of the definition of 2(&). 


METHOD OF CROSS-SECTION ANALYSIS 


Equation (5) can be solved, in principle, by forming 
appropriate combinations of integrals and differentials 
of Y(x). This procedure has been carried out by 
Spencer® who approximated ®(x,k) by a function of 
comparatively simple form. However, one measures 
Y(x) only for a limited number of values of x and the 
functional form of Y(x) is not known. Hence, even in 
principle, one can only obtain average values for the 
cross section from an experiment. The method to be 
presented here accepts this limitation from the 
beginning but fully sets forth the relationship between 
the average values for 2() which are obtained and the 
true values. 

Suppose that Y(X;) is one of a set of values for Y (x) 
which is known from experiment. We assume that the 
measurements were made at equally spaced values of 
x so that x;—x:-1=A for all values of i. This last 
assumption is not necessary but it is convenient. The 
interval A will be referred to as the bin width. We 
further assume that Y (x;)=0 for all values of i<a 

Now consider the result of taking a linear combina- 
tion, C(xm,A), of the measured values. 


C(XmA)= 2 B(xXmA,xi) V (x:). (6) 


i=a 


The linear combination is specified by a series of 
numbers B(xm,A,X;) which we call B-numbers. As the 
notation indicates, the B-numbers are functions of 
Xm, X;, and A, Note however that x» and x; must always 
differ by an integral number of bin widths. 

The relationship between C(xm,4) and the reduced 
cross section is obtained by substituting into Eq. (6) 
values for the Y(x;) obtained through use of Eq. (5). 
The result is 


Seat f T(xmjA,k)O(k)dk, (7) 


where 


T (xm,4,k) = > B(xm,4,xi)P(x:i,k). (7a) 


i=a 


AND J. ‘Ee. ERTSS 

The new function T(xm,A,k) will be called a weighting 
function and its determination is crucial to the develop- 
ment of solutions for Q() and to the investigation of 
the validity of these solutions. The weighting function 
is composed of a linear combination of bremsstrahlung 
spectra and so it automatically satisfies the following 
conditions: first, it is identically zero for values of k 
greater than xm; second, over the energy range 
Xm>k>Xm—A it has the same shape as the high-energy 
end of a bremsstrahlung spectrum; third, it is auto- 
matically partitioned into bins of width A. 

The basic problem is to choose the B-numbers in 
such a way that the weighting function has a desirable 
form. That is, so that C(xm,A) is simply related to the 
cross section. 

The B-numbers were chosen in such a way that the 
weighting function has area A, and is essentially 
different from zero only when & is within a bin or two 
of xm. In that case, it is meaningful to make use of the 
centroid energy of T(xm,4,k) which we denote by 
k»*. Then Eq. (7) can be approximated by the 
following : 


C(xXm,A) = AQ(Rm*). (8) 


One can expect Eq. (8) to be a good approximation 
whenever the curvature of 2(k) is small for values of 
k near xm. It should be noted that Eq. (8) is the first 
and only approximation that the method of solution 
requires. 

The method of solution is now complete since Eq. (8) 
combined with Eq. (6) yields a value for the cross 
section in terms of the measurements, and Eq. (8) 
combined with Eq. (7) gives the relation between the 
solution and the actual cross section. 

There is a set of B-numbers for each energy at which 
a cross section is desired. Sets of these numbers, and 
their associated weighting functions, for the energy 
range 2 Mev to 1 Bev have been calculated and are 
available on request. They were computed from Eq. 
(7a) coupled with the following restrictive conditions: 


(9a) 
(9b) 
(9c) 


T(xmA,k)=1 for k=Xn—A/2, 
T(xm,A,k)=0 for k= x:—A/2 (i¥m, b,c---), 


B(xm,4,x:)=0 for 1=6,c¢,-->. 


The exact choice Xs, X.,--- varied but they were 
chosen to give an effective change in the bin size for 
values of k not too close to xm. Through the use of Eq. 
(9c) a lot of very small B-numbers are eliminated from 
the tables while the solutions for Q(%) are not signifi- 
cantly affected. 

Once a set of B-numbers has been computed they 
may be used in Eq. (7a) to determine the associated 
weighting function. A typical example of such a weight- 
ing function is shown in Fig. 1. It can be seen that the 
long “‘tail” of the function remains very small down to 
the lowest energies. The area contained under the 
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function in the range 5 to 25 Mev is only 0.1% of the 
area contained between 49 and 50 Mev. The bin sizes 
are 3 Mev up to 39 Mev and 1 Mev from 39 to 50 Mev. 

To determine the accuracy of the method in re- 
producing any specified cross section one can calculate 
values of 2(k»*) according to Eqs. (7) and (8) and the 
result can be compared to the assumed cross section. 
Examples of such tests are shown in Figs. 2 and 3. 
The solid curves represent the assumed cross section 
in each case while the points represent the values which 
would result from a yield curve analysis (if all errors 
were due to the method). The method is seen to be 
extremely accurate except very close to threshold, or 
when the cross section has appreciable curvature over a 
bin width. In such cases, one can improve the solution 
replacing Eq. (8) by some more appropriate ap- 
proximation. 

In the approximation of this method, a value for 
the integrated cross section is obtained by adding up 
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¢ . 
o 
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k (Mev) 


Fic. 1. Plot of a weighting function, T(xm,A,k) 
xm=50 Mev and A=1 Mev. 


the values obtained for the cross section (computed 
every A Mev) and multiplying by the bin width A. 
The accuracy of this procedure can be investigated by 
forming the corresponding weighting function and it is 
found to be very good. 


STATISTICAL ERRORS 


In practice there will always be some statistical 
uncertainty associated with the measured values of the 
reduced yield. The resulting statistical uncertainty on 
a calculated cross-section value can easily be obtained 
from Eqs. (6) and (8) coupled with the usual rules of 
statistics. The exact expressions will not be given here. 
The statistical problem is not too serious as long as the 
cross section increases monotonically with energy, but 
it can become very serious as soon as the cross section 
begins to decrease. This can be traced to the fact that 
the cross-section solutions depend strongly on first, 
second, and third differences of the yield curve. 

Two rather simple approximate expressions can be 
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Fic. 2. A test of the method of analysis. The solid curve repre- 
sents a hypothetical cross section. The points represent solutions 
which would be obtained from a yield curve analysis if all errors 
were due to the method of analysis. 


given for the statistical uncertainties to be expected. 
If x; represents the fractional standard deviation in the 
yield measurement VY (x,), then the uncertainty in Q(k) 
and fo*"Q(k)dk are given by 


€[Q(Rm4) |= 2(2m/A)B(xm,A,Xm) V (Xm—1), (10) 


xm 
df aaa 4mB(xXm,A;Xm)V (xm). (10a) 


Equation (10) gives the uncertainty in the values for 
the reduced cross section, and Eq. (10a) gives the same 
for its integral. These expressions show that the 
statistical uncertainty rises linearly with the yield 
curve for both cases, In addition, the uncertainty on 
the cross section increases as the bin width is decreased. 
This corresponds to the fact that the resolution of the 
method is proportional to the bin width. The bin size 
chosen for an analysis should be small enough to 
resolve the relevant structure of the cross section, but 





Fic. 3. A test of the method of analysis. The solid curve repre- 
sents a hypothetical cross section. The points represent solutions 
which would be obtained from a yield curve analysis if all errors 
were due to the method of analysis. 
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it should be kept as large as possible in order to get the 
greatest statistical accuracy. 

Equations (10) and (10a) can be combined to yield 
an expression for the fractional error on a cross-section 
value in terms of the fractional error on its integral: 


ef 2(k,,” x4 
[2(kn") =| f Q(k)dk / [a(ba)43] 


2(kn®) 
x[ef” oanae / J ocae] (11) 


Equation (11) demonstrates the fact that the frac- 
tional error on a cross section can be very much larger 
than the corresponding error on the integral. 


DATA SMOOTHING 


In many experiments it is extremely difficult to 
achieve sufficient statistical accuracy in the cross- 
section solutions. This forces one to consider the 
possibility of smoothing. Any smoothing procedure will 
introduce errors of a systematic nature into the data 
being smoothed. Small systematic errors in the yield 
values can lead to large errors in the cross-section 
solutions so it is not advisable to smooth the yield 
curve data. Rather, the analysis should be done first. 


APPLICATION TO OTHER PROBLEMS 


The general form of the problem considered here is a 
very common one in experimental physics. Typical 
examples are the equation connecting the pulse-height 
distribution from a radiation detector to the incident 
spectrum of radiation, or the equation connecting the 
energy spectrum of particles from a thick target to the 
spectrum which would come from a thin target. 
Mathematically, these problems are the same as the 
present one, but the particular form of weighting 
function chosen here may not be suitable. Once a 
suitable system for specifying the weighting function 
has been worked out, however, B-numbers can be 
calculated and the remainder of the problem is the 
same as that considered here. 


MODIFICATION OF THE RADIATION SPECTRUM 


In Eq. (1) a relation between the cross section, the 
radiation spectrum, and the yield curve was given. The 
subsequent development of the analysis method was 
based on the assumption that the radiation spectrum 
was known. We now wish to determine how the analysis 
will be affected if the spectrum is changed from N(x,k) 
to N’(x,k). In place of Eq. (1) we write 


(12) 


Sijmw f N'(x,k)o(k)dk. 
0 


The only kind of spectrum modification which 
interests us here is one which involves the intrinsic 


AND J. E. LEISS 
shape of the spectrum and so we get an expression for 
N’(x,k) through the use of a function ®’(x,k) instead of 
(x,k). Then, by analogy with Eq. (2), we write 


®'(x,k) 1/0(2) 


; 13 
k JSF'(x) wad 


N’(x,k) "7 


Note that Eq. (13) contains a new monitor response 
function, F’(x), which by definition normalizes the 
new spectrum to unit monitor response. 

The function ’(x,k) can be constructed from 
(x,k) in the following way: 


#(x,8) = f S(x.9)®(y,B)dy. (14) 


This just expresses the fact that ’(x,k) can be 
constructed by making a linear combination of various 
(x,k). S(x,y) can be called a spectrum generating 
function. In general it will be a smooth function but it 
may contain one or more delta functions as well. 

It can be shown that the new monitor response 
function is related to the old one [ Eq. (4) ] by the same 
spectrum generating function as follows: 


Py) = f S(xy)F(y)dy. (15) 


We now transform Eq. (12) to the reduced form in 
analogy with Eq. (5), but we do the reduction as if we 
were unaware of the spectrum change. That is, we 
multiply Eq. (12) by F(x) to get a reduced yield curve 
Y’(x). The result is: 


F(x) 





¥"(x)= f S(xy)¥(y)dy. (16) 
0 


f S(x,y) F (y)dy 


This equation gives a general expression for the effect 
of a change in the radiation spectrum. The function 
S(X,y) provides a more powerful way of assessing the 
effects of a spectrum change than an examination of 
the spectra themselves. The integrals in Eq. (16) are 
of the same form as the integral in Eq. (1) and so Eq. 
(16) can be solved for Y(y) by the method which has 
been discussed. Here, however, our purpose is to draw 
some rather qualitative conclusions from a study of 
Eq. (16). 

For spectrum changes which result from energy 
straggling in the radiator, energy spread in the electrons 
striking the radiator, or other deviations from (x,k) 
which are mostly confined to the high-energy end of the 
spectrum, the primary features of S(x,y) are the follow- 
ing: (1) S(x,y) is large only near y=x. (2) S(x,y)_is 
nearly a function of x—y only. [The normalization of 
S is unimportant since it cancels out in Eq. (16). ] 

If the foregoing conditions hold, it is meaningful to 
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make use of the centroid energy of S(x,y) which we 
denote by (x—6) where 6 is a constant small compared 
to x. Then, Eq. (16) can be rewritten in the following 
appropriate form: 


¥' (x) =LF (x)/F (x—5]¥ (x—8). (17) 


It is immediately seen from this equation that two 
major effects are produced by a spectrum change. 
These are: an energy shift 6; and a renormalization 
which comes from the monitor. As an example, consider 
the spectrum change produced by energy losses in a 
10-mil platinum radiator to which the sample subtends 
an angle of 10 degrees. It can be shown" that for 16-Mev 
electrons, and a monitor response function which is 
essentially linear, that the energy shift, 5, is only about 
150 kev and the renormalization factor is about 1%. 
It should be noted that near the threshold of a reaction 
the approximate expression given by Eq. (17) is not 
valid. Also, if the cross section has a width comparable 
to 6 then Eq. (17) is not valid and, in fact, the effect 
of the spectrum change can be very great.” 

As another example of a spectrum generating function 
consider ®’ and @ to differ only at their low-energy 
extreme. In that case S(x,y) consists of a delta function 
situated at y=X plus a smooth function, say W (x,y), 
which is only large near y=0. If W (x,y) is negligible at 
all energies above the threshold of the cross section 
then the only difference between Y’ and YF lies in the 
monitor renormalization. 

Both the effect described above, and the energy shift 
described by Eq. (17) are illustrated in the example of 
Fig. 4. From the hypothetical cross section given by the 
solid curve a yield curve was constructed using for ©’ 
the zero degree bremsstrahlung cross section as given 
by Schiff* (but with a screening constant of 191 instead 
of the recommended value of 111). This spectrum has 
been much used for cross-section analysis in the past.!-* 


11 A. S. Penfold (unpublished calculations, 1955). 
12 A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 
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Fic. 4. A test of the effect of a spectrum change. The solid 
curve represents a hypothetical cross section. The dashed curve 
shows the result of constructing a yield curve with the spectrum 
®’ (see text) and analyzing this curve with numbers based on the 
spectrum (see text). 


The dashed curve shows the solution of this yield 
curve obtained with B-numbers calculated for the 
integrated over angles bremsstrahlung cross section 
with a screening constant of 111.8 The monitor assumed 
for this example was a thimble ion chamber imbedded 
in a Lucite atmosphere.” 

Several other more simple types of spectrum changes 
were tried with results which bear out the qualitative 
statements which have been made. In particular, the 
chief result of a spectrum change which is primarily 
confined to the high-energy limit of the spectrum is a 
small energy shift in the resulting cross section. 
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Polarization measurements have been made by first scattering from the target of interest and second 
scattering in a carbon polarimeter for which the mean second scattering angle is 48° and for which the mean 
value of the polarization is greater than +70% for 5 Mev< E2<6 Mev. The polarization as a function of 
angle at 15° intervals from 45° to 135° is reported near 6 Mev for Al, Ti, V, Cr, Fe, Co, Ni, Cu, and Zn, and 
near 7 Mev for Al, Fe, Ni, and Cu. P(@) usually shows an oscillatory behavior, with the magnitude of the 


maxima and minima never greater than about 40%. 


The polarization as a function of energy is reported 


for C at 45° from 5.7 to 6.8 Mev, and for Fe and Cu at 60° and 120° from 5.8 to 6.4 Mev. For C, P(45°) 
decreases from +92% at 5.7 Mev to +36% at 6.8 Mev. For Cu, P(60°) and P(120°) vary slowly, if at all, 
with energy, but a rapid energy variation for Fe is observed, possibly due to resonance effects in compound 


elastic scattering. 


INTRODUCTION 


N recent years there has been much interest in the 

polarization of nucleons elastically scattered by 
complex nuclei. Until about 1956 most proton polariza- 
tion measurements had been made at energies from 
about 100 to 400 Mev.' More recently such work has 
been extended to 18 Mev’ and to 10 Mev.’ Neutron 
polarization measurements have been made at 3 Mev‘ 
and at 1 Mev and lower.*® 

The optical model of the nucleus® has been used to 
calculate both angular distributions’ and _ polariza- 
tions’ in elastic nucleon-nucleus scattering. Precise 
proton angular distribution data are now available for 
V, Cr, Fe, and Co from about 4 to 7 Mev." It was 
hoped that proton polarization measurements at about 
6 and 7 Mev on nuclei from Z= 13 to 30 might provide 
information about the strength of the spin-orbit 
coupling between protons and complex nuclei. The 
polarization data, in conjunction with the angular 
distribution data, should enable one to determine 


* Supported by the U. S. Atomic Energy Commission and the 
Esso Educational Foundation. 

t Based on a thesis submitted to the Graduate School of the 
University of Rochester in partial fulfillment of requirements for 
the degree Doctor of Philosophy. 

t National Science Foundation Predoctoral Fellow. 

‘For a comprehensive bibliography see L. Wolfenstein, in 
Annual Review of Nuclear Science (Annual Reviews, Inc., Palo 
Alto, 1956), Vol. 6, p. 43. 

2K. W. Brockman, Jr., Phys. Rev. 110, 163 (1958); W. 
Blanpied, Phys. Rev. 113, 1099 (1959). 

5L. Rosen, Proceedings of the Second United Nations Inter- 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1959). 

*McCormac, Steuer, Bond, and Hereford, Phys. Rev. 108, 116 
(1957). 

5S. E. Darden, Proceedings of the University of Pittsburgh 
Conference on Nuclear Structure, June, 1957, edited by S. Meshkov 
(University of Pittsburgh and Office of Ordnance Research, 
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4 C. A. Preskitt and W. P. Alford, Atomic Energy Commission 
Report NYO-2172 (unpublished). 


whether an optical model can fit both sets of data 
with the same set of parameters. 


APPARATUS 


The source of protons for these experiments was the 
Rochester 27-in. variable energy cyclotron, shown in 
Fig. 1. The cyclotron beam extraction system consists 
of an electrostatic deflector followed by an iron pipe 
and a pair of quadrupole magnets which focus the beam 
through a slit. The beam then enters a double focusing 
wedge analyzing magnet which focuses a monoenergetic 
beam into either of two scattering chambers. At 
the beginning of a run the beam was focused into the 
10-in. scattering chamber and the analyzing magnet 
field measured by proton resonance. An energy calibra- 
tion of the magnet has been made with natural alpha 
emitters and by (p,m) threshold measurements, hence 
the proton energy could be obtained from the field 
strength. 

To obtain a larger beam intensity the actual polariza- 
tion measurements were made in a pair of scattering 
chambers (not shown in Fig. 1) just in front of the 
analyzing magnet. Beam currents from 0.2 to 1.0 
microamperes were employed in most runs. Although 
the deflector voltage and condensing magnet current 
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Condensing Magnets 


Cyclotron Tank 


10"Scattering Chamber 











Fic. 1. Plan view of Rochester 27 in. variable 
energy cyclotron. 
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required smal] adjustments during a run, it was found 
that these adjustments varied the beam energy less 
than +3% from its mean value. To avoid bringing the 
beam out through the analyzing magnet each time the 
energy was changed, the energy was sometimes deter- 
mined by measuring the cyclotron oscillator frequency, 
which is known to be proportional to the square root 
of the energy of the analyzed beam within the error 
of determining the beam energy. 

Although helium has been used as the analyzer in 
previous low-energy proton polarization measure- 
ments,!?:3 it has been found?! that for appropriate 
ranges of energy and scattering angle carbon may be 
used as an analyzer. Carbon was chosen for the present 
work because of the larger counting rates and improved 
resolution of signal from background which could 
thereby be obtained. A proton beam with an energy 
spread of about 100 kev and a mean energy in the 
range 6 to 7 Mev was elastically scattered from ele- 
mental targets of Al, Ti, V, Cr, Fe, Co, Ni, Cu, and Zn. 
The scattered beam was second scattered from the 
carbon nuclei in a polystyrene foil. Events in which 
the second scattering was from a proton in the poly- 
styrene were rejected by pulse-height analysis. 

All first scatterings were to the right of the incident 
beam, hence the polarization P;(£1,4;) is given by® 


P,(E),6;)P2(E2) = (R—L)/(R+L). (1) 


R and L are the second scattering intensities in the 
plane of first scattering to the right and left, respec- 
tively, of the first scattered beam. P,(E,) is the known 
polarization produced in scattering from carbon at the 
mean energy E, averaged over the acceptance angles 
of the detectors and over the energies of second 
scattering. 

The first scattering chamber, shown with polarimeter 
attached in Fig. 2, consists of three separable sections. 


0015" POLYSTYRENE 


FARADAY CUP 


FIRST TARGET. 


.020" SCINTILLON 
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vee | 


PROTON BEAM 


Fic. 2. First scattering chamber and carbon polarimeter for 
polarization experiments. Aperture a defines the incident beam. 
Apertures 8, ’, 8’’, and y collimate the first scattered beam. 


12 J. C. Hensel and W. C. Parkinson, Phys. Rev. 110, 128 (1958). 

13M. J. Scott, Phys. Rev. 110, 1398 (1958). 

4 R, E. Warner and W. P. Alford, Atomic Energy Commission 
Report NYO-8576 (unpublished). 

15 J, V. Lepore, Phys. Rev. 79, 137 (1950). 


AND 7-MEV PROTONS 1339 
The bottom section is permanently bolted to a ?-in, 
aluminum base plate. The entrance slit a, 3’; in. x} in. 
through 0.010-in. Ta, limits the beam striking the first 
target. It and a target holder (not shown) are positioned 
on the bottom section with aligning pins. The center 
section contains 5 ports into which the polarimeter 
may be inserted, and may be rotated to allow first 
scattering at angles from 45° to 135° at 15° intervals, 
An exit port on the center section carries a Faraday 
cup for beam integration. An aligning pin maintains 
the correct orientation of the center section relative 
to the bottom section. The target is attached to a 
shaft inserted through the top section, and an angular 
scale on top of this section indicates the orientation of 
the target relative to the incident beam. 

The second scattering chamber (or polarimeter), 
shown in Fig. 2, is positioned at one end by a port of 
the first scattering chamber, and at the other end by 
an arm which rotates about the vertical axis of the 
first scattering chamber. The target holder contains 
a 0.0015-in. polystyrene foil which is held normal to 
the first scattered beam and may be lifted out of the 
beam for background measurements. The foil may be 
rotated through 180° to eliminate spurious asymmetries 
from target nonuniformities. j-in.X1}-in. apertures 
through 0.010-in. brass subtending 0.16 steradian at 
a mean laboratory angle of 48° define the second 
scattered particles, which are detected by scintillon 
crystals }% in. X 14% in.X0.020 in. The crystals will just 
stop 6-Mev protons. The left and right scintillation 
crystals give energy resolutions of 11 and 16%, re- 
spectively, for 5-Mev protons. The crystals are covered 
with 0.3-mil aluminum foil to improve the pulse height 
and resulution. Lucite light pipes convey the light from 
the crystals to 6291 photomultiplier tubes, the three 
units being permanently bonded together. 

The apertures which define the first scattered beam 
are also shown in Fig. 2. The four apertures 8, 6’, and 
8” prevent protons scattered from the walls from 
reaching either the detectors or the second target. The 
two apertures @ are 3-in. D through 0.005-in. tantalum, 
and are supported by an annular piece of lead in the 
first scattering chamber which also attenuates y 
radiation originating in the first target. The two 
apertures 6’ and 8” are through 0.010-in. brass and are 
inserted in the entrance port of the polarimeter. The 
aperture y, also through 0.010-in. brass, limits the first 
scattered beam striking the second target. Originally 
B’, B’’, and y were 33 in., } in., and } in. in diameter, 
respectively ; later they were expanded to 3} in., 3% in., 
and § in. to give larger counting rates. Other shielding, 
not shown, included an 18-in. concrete wall and 4 in. 
of lead between the detectors and the cyclotron tank. 

Pulses from the phototubes were amplified with 
Los Alamos Model 500 amplifiers and recorded with 
two pulse-height analyzers, one an RIDL one-hundred 
channel analyzer and the other a sixteen-channel 
analyzer built at this laboratory. An Atomic Instrument 
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Company Model 101-M Discriminator was connected 
in parallel with each pulse-height analyzer, and these 
discriminators were set to count all pulses above the 
bottom of the elastic peak of the second scattered 
protons. At the end of a run the number of counts in 
the elastic peak was also obtained from the pulse- 
height spectra, and this number was compared with 
the discriminator count. If the two numbers were 
equal it was inferred that the electronic circuits were 
functioning properly. The pulse-height analyzers were 
occasionally interchanged to insure that they had no 
systematic effects on the counting rates: none were 
found in normal operation. Dead times (5 usec for the 
discriminators) were short enough to introduce negli- 
gible error in all experiments. 

It is necessary that any instrumental effects tending 
to cause spurious right-left asymmetries be either 
eliminated or well understood. One such effect would 
be a failure of the polarimeter axis to intersect the 
center of the beam spot on the first target. To prevent 
this, before beginning the experiments a pointed 
mandril was inserted in the polarimeter entrance port 
and, at a given 6,, made to point to the center of 
rotation of the first target. Permanent reference marks 
were then made to enable one to correctly position the 
polarimeter support arm for each 6;. It was then at- 
tempted to align aperture a so that the beam going 
through it was centered at the center of rotation of the 
first target. This was done imperfectly; however one 
could measure and correct for the resulting misalign- 
ment as described later. Aside from this, asymmetries 
due to misalignment of the polarimeter axis could not 
exceed +0.005. Asymmetries caused by wrinkling and 
nonuniform target thickness were eliminated by 
turning both targets through 180° halfway through 
each run. 

One must allow for the possibility that the two 
scintillation detectors will have different efficiencies, 
resulting from slightly different defining aperture areas 
or angular positions. This was investigated by observing 
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Fic. 3. Asymmetry due to finite geometry with unpolarized 
first scattered beam. First target is platinum, and the second is 
nickel. Straight line has slope calculated from geometry of 
apparatus and differential cross sections. 
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the left and right counting rates for a given first 
scattering process with the polarimeter in both its 
normal and inverted (i.e., turned 180° about its axis) 
positions. Calling EZ, and Ep the efficiencies of the left 
and right counters, respectively, Ez/Er was found 
equal to 0.992+0.005 for the smaller set of apertures 
(6’, 8”, y) and 1.020+0.005 for the larger set. The 
difference is attributed to a slightly eccentric aperture 
in the larger aperture +. 

Even when the first scattered beam is unpolarized, a 
left-right asymmetry will, in general, be observed 
because of the variation of the first differential scatter- 
ing cross section over the range of angles accepted by 
the aperture y. If we call the counting rates for an 
unpolarized first scattering L, and R,, the asymmetry 
is calculated to be 


Lu Ru oy oe! 
C= ~~ (=-131), (2) 
IwtR, 1 \o2 


a=2.60X10* 
= 1.66X10-* 


(larger apertures) 
(smaller apertures). 


a; and oa,’ are the differential cross section and its first 
derivative with respect to @ for scattering from the ith 
target. 

The above prediction was tested experimentally for 
the smaller apertures with a platinum first target and 
a nickel second target. The scattering from platinum 
is Rutherford, hence o;'/a,;= —2 cot (6/2). The observed 
asymmetries are plotted against cot(@/2) in Fig. 3. 
The slope of the straight line is that predicted by the 
above equation. However, it does not go through 
zero when cot(6/2)=0. This is attributed to a small 
permanent misalignment of aperture a, and this is 
compensated by adding —0.013 to all observed asym- 
metries. These data also reveal a permanent misalign- 
ment of the polarimeter for 6:=75°, and a correction 
of +0.017 is made for all data taken at this angle. 
Otherwise the data scatter from the theoretical pre- 
diction by about +1%. This is attributed to the 
motion of the beam spot over the beam defining 
aperture a, and an extra 1% probable error has been 
added to the final data to allow for this. A similar test 
of the finite geometry effect was made for the larger 
apertures, with equally satisfactory results. 

If the counting rates for a polarized first scattering 
are Lp and Rp, it is easily shown that: 


P,P2(1+peu)=pteu, — (Re— Lp)/(Re+Lp). (3) 


For all experiments presently described |pe,| <0.01, 
and therefore all polarizations were computed with 
(1+pe.) set equal to unity. The error thus introduced 
is much less than that arising from the uncertainty 
in P. 2. 

The polarization of protons elastically scattered from 
carbon at angles near 48° was calculated from the 
phase shifts for C?(p,p)C”, which are known to about 
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5 Mev."® This polarization changes very rapidly with 
energy near 4.8 Mev because of a resonance at that 
energy, hence it was necessary to do all second scatter- 
ing above about 4.9 Mev. Since the phase shifts were 
not known above 5 Mev, P.(E:) was determined 
experimentally as follows. By using a helium polarime- 
ter!’ formerly in use at this laboratory it was determined 
that protons scattered from carbon at 5.8 Mev and 45° 
have a polarization of +0.92+0.09.15 The carbon 
polarimeter was then placed in position at @,=45° with 
a carbon first target. With the incident energy again 
5.8 Mev, the mean energy at second scattering was 
5.15 Mev, and P2(5.15 Mev) was thus determined. 

The calibration was extended to higher energies as 
follows. First a double scattering experiment at a first 
scattering energy E greater than 5.8 Mev was per- 
formed. The first scattered beam was degraded to 
such an energy that P,(E,) was known, and thus 
P,(E,45°) was determined. Then the absorber was 
removed from the first scattered beam and, with no 
other changes, the experiment was repeated; thus 
P.(E2) was determined for a higher E, then had been 
reached previously. By repeating this two-step process 
several times the calibration curve shown in Fig. 4 was 
obtained. The dashed curves indicate the experimental 
error assigned to the calibration. The data P,(E£,45°) 
are also shown. 


EXPERIMENTAL PROCEDURE AND 
DATA ANALYSIS 


The first targets used were 70 kev to 190 kev thick 
to 6-Mev protons. Near the end of the work the 
spectra of 6-Mev protons first scattered from all 
targets was investigated with 5% resolution. In all 
cases either an upper limit of 1% could be set on 
carbon-oxygen contamination, or such contamination 
was negligible compared to inelastic events in the same 
energy range. Heavy element contamination was 
specified to be less than 1% for the commercially- 
obtained targets. In preparing other targets in this 
laboratory only chemically pure reagents were used in 
the electropolishing and electroplating solutions, there- 
fore these targets are believed to be equally free from 
such contamination. 

For the angular distributions near 6 Mev, the first 
target was placed so that the normal to it bisected the 
scattering angle. At the time these measurements were 
made it was not realized that the polarimeter was 
effective up to 6 Mev, and it was thus desired to 
minimize the spread of second-scattering energies. 
Consequently the range of first-scattering energies for 
these data increases with increasing angle, and the 


16 Reich, Russell, and Phillips, Phys. Rev. 104, 143 (1956). 
17 W. P. Alford and R. E. Warner, Atomic Energy Commission 
| apaete NYO-2174 (unpublished). The helium polarimeter has 
2 ab = 118°, E2=4.5 to 5 Mev, and P,= —0.85+0.05. 
18 P is taken to be positive in the direction kyXk;, where ky and 
k; are the propagation vectors of the scattered and incident 
waves, respectively. 
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Fic. 4. Mean polarization of carbon polarimeter as a function 
of mean second scattering energy. The solid curve is the value of 
P, used, and the dashed curves indicate the probable error. Also 
shown are P(45°+2.3°) as a function of energy for carbon. 


probable error in the energies quoted for these data is 
half the maximum target thickness presented to the 
beam. For the angular distributions near 7 Mev and 
for the energy variation on Fe and Cu at 60° and 120°, 
the first target was set in one of the two positions at 
an angle of 60° to the beam, the transmission position 
being used for 6, between 45° and 90°, and the reflection 
position otherwise. Thus for the angular distributions 
near 7 Mev the range of first scattering energies is the 
same for all data, except for the energy fluctuations 
of +0.5% due to variations in the cyclotron oscillator 
frequency. 

The energy of second scattering was kept within 
the calibration range of the polarimeter by placing 
aluminum absorbers in the first scattered beam, if 
necessary. This absorber decreases the energy of the 
protons without affecting their polarization.” 

In each run, with both targets in position, the first 
target was exposed to the cyclotron beam, several 
hundred microcoulombs of charge being a typical 
exposure. Then, with the second target lifted out of 
the first scattered beam, an appropriate background 
exposure was made. Finally, both targets were turned 
through 180° and both previous exposures repeated. 
Moving the second target is expected to change the 
background slightly since, for example, neutrons can 
scatter from nuclei in the second target. By experiments 
in which background was determined first in the usual 
manner and second by stopping the first scattered 
protons with absorber, it was found that such effects 
introduce negligible experimental error. 

To compute e, in Eq. (2), o2’/o2 was calculated from 
the C?(p,p)C” angular distribution data of Schneider.” 
The values thus obtained were confirmed experimentally 
by first scattering from Pt at 45°, and second scattering 
from carbon. o;'/a; was obtained from Preskitt’s data"! 
for V, Cr, Fe, and Co, and from Schneider’s data”! for 
Cu. For Al Rutherford angular dependence was 

19 L,, Wolfenstein, Phys. Rev. 75, 1664 (1949). 


2” H. Schneider, Helv. Phys. Acta. 29, 55 (1956). 
1H. Schneider et al., Helv. Phys. Acta 27, 170 (1954). 
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assumed. For Ni and Zn Preskitt’s iron data were 
assumed to be usable, and his Cr data were applied to 
Ti. It is estimated that these assumptions for Al, Ni, 
Zn, and Ti will give rise to rms errors of about +0.005 
in the polarization data. If future precision differential 
cross section measurements are made for these elements, 
such data could be used to correct the present polariza- 
tion data. 

The net counting rates were corrected for detector 
efficiency as described previously. The gain of both 
detectors was stable to about 1% over a period of 
several hours, therefore the statistical errors in both 
counting rates were increased to include the probable 
errors arising from drifts of this magnitude. Finally, 
we allowed for the possibility of a contamination of 
inelastic events as follows. An upper limit on the 
number of inelastic events counted was obtained by 
examining the shape of the pulse-height spectra. 
Calling this number and its associated probable error 
A and a, respectively, it was found that A was always 
comparable with a. Hence no subtraction was ever 
made from the net count, but the square of its probable 
error was increased by the square of the larger of A and 
a. This correction never increased the probable error 
to more than 1.4 times its original value. After all 
these corrections were applied, the polarization was 
computed from Eq. (3) and Fig. 4. 

The probable error in the polarization thus includes, 
in addition to counting statistics, the uncertainty in 
the detector efficiency ratio, geometric corrections, 
possible inelastic contamination, polarimeter calibra- 
tion, and electronics drifts. The ports on the first 
scattering chamber are positioned correctly to 0.5°, 
and a probable error of +2.3°, the angular definition 
of aperture 7, is assigned to the first scattering angle. 
Since the cyclotron oscillator frequency was found to 
remain constant within +0.3% over several days, a 
probable error of half the target thickness plus 0.6% 
of the beam energy was assigned to the first scattering 
energy. 

RESULTS AND CONCLUSIONS 

The data obtained are given in Figs. 5 through 7. 
The curves in Figs. 5 and 6 represent unpublished 
optical model calculations by G. Campbell, F. 
Bjorklund, and S. Fernbach, who used a Coulomb 
potential for a nucleus of uniform charge density plus 
a nuclear potential given by: 

’ = Uop(r) +iV expl— (r—Ro)?/b?] 

h\*1 dp(r) 
+.(=) -——e-L, 
uc/ r dr 
p(r)=[1+exp{(r—Ro)/a}}", Ro=roA}, 


with the parameters Up=50—56 Mev, Vo=5—9 Mev, 
A=40, a=0.65f, b=1.2—1.5f, ro=1.25f. These parame- 


AND Wi P. 


ALFORD 


ters, which are close to those used to fit the 4- to 14-Mev 
neutron scattering data,” were chosen to fit the present 
data. The theoretical curves have been corrected for 
an estimated amount of compound elastic scattering: 
in making this correction it was assumed that the 
compound elastic scattering was isotropic and un- 
polarized, and differential cross sections of about 8 
mb/sterad and 20 mb/sterad for odd and even elements 
were estimated from Preskitt’s" data. 

Figure 5 shows P(@) near 6 Mev for all nine targets 
previously listed; the neutron background from 
vanadium was so severe that measurements could not 
be extended beyond 75°. Most of these elements show 
maxima at 60° to 75°, while for Al there is a maximum 
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Fic. 5. Polarization as a function of angle for 6-Mev protons 
elastically scattered from various nuclei. Polarization is in percent, 
and energies and angles are in the laboratory system. Curves 
represent calculations of Campbell ef al., corrected for compound 
elastic scattering. 


* F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 





POLARIZATION OF 6- 


at 45°. At back angles the data vary more erratically 
from element to element. 

At 6 Mev the optical model calculations usually fit 
the forward polarization maxima which appear in 
these experiments. At back angles, where the polariza- 
tion varies erratically from element to element, it is 
clear that all data will not be fitted by a single set of 
parameters and in fact the theoretical calculations are 
not in good agreement with the data. However other 
calculations (not shown) by Campbell e¢ al. show that 
the calculated polarizations are quite sensitive to small 
changes in the optical model parameters, and thus it 
might be possible to fit the data for each target nucleus 
separately. Such a procedure might not be unreasonable 
since one expects structural effects to be significant at 
these energies. More specifically, it was found that 
increasing 6 made the calculated P(6) oscillate more 
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rapidly, and one would thus expect that to fit the 
6-Mev data for Ni would require a smaller 6 than for 
Cu. This seems reasonable from the standpoint of the 
shell model, since Cu contains more nucleons outside 
the closed f7,2 shells and consequently is expected to 
have a more diffuse surface. This argument appears 
to break down when applied to the 7-Mev Ni and Cu 
data since these data show about the same angular 
dependence; however the importance of these shell- 
model effects should change with energy. Such effects 
appear to vanish near 10 Mev, since the 10 Mev’ and 
17 Mev’ data vary much more smoothly with A than 
do the present data. 

The 7-Mev data for Al, Fe, Ni, and Cu are shown 
in Fig. 6. The calculations for Ni and Al fit the data 
rather well except that the amplitude for Al is slightly 
too large, indicating that a smaller \ should have been 
used for Al. The calculations give about the right 
angular dependence for Cu except at 60°. The Fe 
calculations bear little resemblance to the data, and 
at 120° and 135° have the wrong sign. This may 
indicate that the compound elastic scattering is 
polarized. 

It appears that, for a given element, the polarization 
tends to increase as the bombarding energy is increased. 
At 6 Mev, the largest polarizations at back angles are 
for Al and Ti (but not Cr), indicating a tendency for 
the polarization to increase with decreasing A at fixed 
energy. Both these effects indicate that the polarization 
increases as the bombarding energy is raised relative 
to the Coulomb barrier height. 

Data for the polarization as a function of energy for 
Fe and Cu at 60° and 120° are given in Fig. 7. The Cu 
data indicate a smooth variation of P between the 
values observed at 6 and 7 Mev. The Fe data, particu- 
larly at 120°, display a more erratic energy variation 
which may be related to resonance effects in compound 
elastic scattering. Preskitt" also presents evidence that 
compound elastic scattering from iron may be important 
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at these energies : he finds that the ratio of the elastic scat- 
tering cross section to the Rutherford cross section varies 
more rapidly at back angles for Fe than for the odd 
elements V and Co, for which compound elastic scatter- 
ing is considerably weaker as a result of the lower (p,m) 
thresholds. However earlier Ni polarization data’’ at 
5.7 Mev are very close to the present 6-Mev Ni data. 
If compound elastic scattering causes the rapid energy 
variation for Fe, one would expect a similar effect for Ni. 

In conclusion, the present work indicates that optical 
model parameters which fit other experimental data 
in this energy region give a qualitative description of 
the polarization, but detailed agreement is not obtained 
with a single set of parameters. The failure to obtain a 
detailed fit may result from a finite contribution to 
the polarization from the compound elastic scattering 
despite the fact that our target thicknesses imply an 
average over many compound levels. Such a breakdown 
of the usual statistical assumption referring to the 
contribution from compound levels can, for example, 
come from the preponderance of compound levels of a 
particular spin and parity among those levels which 
could be important at the excitation energy under 
consideration. The work of Schiffer e¢ a/.¥ on the 


% Schiffer, Moore, and Class, Phys. Rev. 104, 1661 (1956). 
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Ni**(p,p’y) Ni®® reaction suggests that over a range of 
bombarding energies of about 100 kev most of the 
strongly excited levels may have the same spin and 
parity. On the other hand, the possibility has not yet 
been fully explored that the fit to the polarization data 
could be greatly improved by small variations of the 
parameters a, b, Vo, and \ which relate to the surface of 
a given nucleus. If successful, this latter idea could 
make the polarization data a useful tool for providing 
information about the nuclear surface. 
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The decay of I' has been previously studied by two groups of workers, and, as a result, the following 
level scheme for Xe! has been proposed: 528 kev (2+), 1190 kev (4*), 1930 kev (6+), and 2340 kev (5-). 
Only the states at 1930 kev and 2340 kev were found to be directly populated by beta decay. However, the 
recent measurement of spin 5 for I suggests that the 1190-kev state, if 4+, should be populated by beta 
decay. In the present work, such a group was looked for and not found: A lower limit of 9.8 was set for the 
log ft. Gamma-gamma correlations were also measured. The experimental correlation for 1190-528-0 level 
sequence can be fitted by 4(Q)2(Q)0 or by 2(96%D+4%Q)2(Q)0 sequences. The 2+ assignment to the 
1190-kev level requires a predominantly M1 transition for the 2* to 2* transition in contrast to the pre- 
dominantly £2 character of other known transitions of this type. Therefore, either 4* or 2+ assignment to 
the 1190-kev state leads to an anomalous situation. Six other angular correlations were measured in an 
attempt to determine the characteristics of the levels at 1930 kev and 2340 kev. It was not possible to 


obtain unique assignments. 





INTRODUCTION 


HE beta and gamma rays emitted in the decay of 
I'®, ¢,=12.5 hours, were first studied by Roberts, 
Elliott, Downing, Peacock, and Deutsch.! This group 
found two beta groups with energies of 1.03 and 0.61 
Mev and four gamma rays with energies of 417, 536, 
667, and 714 kev. It was assumed, on the basis of beta 
group energy differences, that the 417-kev gamma 
followed the 0.61-Mev beta group decay. The three re- 
maining gamma rays are all in cascade and their order 
of emission was not determined. Caird and Mitchell? 
have also studied this decay. They used a lens spec- 
trometer to measure both the continuous electron spec- 
trum and the internal conversion electron lines, and the 
photoelectrons ejected by the gamma rays in lead and 
uranium radiators. Gamma-gamma coincidence meas- 
urements were also made using Nal detectors. In addi- 
tion to the radiations found by Roberts et al., Caird 
and Mitchell found a 1150-kev gamma ray. The latter 
group proposed the level scheme shown in Fig. 1. The 
position of the 536-kev transition has been verified by 
Coulomb excitation of the 536-kev level.’ 

Since Sherwood and Ovenshine at Oak Ridge Na- 
tional Laboratory were engaged in making a direct 
determination, by atomic beam techniques, of the 
ground-state spin of I,‘ it seemed desirable to have 
additional information on the decay of this nucleus. 
We wish to report information obtained from gamma- 
gamma correlation measurements. Relative gamma-ray 
intensities and coincidence results are also given. Limits 


* Summer research participant from Purdue University, Lafay- 
ette, Indiana. 

1 Roberts, Elliott, Downing, Peacock, and Deutsch, Phys. Rev. 
64, 268 (1943). 

2R. S. Caird and A. C. G. Mitchell, Phys. Rev. 94, 412 (1954). 

3G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956) ; Pieper, Anderson, and Heydenburg, Bull. Am. Phys. Soc. 
Ser. II, 3, 38 (1958). 

4 Nuclear spin of I! is 5. J. E. Sherwood and S. J. Ovenshine, 
Bull. Am. Phys. Soc. Ser. II, 3, 371 (1958). This spin has also 
been determined to be 5 by Garvin, Green, and Lipworth, Phys. 
Rev. Lett. 1, 292 (1958). 


are determined for the intensities of possible higher 
energy 6-groups. 


APPARATUS AND SOURCE 


The singles gamma-ray spectrum was measured with 
a thallium-activated NaI crystal, 3 inches in diameter 
and 3 inches long, mounted on a DuMont type 6363 
photomultiplier tube. Data were taken with a 120- 
channel analyzer of Bell-Kelley design.® For the coin- 
cidence and angular correlation experiments two 3 in. 
X3 in. NaI crystals were used. A single-channel ana- 
lyzer was used to set a window over one of the gamma 
photopeaks and the coincident gamma pulses were dis- 
played on the 120-channel analyzer. The coincidence 
circuit used was of the fast-slow type. The resolving 
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Fic. 1. Level scheme of Caird and Mitchell? 
5P. R. Bell and G. Kelley, Oak Ridge National Laboratory 
Report ORNL-1620, September 10, 1953 (unpublished) ; and Oak 
Ridge National Laboratory Report ORNL-1975, September 10, 
1955 (unpublished). 
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time is fixed by a pulse shaping delay line and 27 =0.225 
X 10~* sec. Source to crystal distances used were 15, 12, 
and 10 cm. Lucite absorbers were used to prevent beta 
rays from striking the crystals. 

The I® was produced by slow neutron irradiation of 
['(t;~2X10' yr) in the LITR at Oak Ridge.* The 
I'* used in this work was kindly supplied by the Iso- 
topes Division of Oak Ridge National Laboratory. 

EXPERIMENTAL RESULTS 

The singles gamma-ray spectrum of I'® is shown in 
Fig. 2. The source to detector distance was 20 cm. The 
spectrum was decomposed as indicated into five gamma 
rays. The results are given in Table I. 
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Fic. 3. Gamma-ray spectrum in coincidence with 740-kev gamma 
(from angular correlation measurement). 


® We are indebted to J. E. Sherwood and S. J. Ovenshine for 
-heir assistance in making the I neutron irradiation. 
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An upper limit for the intensity of a crossover in 
competition with the 740-670 kev cascade was esti- 
mated to be 1% of the 536-kev gamma-ray intensity. 
The upper limit for a crossover in competition with the 
670-536 kev cascade was estimated to be 4% of the 
536-kev gamma intensity. 

The gamma-ray intensity measurements indicate that 
only the third and fourth excited states are populated 
by beta decay; in agreement with the results of Caird 
and Mitchell. The relative beta decay population to the 
third and fourth excited states, as determined from the 
gamma intensities, is 0.53+0.06, log ft=6.5 and 
0.47+0.06, log ft=5.7, respectively. 

An anthracene crystal, 1}-in. diameter by 7 
thick, scintillation spectrometer was used to set an 
upper limit of the intensity of a possible beta group 
directly populating the second excited state. No elec- 
trons of such a group, after background correction, 
were detected. A lower limit of 9.8 can be set for the 
log ft value of this transition. (The lower limit for 
log ft values of possible beta transitions to the first ex- 
cited and ground states would be greater than 9.8.) 

The gamma-ray intensities determined in the present 
study disagree somewhat with those obtained by Caird 
and Mitchell. By using the K-shell internal conversion 
electrons per disintegration data of Caird and Mitchell, 
new K-shell conversion coefficients can be calculated. 
These results are given in Table II. 
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TABLE I, Gamma-ray energies and intensities. 





Ey (kev) Relative intensity 
416+ 6 
536+ 8 
670+10 
740+11 
1150+ 18 





0.350.014 
1.00 


0.99+0.05 
0.88+0.05 
0.13+0.01 
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TABLE IT. Internal conversion coefficients. 











K shell 
internal 2 
conversions . 
electrons per c (theoretical) 
(experimental) El E2 


disintegration*® 
4.4X 10-3 1.310 3.9 10-3 1.3X10? 
5.5X 10"? 5.5X10-% 2.3X 10-3 6.5X 10-3 
3.2K 10-3 3.2% 10-3 1.4 107% 3.6X 10-3 4.7X 10% 
2.1K 107% 2.4X 10-3 1.11073 2.8X 10-3 3.7X 10% 
4.7X104 1.11073 


(8.8 10-5)» 1.4 10™% 


M1 M2 


1.5X107 
8.5X 10-3 


Ey 
(kev) 
416 
536 
670 
740 
1150 


5.3X 107 
2.6X 10 
1.4X10? 
1.1X10 
3.2X 1073 

















® Data of Caird and Mitchell (reference 2). 


b The number in parenthesis denotes that this is the total number of internal conversion electrons per disintegration. 
°L. A. Sliv and I. M. Band, Leningrad Physico-Technical Institute Report, 1956 [translation: Report 57 ICCK1, issued by Physics Department, Univer- 


sity of Illinois, Urbana, Illinois (unpublished) ], Part I. ‘‘Tables of Internal Conversion Coefficients” 


The theoretical conversion coefficients are so similar 
that it is not possible to make definitive transition as- 
signments from the experimental results. However all 
multipoles higher than quadrupole can be ruled out 
from these data. 

Gamma-gamma coincidence measurements were made 
with the axes of the two crystals at 90° to each other 
and the source 5.4 cm from each crystal. Lead shielding 
was positioned between the crystals to minimize spuri- 
ous coincidences caused by gammas being Compton 
scattered from one crystal into the other. With the 
single channel window set on the 1150-kev gamma, the 
670- and 536-kev gammas were found to be in coinci- 
dence. Using the 740-kev gamma as a gate pulse, the 
416-, 670-, and 536-kev gammas were in coincidence 
(see Fig. 3). 

The data for the angular correlations were taken 
every ten degrees between 90° and 180° or between 
270° and 180°. The crystal used with the single channel 
analyzer, gate pulse, was the stationary detector. An 
equation of the form W (@) = 1+ A2P2(cos@)+ A 4P4(cos6) 
was fitted by a least squares analysis on an IBM 704. 
These results were then corrected by a procedure due 
to Rose’ for the finite angular resolution of the detec- 
tors. The standard deviations are defined by Eq. (30) 
of Rose’s paper. 

DISCUSSION 

The spin and parity of the ground state of Xe'™ is 
assumed to be (0+). The spin and parity of the first 
excited state at 536 kev has been established from 
Coulomb excitation of this level as (2+).® (Note: all 
gamma energies quoted are those determined in the 
present work.) 

The experimental 670-536 kev angular correlation 
coefficients for the cascade de-exciting level C can be 


TABLE III. 670-536 kev correlation. 


Aa 


—0.008+-0.017 
0.0091 


Az 
0.089+-0.011 
0.102 
0.09 


Sequence 





~ Experimental 
4(Q)2(Q)0 
2(96% D+4% Q)2(Q)0 


7M. E. Rose, Phys. Rev. 91, 610 (1953). 


(privately circulated by M. E. Rose). 


fitted with a 4(Q)2(Q)0 or a 2(96% D+4% Q)2(Q)0 
sequence as is shown in Table III. See Fig. 4 for the 
latter. There is an anomaly, however, if the level C has 
either spin 2 or spin 4; positive parity is assumed. If 
the spin is 2 the 670-kev transition would have to be 
predominantly dipole, but in previous determinations 
of mixing ratios of similar transitions the radiations 
were predominantly quadrupole.* In the cases where 
the radiation is largely quadrupole the crossover from 
the upper (2+) level to the ground state was found to 
be quite weak. 

If the spin of level C is 4, the log ft value, 29.8, 
appears to be very large for a beta transition from a 
spin 5 state (I'® ground-state spin=5) to a spin 4 state. 
A possible explanation based on the nuclear shell model 
for such a large log ft has been suggested by King.® In 
the region of A = 130 both the neutrons and the protons 
are filling the orbitals between the closed shells at 50 
and 82. In this region the /11/2 orbital is populated by 
an odd number of nucleons as evidenced by the (2—) 
ground states of I'** and I'**. If in I the odd neutron 
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Fic. 4. Angular distribution coefficients as a function of dipole- 
quadrupole mixing for 2-2-0 sequence. 


8 J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 108 (1953) ; 
Gertrude Scharff-Goldhaber and J.\Weneser, Phys. Rev. 98, 212 
(1955). 

9 R. W. King (private communication). 
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TABLE IV. 1150-670 kev correlation. 


Sequence A: As 


0.102+0.031 0.049+-0.056 
0.102 0.0091 
—0.072 
0.10 
0.10 


Experimental 

6(Q)4(Q)2 

5(D)4(Q)2 
5(93%D+7%Q)4(Q)2 
5(12% D+88% Q)4(Q)2 


— 0.005 
—0.050 


is in the A412 orbital and the odd proton is in one of the 
available positive parity orbitals, they could combine 
to give a (S—) ground state. The beta transition with 
the highest probability would be for the A412 neutron 
to decay to a gz2 proton. This would be a once for- 
bidden, unique, transition, Wo=1770 kev, and a log ft 
value of ~9 would be reasonable. All other possible 
transitions within this major shell would involve spin 
changes of 3 or greater. If the configuration mixing 
within the shell is such that the /,;2 neutron and the 
7/2 proton orbitals have an overlap of 10% the log ft 
would be increased to 210. 

If the spin of level C is 2, the 670-536 kev correlation 
leads to a value of 6;= — (2.14+0.15)10~ in the nota- 
tion of Biedenharn and Rose” where the reduced matrix 
elements are defined with the 7 of the intermediate state 
on the right in the reduced matrix element. The double 
correlations 740-670 kev and 1150-670 kev and the 
1-3 correlations 740-536 kev and 1150-536 kev have 
also been measured (see Tables IV, V, VI, and VII). 
If the spin assignment of 2 to level C is correct, the sign 
and magnitude of 6=(E2/M1)! deduced from the 
double correlations, where the 670-kev transition is the 
second transition of the cascade, should be consistent 
with the result deduced from the 670-536 kev correla- 
tion. For the case of assignment 2+ to level C, only spin 
4 for levels D and E would be compatible with the 
internal conversion data and the log ft values of the @- 
groups to these levels. The double correlations 740-670 
kev and 1150-670 kev can be fitted by 4(Q)2(D+(Q)2 
with 6.=0.2. In a triple cascade with the intermediate 
radiation mixed it is not possible to define the 6 so that 
the intermediate state 7 always occurs in the same posi- 
tion in the reduced matrix element" for the two double 
cascades, i.e., the mixed transition is the first transition 
in the 670-536 kev cascade and the same mixed transi- 


TABLE V. 1150-536 kev 1-3 correlation. 


Sequence Az Ag 


Experimental 0.086+0.036 0.022+0.068 
6(Q)4(Q)2(Q)0 0.102 0.0091 

5(D)4(Q)2(Q)0 —0.114 
5(94% D+6% Q)4(Q)2(Q)0 0.086 
5(11% D+89% Q)4(Q)2(Q)0 0.086 


—0.003 
—0.052 


L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

4M. E. Rose, Oak Ridge National Laboratory Report ORNL- 
2516, 1958 (unpublished). 
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TABLE VI. 740-670 kev correlation. 


Sequence Az Ag 
0.088+0.017 
0.102 
0.09 
0.09 


—0.041+0.027 
0.0091 
—0.005 
—0.051 


Experimental 

6(Q)4(Q)2 

5(94% D+6% Q)4(Q)2 
5(11% D+89% Q)4(Q)2 


tion is the second transition in the 1150-670 kev or 
740-670 kev cascades. However, if the convention of 
reference 10 is followed, then 6,= —é». Thus, the results 
from the double correlations are consistent with regard 
to the magnitude and sign of 6 for the mixed transition 
of the 670 kev. 

For the 1-3 correlation with the intervening mixed 
radiation unobserved, the correlation function is 


W (0)=W1,(6)+8W 1,’ (8), 


where 6° is the intensity ratio of the 2”’- to 2/-pole.” 
There is no interference term because the mixed radiation 
is not observed. For the sequence 4((Q)2(D+(Q)2(Q)0 
with 6?=0.04, 42=0.0482 and A,=—0.0058. The ex- 
perimental coefficient A» for the 740-536 kev 1-3 corre- 
lation is 0.109+0.015. Since for all 6? of the 2—2 
transition the coefficient A» is between 0.0510 and 
—0.0219 for the 1-3 correlation, the assignment of 2+ 
to level C is not consistent with the experimental result. 

In view of these plausibility arguments, assignments 
of (4+) to level C of Xe and negative parity to the 
I'® ground state appear to be the most reasonable. 
These assignments are in agreement with Caird and 
Mitchell. 

A linear polarization measurement of the 670-kev 
gamma ray would also permit a unique assignment for 
level C. However, such a measurement would be made 
complicated by the presence of higher energy gamma 
rays and by the rather short half-life of I'*°. 

Caird and Mitchell assigned spins and parities to 
levels D and E of Xe'® and the I'® ground state of 
(6+), (5—), and (6—), respectively. These assign- 
ments were based on log ft values and are self-consist- 
ent. The new I'® spin measurement, J=5, does not 
rule out the Xe’ assignments but angular correlation 
measurements were made on the gamma rays de- 
exciting levels D and £ in an attempt to obtain more 
information on these levels. 


TABLE VII. 740-536 kev 1-3 correlation. 


Sequence Az As 


0.109+0.015 —0.029+0.021 
0.102 rt 

0.11 

0.11 





Experimental 
6(Q)4(Q)2(Q)0 

5(92% D+8% Q)4(Q)2(Q)0 
5(13% D+87% Q)4(Q)2(Q)0 


2M. E. Rose, Oak Ridge National Laboratory Report ORNL- 
155, 1953 (unpublished). D. H. Wilkinson (unpublished). 
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Fic. 5. Angular distribution coefficients as a function of dipole- 
quadrupole mixing for 5-4-2 sequence. 


The log ft of the beta transition to level EF is 5.7. This 
is in the range of allowed ft values. An allowed transi- 
tion would require that the parity of level E be the 
same as that of the I'® ground state; negative, accord- 
ing to the present arguments. The beta decay to level 
EF is more than 10‘ times faster than the decay to level 
C; the latter has tentatively been given a (4+) as- 
signment. The simplest explanation for this large differ- 
ence in decay rates is that level & has a spin >4. Of 
course level E could have the same spin as level C and 
still be populated by a relatively faster beta decay if 
there were no retardation factors present in the decay 
to level E. From their measurement of the internal con- 
version coefficient Caird and Mitchell assigned the 
1150-kev transition an /1 multipolarity. These factors 
are in agreement with level / being (5—). 

The present results for the 1150-670 kev and the 
1150-536 kev angular correlations rule out the possi- 
bility of the 1150-kev transition being pure dipole. How- 
ever, the 1150-670 kev correlation can be fitted with a 
5(93% D+7% Q)4(Q)2 or a 5(12% D+88% Q)4(Q)2 
sequence (see Fig. 5). The 1150-536 kev 1-3 correlation 
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Fic. 6. Angular distribution coefficients as a function of dipole- 
quadrupole mixing for 5-4-2-0, 1-3 correlation. 
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Fic. 7. Angular distribution coefficients as a function of dipole 
quadrupole mixing for 5-6-4 sequence. 


can be fitted with the same dipole-quadrupole mixtures 
for the 1150-kev gamma ray (see Fig. 6). The assign- 
ment of 6— to level E requires a pure M2 transition for 
the 1150-kev transition; this assignment can be elimi- 
nated by a comparison of the observed K shell conver- 
sion coefficient with the theoretically expected value for 
M2. A pure £2 transition is in agreement with the 
observed angular correlation and the observed K shell 
conversion coefficient so that 6+ is a possible assign- 
ment. The transition from level E to level C probably 
involves a change of parity and therefore the 5— as- 
signment requiring a 93% E1+7% M2 mixture seems 
a more likely assignment than 6+ or 5+. 

The log ft of the beta group populating level D is 
6.5. This is in the range of ft value for once forbidden, 
nonunique, beta decays. Such a transition involves a 
change of parity and this would require the parity of 
level D to be positive, since the present work indicates 
that the parity of I'™ is negative. 

The same argument that was advanced in the pre- 
ceding section to suggest that the spin of level FE is >4 
can be used in the present case to suggest that the spin 
at level D is also >4. Namely, that the ratio of the 
decay rates to levels D and C, >10*, can be explained 
most simply by level D having a larger spin than level C, 
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Fic. 8. Angular distribution coefficients as a function of dipole- 
quadrupole mixing for 6-6-4 sequence. 
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Fic. 9. Level scheme deduced from present study and directly 
measured spin of I'®. Beta transition energies were obtained from 
Caird and Mitchell.? 


The experimental and theoretical coefficient for the 
740-670 kev and the 740-536 kev correlation are nearly 
identical to the 1150-670 kev and 1150-536 kev coeffi- 
cients. Therefore the spin of level D can be specified 
only to the same extent as was that of level £, 5 or 6. 
Once again, the assignment of 6— to level D can be 
eliminated because the observed K-shell internal con- 
version coefficient is quite different from that expected 
theoretically for a pure M2 transition. 


STELSON, 


AND McGOWAN 

The experimental coefficients obtained for the 416- 
740 kev correlation are: A2=0.179+0.026 and A, 
=(.040+0.037. These results can be fitted with the 
following sequences: 5(D+Q)6(Q)4, 6(D+(Q)6(Q)4, 
6(D+0)5(D+0)4, or 5(D+Q)5(D+0)4 (see Fig. 7 
and 8 for the first two cases). A 6(Q)4(Q)2 sequence, 
A2=0.102 and Ay=0.0091, appears to be very unlikely. 

The coefficients obtained for the 416-670 kev 1-3 cor- 
relation are: A2=0.162+0.017 and A,= —0.069+0.030. 
These can be fitted with a 6(D)6(Q)4(Q)2 sequence; 
A»,=0.178. The experimental results could undoubtedly 
be fitted to other combinations of spins 5 and 6 for 
levels D and E and mixtures for the 416-kev transition. 

Therefore the results of the 416-740 kev and the 
416-670 kev correlations are not very helpful in trying 
to choose between spins 5 and 6 for levels D and E. 


CONCLUSIONS 


The results of the present study are summarized in 
the level scheme shown in Fig. 9. Adopting the plausible 
explanation of the anomalously large log ft, 29.8, of 
the unobserved 1770-kev transition to level C, the spin 
and parity of the latter level are tentatively given as 
(4+). The spins and parities of levels D and EF can only 
be suggested to be (5S +,6+) and (5+,6+), respectively. 
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Precise Determination of the U*** Fission Neutron Spectrum* 
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The U** prompt fission neutron spectrum is measured. Fast time of flight techniques are employed to 
study the neutron energy distribution from 0.3 to 5.0 Mev. Proton recoil emulsions are utilized for neutron 
measurements from 1.2 to 7.0 Mev. The experimentally determined fission neutron spectrum is expressed 


in the form: 


N(E) = {ao+a:E+a2k")¢(E), 


where E£ is the neutron energy in Mev, N(£) is the number of U** fission neutrons per unit energy interval, 
$(E) is the U?* prompt fission neutron spectrum, and ao, ai, and a2 are constants normalized to give agree- 
ment with the known average number of U** prompt fission neutrons. The average energy of the U2* prompt 
fission neutrons calculated from the experimental results is 1.87 +0.04 Mev. 


INTRODUCTION 


HE energy spectrum of the prompt fission neu- 
trons resulting from the thermal neutron induced 
fission of U**> is well known.’ The fission neutron 
spectra of Cf*® and of Pu’ have also been measured.*~® 
However, relatively little is known of the prompt fission 
neutron spectrum resulting from the thermal neutron 
induced fission of U**. Most of the existing information 
has been obtained from nuclear emulsion studies of the 
medium and higher energy portions of the spectrum.*:” 
Recéntly nuclear reactors utilizing U** fuel cycles 
have been of increasing interest. This study of the U?% 
prompt fission neutron spectrum was undertaken in 
order to provide the basic information necessary for 
this and other applications of the U** fission process 
and to contribute to a greater understanding of the 
fission phenomenon. 


EXPERIMENTAL PROCEDURE 


The U** employed in this experiment was essentially 
isotopically pure. The experimental sample was in the 
form of a uranium oxide foil weighing 500 ug. This foil 
was placed in a collimated beam of neutrons from the 
Argonne National Laboratory CP-5 research reactor. 
Under the experimental conditions ~5X10* fissions 
minute occurred in the U** sample. 

In the initial portion of the experiment Ilford C-2 
photographic plates were arranged about the fissile 
sample in such a manner that fission neutrons were 
incident on the emulsion surfaces at angles of 3-10 


* This work supported by the U. S. Atomic Energy Commission 
through Argonne National Laboratory. 

1B. E. Watt, Phys. Rev. 87, 1037 (1952). 

? Bonner, Ferrell, and Rinehart, Phys. Rev. 87, 1032 (1952). 

3 Cranberg, Frye, Nereson, and Rosen, Phys. Rev. 103, 662 
(1956). 

4 Mukhin, Barkov, and Gerasimova, Physics of Nuclear Fission 
(Pergamon Press, New York, 1958). 

5 A. B. Smith et al., Phys. Rev. 108, 411 (1957). 

6 N. Nereson, Phys. Rev. 88, 823 (1952). 

7K. M. Henry and M. P. Haydon, Oak Ridge National Lab- 
oratory Report ORNL-2081, 1956 (unpublished). 


degrees (see Fig. 1). During the plate exposure care 
was taken to remove from the vicinity of the experi- 
ment any massive objects that might perturb the fission 
neutron spectrum. The emulsions were processed by 
temperature controlled development methods* and 
treated with wood resin to reduce shrinkage. Tracks 
were accepted for measurement if they fell within a 
square prism whose axis was parallel to the plate axis 
and whose half angle was 20°. In addition it was re- 
quired that the tracks be entirely contained within the 
emulsion. Empirical corrections were made for the 
escape probability.’ In all, more than 1800 tracks were 
measured corresponding to neutrons with energies of 
1.2 to 7.0 Mev. To verify the fidelity of the experiment 
an emulsion study of the U*® prompt fission neutron 
spectrum was carried out with an experimental ar- 
rangement identical to that employed in the U™ 
studies. Good agreement with the accepted U*® fission 
spectrum’ was obtained. 

The neutron distribution in the energy range 0.3 to 
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Fic. 1. Composite schematic diagram of the experimental ar- 
rangement. During emulsion exposures the large collimator was 
removed. 


8 Dilworth, Occhialini, and Payne, Nature 162, 102 (1948), 
9L. Rosen, Nucleonics 11 No. 7, 32 (1953). 
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Fic. 2. A typical U™ fission neutron time distribution. 


5.0 Mev was measured using time of flight techniques.” 
In applying this experimental method it was assumed 
that fission neutron emission was ‘“‘prompt”’ with re- 
spect to the actual scission.'' The time between the 
fission event and the arrival of the fission neutron at a 
detector placed 80 cm from the fission source was ex- 
perimentally determined. The fission detector was con- 
structed so that U* and U** samples could be alter- 
nately studied under identical experimental conditions. 
Thus the U** and U™® fission neutron spectra could be 
directly compared in the form of the energy dependent 
ratio 
R(E)=N(E)u/N(E)u™, 


where V(£) is the number of fission neutrons at energy 
E per unit energy interval. This experimental approach 
is largely free from detector efficiency uncertainties 
commonly associated with neutron time of flight 
measurements. 

The fission event was detected with a gas scintillation 
cell.” This unit combined fast response and good fission 
fragment energy resolution with a low gamma-ray sen- 
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Fic. 3. The ratio R(E) = N(E)y*/N (E)y=ao+a,E+a2F, 
compared with a typical set of data. 


1 L. Cranberg, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, Paper P/577. 

J. S. Fraser, Phys. Rev. 88, 536 (1952). 

2 C, Eggler and C. M. Huddleston, Nucleonics 14 No. 4, 34 
(1956). 


SJOBLOM, 


AND ROBERTS 

sitivity. The neutron detector consisted of a 1 in.X1} 
in. cylinder of Pilot B plastic scintillator."* The dis- 
tances to nearby massive objects were not negligible 
compared to the 80 cm neutron flight path. Moreover, 
the experimental area was exposed to an intense gamma 
ray flux. This background had a very detrimental effect 
on the neutron detector. To define the flight path and 
to provide necessary shielding for the neutron detector 
a collimator was constructed. The design of this unit 
was similar to that used in neutron cross section work 
at Argonne Laboratory. The portion of the collimator 
surrounding the neutron detector was constructed of 
lead and the remaining parts were filled with borated 
water. The rear aperture of the collimator was left 
unobstructed to permit free exit of the neutron beam 
(see Fig. 1). As an experimental test of the collimator 
the prompt fission neutron spectrum of Cf**? was meas- 
ured with and without the collimator in place, The dis- 
tributions were identical indicating that no measurable 
distortion was introduced by the collimator. The meas- 
ured time of flight of the neutron was electronically 
converted in a linear manner to a voltage pulse. This 
pulse was recorded in a large multi-channel pulse-height 
analyzer. The recording system was actuated only when 
pulses from both detectors exceeded predetermined 
minimal sizes and only when both signals occurred 
within 0.5 usec of one another. 


RESULTS AND CONCLUSIONS 


Six time of flight measurements of the U** and of the 
U%* fission neutron spectra were made. A typical ex- 
perimentally determined time distribution is shown in 
Fig. 2. The ratio 


R(E)=N(E)y23/N (E)y5, 


was obtained by comparing the respective U** and U 
time measurements. These R(/) distributions were 
normalized to the similar function obtained from the 
nuclear emulsion data to form a set of composite R(£) 
distributions. The function 


R(E)=aot+qE+a2k’, 


where do, a;, and a2 are constants, and £ is the neutron 
energy in Mev, was fitted, by the method of least 
squares, to each of the composite curves. The param- 
eters obtained from the fittings were averaged to give 
the values in Table I. The values shown in the table 
are normalized to give a U“* fission neutron yield of 


TaBLE I, Experimentally determined parameters for the function 
R(E) =N (E)u®*/N (E) y= aot+aE+a2k. 


ao a ae 
1.72+0.10 —0.2340.05 0.029+0.008 


18 Pilot Chemical Company, Waltham, Massachusetts. 
14 A. Langsdorf (private communication). 
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2.51 neutrons/fission.'® In calculating these normaliza- 
tions we have used Terrell’s recent Maxwellian ex- 
pression NV (£)U"%5= (2) !e-#/!- for the U™* fission neu- 
tron spectrum.'® The function R(£) calculated from 
Table I is compared with a typical experimentally 
measured distribution in Fig. 3. It is evident from Fig. 3 
and Table I that there is very little difference between 
the U** and U** fission neutron spectra. This is also 
seen in Fig. 4 in which some of the results of this ex- 
periment are compared with the U™® fission neutron 
spectrum. Measurable differences occur only at lower 
neutron energies where the U** fission neutrons are 
slightly more abundant than those of U*. Figure 4 also 
includes the results of studies of the U** spectrum by 
Mukhin et al.‘ 

Using the expression R(/) obtained in this experi- 
ment and the U*® distribution given by Terrell'® the 
average U** fission neutron energy was calculated to 
be 1.87+0.04 Mev. This value is compared with that 
of other fission processes in Table II. From statistical 
and kinetic arguments it has been shown that the aver- 
age fission neutron energy is given by'® 


E(Mev) =0.78+0.621(v+1)3, 


TABLE II. Average fission neutron energies. 


Fissile 


4 Average energy 
isotope (Mev) 


Reference 


Present work 
4, 16 


1.87 +0.04 
2.04 +£0.06 


Us 


U235 


1.916+0.04 
1.91 +0.04 


3, 16 
4, 16 
Pu 1.87 +0.05 
2.275+0.04 


4, 16 
6, 16 
2.35 +0.08 


Cra 5, 16 





18 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955). 

16 James Terrell (to be published). 
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Fic. 4. A typical measured U** fission spectra compared with 
the accepted U** distribution (solid line in figure) and with U™, 
determinations of Mukhin ef al.‘ 


where » is the average number of neutrons per fission. 
This theory gives an average U™* fission neutron energy 
of E=1.94 Mev as compared to 1.87-40.04 Mev ob- 
tained in the experiment. A closer correlation between 
theory and experiment appears to be beyond our pres- 
ent understanding of the fission process. 
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Lifetime of the 3.56-Mev State in Lit 
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Northwestern University, Evanston, Illinois 
(Received January 12, 1959) 


An upper limit for the mean life of the 3.56-Mev state in Li® of 5X10~" sec has been established by a 
Doppler shift method. This supports the 0*, 7 =1 assignment for this level. It has also been established by a 
Doppler shift technique that the angular distribution of the recoil alphas arising from the Be®(p,a) Li®* (y) Li® 
reaction is symmetric about 90° in the center-of-mass system at the resonant bombarding energy of 2.56 
Mev. At 2.93-Mev bombarding energy the angular distribution of the alphas is peaked forward of 90°. 


INTRODUCTION 


HE existence of a level at 3.56 Mev in Li® was 

first suggested by Hushley' as a possible ex- 
planation for a large yield of 3-Mev gamma rays arising 
from the bombardment of beryllium with 2.56-Mev 
protons. Day and Walker’ verified Hushley’s prediction 
by studying the coincidences between the gamma-ray 
and the alpha particles arising from the reaction. Their 
measurement of the gamma-ray energy yielded 3.58 
Mev. Later measurement by Mackin’ established the 
energy of the radiation to be 3.572+0.012 Mev and its 
multipolarity to be most probably magnetic dipole or 
with less likelihood electric quadrupole. Since the 
ground state has spin 1 and even parity, the second 
excited state must have even parity and spin 0, 1, 2, 
or possibly 3. The fact that no inelastically scattered 
deuteron groups were found leading to this state 
indicates that its isotopic spin is 1 and that it is the 
analog of the Be® and He® ground states. The value of 
the exitation energy and the fact that this level does 
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Fic. 1. Spectrum produced by proton bombardment of Cu-Be 
alloy (2% Be). The three highest peaks are due to the 3.56-Mev 
Li® gamma. The dotted curve shows the spectrum arising from 
proton bombardment of copper. It has been normalized arbitrarily 
to fit the high-energy tail of the Cu-Be curve. 
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not decay into a deuteron and an alpha particle, which 
is energetically possible above 1.53 Mev, supports this 
assignment. If the state has spin 0, even parity and 
isotopic spin 1, then the breakup of the level into an 
alpha and a deuteron is doubly forbidden. The fact 
that the angular distribution of the 3.56-Mev gamma 
is isotropic and the alpha-gamma angular correlation 
is isotropic to within 4% in the plane of the reaction, 
also supports the O* assignment.® 

From a study of the alphas arising from the bom- 
bardment of beryllium with protons, Browne and 
Bockelman® have concluded that the energy of the 
second excited state of Li® is 3.560+0.006 Mev. 
Because this measurement is, to within experimental 
error, the same as the energy of the gamma radiation, 
they concluded that the Doppler shift must be zero 
and therefore that the lifetime must be long. This 
conclusion is not warranted since the error in the two 
measurements are large enough to allow the full 
Doppler shift. 

It has been shown by Kurath’ that the energy levels 
of the p-shell nuclei can be fitted with intermediate 
coupling wave functions. Using these wave functions, 
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Fic. 2. Spectrum produced by proton bombardment of Ni-Be 
alloy (2% Ni). The three highest peaks are due to the 3.56-Mev 
Li® gamma. The dotted curve shows the spectrum arising from 
proton bombardment of nickel. It has been arbitrarily normalized 
to fit the high-energy tail of the Ni-Be curve. 
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LIFETIME OF 
Kurath® has also calculated the mean lifetime of this 
state to be 8X10" sec. 

A measurement of the mean life of the 3.56-Mev 
state in Li® would decide whether the radiation is 
electric quadrupole or magnetic dipole, and would help 
in verifying the assigned spin and parity. A Doppler 
shift measurement is sufficient to distinguish between 
the two multipolarities of the radiation, although it 
cannot verify the exact prediction of Kurath. 

Part of the present work has been reported pre- 
viously.’ The Doppler shift method has also been used 
to place a lower limit on the lifetime of this state by 
Rose and Warburton.” 


EXPERIMENTAL PROCEDURE 


The measurement of lifetimes by the Doppler shift 
technique has been discussed extensively by Devons." 
In the present work the state was prepared by means 
of the Be*(p,a)Li®™*(y) reaction. In order to measure 
the lifetime as accurately as possible, it is necessary to 
slow down the recoil nuclei in a heavy material. A 
target evaporated on a layer of high-density material 
would not be satisfactory for a very short lifetime 
measurement, since a large fraction of the recoils would 
decay in the target material itself. For this reason, an 
alloy of 2% beryllium in nickel was used for one of the 
targets, the other one being a pure thick beryllium 
target. A copper-beryllium alloy was also investigated 
as a possible target material. Figure 1 shows spectra 
obtained when Cu-Be and Cu were bombarded with 
2.7-Mev protons. The spectrum resulting from 2.7-Mev 
proton bombardment of Ni-Be and Ni is shown in Fig. 
2. It is apparent that the background in the region of 
the 3.56-Mev gamma is much lower in the case of the 
Ni-Be target and therefore it was used in the present 
work. 

The target and counter arrangement is shown in Fig. 
3. The counter was placed on a rotating arm at a 


TABLE I. Doppler shifts. 


_ 9% shift calculated 
for recoil into vacuum*-4 


1.33 
1.33 
1.47 
1.38 


Observed % shift*.> 
Target Zp AE/Eo 
Thick Be 1.20+-0.07° 
Thick Ni-Be 1.18+0.07¢ 
25-kev Be 1.02+0.06f 
25-kev Be 1.38+0.06' 


* Probable errors. 
> Corrected for neutron induced background. 


¢ Angular distribution of recoil Li® nuclei assumed symmetric about 90° 


(center of mass). 
4 Corrected for solid angles. 
e 0-145°. 
f 0-150°. 


8D. Kurath (private communication). 


9R. J. A. Levesque and S. M. Shafroth, Bull. Am. Phys. Soc. 
Ser. II, 2, 303 (1957). 

10H. J. Rose and E. K. Warburton, Phil. Mag. 2, 1468 (1957). 

11 Devons, Manning, Bunbury, Proc. Phys. Soc. (London) 
A68, 18 (1955); Devons, Manning, and Towle, Proc. Phys. Soc. 
(London) A69, 173 (1956); Devons, Manning, Towle and, Bun- 
bury, Proc. Phys. Soc. (London) A69, 165 (1956). 
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Fic. 3. Target chamber. (1) Mollybdenum aperture. (2) 
Charged particle counter (not used in present work). (3) Target. 
(4) Mollybdenum beam stop. (5) and (6) Vycor windows. 


distance of 3 to 45 inches from the target. The targets 
were bombarded with 2.57- to 2.93-Mev protons from 
the Northwestern electrostatic accelerator. The gamma- 
ray energy was measured at 0° and 145° or 150° to the 
beam direction with a scintillation counter consisting 
of a 13-in. diamX2-in. NaI crystal mounted on a 
Dumont 6342 photomultiplier tube. The information 
from the counter was fed into a Radiation Counter 
Laboratories 256 channel analyzer. For each gamma- 
energy measurement, approximately 4000 counts were 
accumulated in the channels corresponding to the 3 
pair peaks. This took on the order of 20 minutes. The 
shift in each peak was used to compute the average 
shift. Five or six independent measurements of the 
shift were made for each entry in Table I. This table 
lists the results of 4 measurements of the shift under 
various conditions. 

Since drifts in the counter would have disastrous 
effects on the results of the experiment, a calibration 
run using the 2.165-Mev gamma ray from ThC” (Fig. 
4) was made before and after each energy measurement, 
The distance of the thorium source was adjusted to 
produce approximately the same counting rate as the 
reaction gamma rays. The latter was monitored 
throughout the experiment and variation in the 
counting rate was minimized by adjusting the beam 
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Fic. 4. Spectrum produced by the 2.615-Mev ThC” gamma 
used for calibration of the counter before and after each change 
in angle. 
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Fic. 5. The spectrum produced by proton bombardment of 
beryllium. The three peaks are due to the 3.56-Mev Li® gamma 
and the high-energy tail is due mostly to neutrons. The dotted 
curve shows what the pulse-height distribution would be if there 
were no 3.56-Mev gamma. 


intensity. The effect of spectrum distortion due to 
neutrons produced in the Be*(p,n)B® reaction was 
investigated.” The pulse-height distribution in the 
range from 3-7 Mev arising from Be*’+ @ is exhibited 
in Fig. 5. The three peaks are the 3.56-Mev gamma 
and the high-energy tail is mostly due to the neutron 
response of the Nal crystal. The dotted curve shows 
what the pulse-height distribution would be if there 
were no 3.56-Mev gamma, 1.e., it is the neutron induced 
spectrum. The gamma spectrum distortion due to the 
neutrons was corrected by using this information. The 
maximum value of this correction was 0.03%. This was 
applied to the 2.93-Mev run. 


DISCUSSION 


The value for the Doppler shift in the two thick 
materials gives a measure of the lifetime. The change 
in energy of a gamma ray due to the Doppler effect 
can be written 

AE= Epoda/(Aa+1), 


where a is the slope of the range-velocity curve and C 
is a constant dependent on the particular reaction and 
the angle of observation. If one calls S the ratio of the 
shift in nickel to the shift in Be, then the mean life is 
given by 

r=a,(1—S)/(S—ay/az), 


where a; and a are proportional to the slowing down 
times for the lithium ions in nickel and in beryllium, 
respectively. A value for alpha can be estimated from 
the range velocity relationship of Li’ ions in air as 
measured by Teplova ef al.’* After correction for the 
difference in density between air and nickel or beryllium 
and the difference in mass between Li® and Li’ one 


12 Shafroth, Strait, and Carpenter, Nuclear Instr. 3, 298 (1958). 

8 Teplova, Dmitriev, Nikolaev, and Fateeva, J. Exptl. Theoret. 
Phys. U.S.S.R. 32, 974 (1957) (translation: Soviet Phys. JETP 
5, 797 (1957) ]. 


AND S.1M. 


SHAFROTH 


obtains 


a=1.2X10-" sec, a2=5.8X 10" sec. 


The method used here to estimate alpha can be used 
at higher velocity in order to compare with the slowing 
down time obtained from the range-velocity relationship 
measured by Devons and Towle.‘ Such a comparison 
shows that at these higher velocities the alpha obtained 
from the measurements of Teplova is lower than that 
obtained from the measurement of Devons, the ratio 
of the two being 1.36. Therefore a;(Ni) and a2(Be) will 
be raised by this factor. Thus we take: 


a;=1.63X10-" sec, a2=7.83X 10" sec. 


To put a limit on the lifetime we will use the shift in 
nickel as being 0.97%, i.e., three probable errors from 
the measured value. This gives a mean life 


T mean — 5.2X 10" sec. 


If the angular distribution of the Li® ions is symmetric 
about ninety degrees in the center-of-mass system, one 
can calculate an expected shift for the case where there 
is no stopping material; i.e., a= 0%. Under these con- 
ditions, the shift is independent of the exact form of 
the angular distribution and is only dependent on the 
velocity of the center of mass. In the case of the thick 
target measurements, the velocity of the center of mass 
must be averaged over the yield curve" from 2.67 Mev 
to 2.0 Mev. The shift under these conditions is expected 
to be 1.33%. The difference between the expected shift 
and the experimentally determined one could be 
explained by either a lifetime of the order 10~" sec or 
an angular distribution of the Li ions peaked in the 
backward direction. Since at resonance one would 
expect an angular distribution symmetric around 90°, 
the backward peaking of the Li® nuclei would be due 
to the yield off resonance. 

In order to understand why the measured shift was 
less than the vacuum shift two Doppler shift measure- 
ments were made on a 25-kev unbacked beryllium 
target. One was at a proton energy slightly above the 
resonant energy of 2.56 Mev so as to maximize the 
gamma yield and the other was at 2.93 Mev. The 
results are shown in the bottom two entries of Table I. 
The measurement at resonance shows good agreement 
with the calculated vacuum shift. Therefore we conclude 
that the lifetime is fast compared to the slowing down 
time in beryllium and the angular distribution of the 
recoils is symmetric about 90° (center of mass) at the 
resonant proton energy. However the measurement at 
2.93 Mev exhibits a much smaller shift than would be 
expected if the angular distribution of the recoil Li 
nuclei were symmetric about 90° (center of mass). 
Therefore we conclude that in this case the Li® nuclei 
go more often backward than forward. 

4S. Devons and J. H. Towle, Proc. Phys. Soc. (London) A69, 


345 (1956). 
18 J. B. Marion, Phys. Rev. 103, 713 (1956). 





LIFETIME OF 

It is of interest to estimate the amount of asymmetry 
necessary to produce this effect. Since no definite 
information exists concerning the angular distribution 
of the recoil Li® nuclei for proton energies off resonance 
we express it in the center-of-mass system as 


f@= dn An cos”, 


where @ is the angle with respect to the incident proton 
beam. Then at E,=2.93 Mev one obtains in the case 
of point counters for the magnitude of the asymmetry 
necessary to produce a shift AE the following: 


AE Vo.m.+ Vii f(O) COSA) ny 


Eo c 





——(cosdi— cos), 


where V_.m. is the velocity of the center of mass and 
V 1; is the velocity of the recoil Li® in the center-of-mass 
system. ¢; and @»2 are the angles made by the counter 
with the beam direction. 
(f(@) cos8)w= 5 Ay/(n+2)/ X An/(n+1), 
odd even 


therefore 

> A,/(n+2)/ d An(n+1)=0.18. 

odd even 
The results of the 2.93-Mev run make it plausible that 
the low value of the measured shift in thick beryllium 
and thick nickel is due to the nonresonant Li® recoils. 


CONCLUSION 


Our measurement shows that the mean lifetime of 
the second excited state of Li® is shorter than 5.3 10-4 


3.56- 


MEV STATE IN Lit 1357 
sec. This is in good agreement with Rose and War- 
burton” who find tmax=4.3X10-" sec. However at 
E,= 2.67 Mev they find the experimental shift from 0° 
to 160° in thick beryllium is 1.430.034 compared to 
1.44 calculated. We find 1.20+0.07 compared to a 
calculated value 1.33 for the 0°-145° shift. A similar 
situation obtains for their value of the shift in Cu-Be 
alloy and our value is the Ni-Be alloy. There is less 
than one chance in 200 that this is accidental. Therefore 
there is probably an unexplained discrepancy between 
the two measurements. Nevertheless it is true that no 
significant difference in the shift between pure thick 
beryllium and beryllium alloyed with a heavy metal 
was detected in either experiment. Therefore the con- 
clusions about the short lifetime of the state are not in 
doubt. The only disagreement lies in the contribution 
to the shift due to off resonance reactions. Since our 
limit is 20 times shorter than the lifetime for £2 transi- 
tions calculated from the Weisskopf formula'® and since 
transition enhancement due to collective effects is not 
expected to shorten the lifetime by more than a factor 
of 10, we can conclude that the transition almost 
certainly is M1 in character which is consistent with 
the assignment of 0+ for this state. Our results also show 
that the angular distribution of the alpha particles is 
forward peaked above resonance and is symmetric at 
resonance. They imply that the alpha angular distri- 
bution is forward peaked below resonance. 
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Note on the Photodisintegration of the Deuteron* 


W. Zernik, M. L. RustGi, AND G. Breit 
Yale University, New Haven, Connecticut 
(Received January 12, 1959) 


The differential cross section ¢(6,¢) and proton polarization P(6,¢) have been computed at y-ray energies 
of 22.5, 32.8, 64.4, 107.8, 164.5, and 193.9 Mev. The nuclear force potential was a slightly modified form of 
that used by Signell and Marshak. In order to test recent claims regarding comparison with experiment not 
calling for the inclusion of effects of retardation and exchange currents, these effects have been neglected. 
The influence of the inclusion of different multipoles has been studied by employing successive approxi- 
mations in which the transitions which are unimportant at low energies are introduced in turn. The inclusion 
of M1 transitions to triplets and of E2 effects has left discrepancies of several times the experimental error 
with data on o at 65 and 108 Mev. The relative largeness of the effects of the transitions just mentioned at 
the higher energies complicates the employment of the photoeffect as a means of obtaining evidence regarding 


the nucleon-nucleon interaction. 


HE differential cross section o(6,¢) and proton 

polarization P(@,¢) have been computed for six 
gamma-ray energies in the range 20-200 Mev. Due to 
the complexity of this calculation at high energies the 
amplitudes were calculated directly and then combined 
numerically as described by Breit, Hull, and Ehrman!” 
for nucleon-nucleon scattering. In the simpler cases the 
results were checked by independent analytic calcu- 
lation. 

Numerical radial wave functions for the n-p system 
were used for a potential of the Marshak-Signell type’ 
with parameters adjusted in accordance with the work 
of Fischer, Pyatt, Hull, and Breit.‘ 

Five approximations were used in order to determine 
the relative importance of the various transitions. In 


TaBLeE I. Angular distribution and polarization parameters in 
microbarns/steradian for approximations A and B. 


Approximation A Approximation B 
be be 


aE p Be 


51.0 5.25 

28.3 4.87 
6.74 2.87 
1.79 1.60 
0.639 0.942 
0.672 0.811 


E 
M ev ag 


22.5 4.68 
32.8 5.06 
64.4 4.46 
107.8 3.09 
164.5 1.90 
193.9 1.58 


co 


50.7 

28.1 
6.40 
1.40 
0.170 
0.00 


NmMNmRwU 
wma owe 
“IO UI NO 


0.546 


approximation A only the £1 transitions are considered 
and the coupling of *P.2 to *F2 is neglected. The radial 
functions entering the P and F parts of the eigenstates 
originating adiabatically in pure P and F states were 


*This research was supported by the U.S. Atomic Energy 
Commission under Contract AT (30-1)-1807 and by the Office of 
Ordnance Research, U.S. Army. 

1G. Breit and M. H. Hull, Jr., Phys. Rev. 97, 1047 (1955). 

2 Breit, Ehrman, and Hull, Phys. Rev. 97, 1051 (1955). 

3 P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958), 
referred to as SM. 

4 Fischer, Pyatt, Hull, and Breit, Bull. Am. Phys. Soc. Ser. II, 
3, 183 (1958). For singlet even states yu, the reciprocal of the SM 
range parameter, was reduced by 16% and the depth parameter 
correspondingly. The core radius for triplet odd states was 
x-=0.408 in the notation of SM. The SM spin-orbit potential 
was used in all but the triplet even states. Alternative calculations 
including the L-S effect in these states are in progress. 


used. Although this procedure has no direct physical 
significance since the tensor term Sj. was retained in 
the potential, it provides a useful check on account of 
simplifications in the formulas. In approximation B only 
F1 transitions are used with full account of the tensor 
coupling, and similarly in succeeding approximations 
Si2 is fully considered. In approximation C the effect of 
M1 transitions to singlet states is considered in addition 
while in approximation D the effect of M1 transitions 
to triplets is used® as well. In approximation £ there is 
further included the effect of £2 transitions to S, D 
and G states. The y-ray energies quoted below are 
referred to the laboratory system. The plane-polarized 
y ray is taken as incident along the positive z axis of a 
Cartesian coordinate system with electric vector along 


TABLE IT. Additional angular distribution and polarization 
parameters in microbarns/steradian for approximation C. 


AgM Erm 


—4.69 
—2.99 
— 1.40 
—0.853 
—0.618 
—0.533 


E, 
(Mev) aM bu 


—1,22 
0.330 
1.38 
1.33 
1.03 
0.874 


0.308 
0.0969 
0.021 
0.0939 
0.124 
0.121 


0.737 
0.838 
0.886 
0.769 
0.579 
0.492 


22.5 
32.8 
64.4 
107.8 
164.5 
193.9 


—0.486 
~0.473 


the x axis. The direction of the outgoing proton 
momentum defines the 2’ axis of a second coordinate 
system with @ and ¢ being the colatitude and azimuthal 
angles of 2’ with ¢ referred to x. The x’ and y’ axes have 
direction cosines (cos cosy, cos#@ sing, —sin@) and 
(—sing, cos¢, 0), respectively. All directions are in the 
zero total momentum system. 

The quantities o(@,¢) and P(6,¢) were calculated 
numerically for g=0, g=90° for linearly polarized and 
unpolarized y rays. In approximations A, B, C, and E 
formulas were obtained for these quantities in terms of 
6 and y. The components of polarization were computed 
in the primed coordinate system. 


_ > The transition *D;—>*Dz has been considered here for the 
first time. 
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TaBLE III. Angular distribution parameters and total cross 
section in approximation E. The coefficients are in microbarns/ 
steradian and o7 in microbarns. 


‘ 
0.913 
£15 
1.16 
1.06 
0.946 
0.946 


5.33 
5.68 
5.62 
4.37 
3.13 


In approximations A and B 
o=dart+be(1+cos2¢) sin’é, 
o(P,)'=Bg sind sin2¢, 
o(P,)'’= Be(1+cos2¢) sind cos, 


(1.1) 
(1.2) 
(1.3) 
The z’ component of P vanishes. The quantities az, bg 
and Bg are tabulated in Table I. In approximation C 
o=daet+be sin’?6(1+cos2¢)+ay 

+b sin’?é(1—cos2¢), 
o(P,)'=Bgz sind sin2g+ Ezy sind cos@ sin2¢, 
o(P,)'’= Bg sin6 cos6(1+cos2¢)+A em sind 

+Ery sin cos2¢, (2.3) 


o(P.)’=Gey sin’é sin2¢, (2.4) 


with additional parameters as in Table II. In approxi- 
mation £ 
o=a+b sin*6+c¢ cos6+d cosé sin*6 
+e sin*é cos*0+ cos2 ¢( f sin’?0+d cos6 sin’ 
+e sin’6 cos’0), (3.1) 
which gives for the total cross section 
or=4na+8nrb/3+87e/15. 
The coefficients and the total cross section are shown 
in Table III. The three components of the polarization 
in approximation £ can be expressed as: 
o(P,)'= {L sind+ M sin@ cosé 
+N siné cos’6} sin2¢, 
o(P,)'=A sind+B sin@ cosé+C sin# cos’é 
+D siné cos*8+cos2¢{ E siné+F siné cosé 
+C sin@ cos*6+ D sin6 cos*6}, 
a(P.)’={G sin*?0+H cos6 sin’6} sin2¢. 


These coefficients are shown in Table IV. 


(3)2) 


(3.3) 
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Fic. 1. Differential cross section for the D(y,n)p reaction with 
unpolarized gamma. rays of energy 64.4 Mev and 107.8 Mev in 
the laboratory system. The experimental points of various 
investigators are tepresented as follows: circles for those of L. 
Allen, Jr., at 66 Mev [Phys. Rev. 98, 705 (1955) ]; squares for 
those of Whalin, Schriever, and Hanson at 65 and 105 Mev [ Phys. 
Rev. 101, 377 (1956) ]; triangles for those of J. C. Keck and A. V. 
Tollestrup at 105 Mev [Phys. Rev. 101, 360 (1956) ]. 
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Fic. 2. Percentage polarization of protons from the D(y,n)p 
reaction with unpolarized gamma rays of energy 64.4 Mev and 
107.8 Mev in the laboratory system. 


The results for unpolarized y rays are obtained by 
integrating over g. In this case (P,)’ and (P,)’ vanish 
as is required by parity conservation. 

In Figs. 1 and 2 are shown some typical intercom- 
parisons of the different approximations and in the case 


TABLE IV. Polarization parameters in microbarns/steradian for approximation E. 


B C 


5.03 0.857 
4.78 1.02 
2.78 1.09 
1.42 0.927 
0.714 0.671 
0.587 0.601 


D E 


0.0029 
0.0030 
0.0556 
0.126 
0.149 
0.146 


A 
—3.74 
—2.16 
—0.657 
— 0.246 
—0.154 
—0.106 


1.17 
1.93 
1.74 
1.38 
1.22 


~0.180 


M N 


0.678 — (0.202 
2.19 — 0.0323 
3.02 0.234 
2.67 0.439 
2.05 0.507 
1.81 0.503 


H 


—0.529 
— 0.387 
—0.286 
—0.326 
—0.352 
—0.343 


F G 


5.02 —3.05 
4.91 — 1.96 
3.26 —1.59 
2.10 —1.32 
1.41 —0.972 
1.25 —0.856 
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of Fig. 1 some available experimental values are shown 
as well. 

The results for ¢ in approximation A are reasonably 
consistent with those of De Swart and Marshak® for a 
slightly different potential. The values of P with 
unpolarized 64-Mev y rays are qualitatively similar to 
those of Czyz and Sawicki’ from a less accurate calcu- 
lation. Comparison of approximations C and D for o 
shows appreciable effects of the inclusion of M1 transi- 
tions to triplet states and for P these effects are seen 
to be major. Similarly the effect of including £2 is 
appreciable for even at 30 Mev and is non-negligible 
for P at 65 Mev. 

The variety of effects of interference terms on angular 
distribution curves indicates some difficulty in arriving 
at conclusions concerning the participation of virtual 
meson states from comparisons with experiment, since 
modifications in assumptions regarding the nucleon- 
nucleon interaction produce appreciable effects at the 
higher energies, lack of a really quantitative agreement 
at the lower energies and as yet inconclusive evidence 
regarding the goodness of the potential used for the 
representation of nucleon-nucleon scattering. 

Note added in proof.—The conversion of y-ray labora- 
tory energy to equivalent neutron laboratory energy in 
a scattering experiment was made in the work reported 
on above employing the same recoil correction as in 

6 J. J. De Swart and R. E. Marshak; Phys. Rev. 111, 272 (1958). 
Related calculations using the Gammel-Thaler potential have 
been made by A. F. Nicholson and G. E. Brown, Bull. Am. Phys. 


Soc. Ser. II, 3, 172 (1958) with conclusions similar to those of 
de Swart and Marshak. 

7™W. Czyz and J. Sawicki, Phys. Rev. 110, 900 (1958). While 
no attempt has been made to check all of the terms given by these 
authors, it appears that the following changes should be made. 
In A4 the over-all sign should be changed and the numerical factor 
multiplying the second square bracket doubled. Further the 
coefficient of the third term in the second square bracket should be 
““_ 4.’ In B9 the coefficients in the second and third terms should 
be “2” and “§,” respectively. 


RUSTGI, 


AND BREIT 


de Swart and Marshak.* Soon after submission for publi- 
cation it was noticed however that a complete rela- 
tivistic consideration shows that with ample accuracy 
the y-ray energy is the deuteron separation energy plus 
one half of the neutron energy. The formula is 


1— (€/4Mc?) Tiav"/2 
Pn Fall das adnan 


1—(€/2Mc*) 1—(€/2Mc*) 


where ¢ is the deuteron separation energy 2.23 Mev 
and the other symbols have their usual meaning. 
Accordingly 


Tian" = 2(hv—€) — (2hv—€) (€/2M c’), 


and the correction to the main term is of the order of 
—0.1%. On reexamination of the data employing the 
change in the correction somewhat better agreement 
with experiment results especially at the higher energies. 
The y-ray energies corresponding to 22.5, 32.8, 64.4, 
107.8, 164.5, 193.9 Mev in Tables I, II, III, and IV 
become with the changed correction 22.2, 32.2, 62.2, 
102.2, 152.2, 177.2 Mev, respectively. 
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Elastic Proton-Deuteron Scattering at 450 Mev* 
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The elastic scattering cross section for 450-Mev protons by deuterons has been measured for proton 
center-of-mass scattering angles from 16.45° to 127°. The scattered protons (or recoil deuterons) were 
analyzed by a magnet and detected by a scintillation counter telescope. The cross sections have been 
normalized by using published p-p cross sections. The sticking factor has been calculated for two deuteron 
potentials using the impulse approximation. This analysis indicates that there may be destructive inter- 
ference between the n-p and p-p scattering in the deuteron at this energy. 


INTRODUCTION 


EVERAL experiments have been performed on 

elastic proton-deuteron scattering at high energies, 
notably those of Chamberlain and Clark at 340 Mev! 
and Schamberger at 240 Mev.? The main experimental 
difficulty in going to higher energies than this is the 
problem of distinguishing between purely elastic scat- 
tering and slightly inelastic scattering. In this experi- 
ment, the separation was achieved by means of a 
magnetic spectrometer.’ 

The interest in this experiment lies in the attempt 
to correlate the experimental results with the known 
data on nucleon-nucleon scattering. The most detailed 
analysis of proton-deuteron scattering so far has been 
carried out by Chamberlain and Stern.‘ We use their 
approach to interpret our results. 

Using the method of the impulse approximation,°® the 
differential scattering cross section for elastic proton- 
deuteron scattering can be written‘ 


16 do pp dony 
= —si0) (0’,T.’)+— 10) a (1) 
9 dQ dQ 


where S is the so-called “sticking factor’; 


k- 
s@= {ve exp|i(—*) Ja, (2) 


and ya is the ground-state wave function of the deu- 
teron. k is the momentum transfer in the elementary 
nucleon-nucleon collision. (For a detailed discussion 
of the co-ordinate system, see reference 5.) 

The differential cross sections for n-p and p-p colli- 
sions which occur on the right-hand side of Eq. (1) are 
to be evaluated at angles 6’ and energies T’ defined in 
Eqs. (3) and (4). A is a factor which is equal to unity 
in the absence of interference between p-p and n-p 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ Also at Argonne National Laboratory, Lemont, Illinois. 

t Now at Wright-Patterson Air Force Base, Dayton, Ohio. 

1D—D. D. Clark and O. Chamberlain, Phys. Rev. 102, 473 (1956). 

2R. D. Schamberger, Phys. Rev. 85, 424 (1952). 

3 A. V. Crewe, Rev. Sci. Instr. 29, 880 (1958). 
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scattering, is greater than unity for constructive in- 
terference, and is less than unity for destructive 
interference. 

One possible approach in the interpretation of the 
experimental results is to demonstrate the validity 
of Eq. (1) insofar as this is possible without having a 
detailed knowledge of the factor A. Therefore, we com- 
pare the theoretical quantities S(@), obtained from 
Eq. (2) using generally accepted expressions for Wa, 
with S(@)A computed from Eq. (1) using experimental 
information only. 


EXPERIMENTAL EQUIPMENT 


The external beam of the University of Chicago 
synchrocyclotron (C) (Fig. 1) is focused by two quad- 
rupole strong-focusing magnets (SM), forming a beam 


Fic. 1. Plan view of the experimental setup: Cyclotron, C; 
Strong Focus Magnets, SM ; Secondary Emission Monitor, SEM ; 
Target, 7; Spectrometer Magnet, M; Aperture, S; and Counter 
Telescope, CT. Shaded sections represent concrete shielding. 
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spot about } in. in diameter in the experimental area 
some 70 feet from the cyclotron. The proton beam 
travels in vacuum for the whole of this distance and 
has an intensity of about 2X10" protons per second. 
The beam intensity is monitored by a secondary 
emission monitor® (SEM). 

Two targets (7) were used; the first one was CD» 
wax, compression molded, of thickness 0.798 g/cm? 
+1.7%, and the second one was of polymerized CD» of 
thickness 0.761 g/cm?+1.5% similarly prepared. In 
each case matching carbon targets were used to sub- 
tract the effect of the carbon. The targets were mounted 
on a remotely controlled rotating target changer 
capable of holding twelve 2-in.X2-in. targets. Also 
mounted on the target changer were a matching pair 
of CH, and C targets which were used to measure the 
solid angie of acceptance of the magnet. The He im- 
purity in the CD» was stated to be 4% by the suppliers. 

The spectrometer (M)* consists of a vertically de- 
flecting magnet. The detecting counter telescope was 
mounted rigidly on the magnet, which can be rotated 
about the target. The magnet can approach within 7° 
of the forward direction without intercepting the 
primary beam of particles. 

The magnet has a vacuum system which extends 
from the target to the counter telescope (C7). The 
entrance pipe to the magnet terminates in a thin Mylar 
window a few millimeters from the target, and the 
exit pipe has an aluminum window two inches in front 
of the first counter. 

The entrance aperture (S) of the magnet consists of 
a rectangular opening 1 in. X3 in. in a 5-in. thick block 
of steel. This aperture is adjustable with the aid of 
spacer blocks. The beam of particles which emerges 
from the magnet is convergent in one direction and 
divergent in the other. Consequently, the defining 
counter must be in the shape of a long rectangle.’ 6-in. 
long counters are adequate to detect all particles 
which emerge from the magnet. The width was chosen 
to be } in. in order to achieve a counter resolution of 
about 0.5%. The actual counter telescope that was 
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Fic. 2. Counter telescope. Particle beam of about 
5 in. width enters from below. 


6H. R. Fechter and G. W. Tautfest, Rev. Sci. Instr. 26, 229 
(1955). 
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Fic. 3. A proton-proton peak used for calibration of the entrance 
aperture of the spectrometer magnet. Typical statistical error is 
shown at one point. 


used is shown in Fig. 2. There were two identical 
defining counters mounted side by side. Each one was 
viewed from the ends by two 1P21 phototubes. These 
counters are designated 1A and 1B. Behind these 
counters was placed a third one, number 2, which was 
also viewed by two 1P21 phototubes. A fourth counter, 
number 3, was placed behind this and was viewed from 
the side by a 6810A phototube. 

In each of the counters 1A, 1B, and 2, the pulses 
from the two 1P21 tubes were added. In this way, loss 
of pulse height due to loss of light was minimized. The 
voltages on the 1P21 tubes could be adjusted inde- 
dependently. 1A, 2, 3, and 1B, 2, 3 pulses were amplified 
and fed into separate fast coincidence circuits. The 
sizes and distances between the counters were chosen 
so that background counts were minimized. 

The current flowing through the magnet was meas- 
ured by means of a potentiometer connected across a 
shunt. The magnet was regulated with a dc amplifier 
system and the current could be held constant to 1 part 
in 10 000 over a period of many minutes. All values of 
the magnet current are given in millivolts, the con- 
version factor being 1 millivolt=25 amp. 


EXPERIMENTAL METHOD 


The transparency of the entrance aperture of the 
magnet in the horizontal direction was checked by 





ELAST LC 
scanning a }-in.X}-in. counter across the magnet face. 
This counter was placed in coincidence with the 
counter telescope at the focus. The transparency in the 
vertical direction was checked by reducing the vertical 
aperture with spacer blocks and observing the resultant 
reduction in the number of counts. It was found that an 
aperture of 1 in.X2} in. could be used safely. It was 
felt that small angle scattering from the faces of the 
slit would be a problem, and this was checked by 
placing anticoincidence counters in such a position as 
to shield these faces from direct illumination from the 
target. The shape of a magnet curve taken with these 
counters in position was identical to that taken without 
the counters, except for a reduced area. In this way it 
was shown that slit-scattering effects were negligible. 

The solid angle of acceptance of the magnet was 
determined by measuring the p-p differential cross 
section at two angles. A CH» and matching C target 
were placed alternately in position, and a magnet scan 
over the p-p peak was performed (Fig. 3). In this way, 
our calibration was made against the known p-p 
scattering cross section instead of the measured aper- 
ture. This eliminated the problem of allowing for the 
effect of the fringe magnetic field which distorts the 
orbits near the collimator. 

The elastic proton-deuteron scattering cross sections 
were measured in the same way. However, in this case 
there was a choice of particle to be observed. Either the 
proton or the deuteron could be selected. It was an 
advantage wherever possible to use the deuteron 
because it gives a symmetric peak. The inelastic 
scattering of the proton produces an asymmetric peak 
and makes the measurement of the area of the elastic 
peak more difficult. However, there was only a small 
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Fic. 4. Diagram showing momentum as a function of laboratory 
angle for protons and deuterons from p-d elastic scattering. The 
shaded parts indicate limitations of the equipment. 
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Fic. 5. (a) Peak showing protons scattered by deuterons versus 
magnet current. The asymmetry is due to inelastic scattering. 
(b) Deuteron peak from p-d elastic scattering. There are no 
inelastic events, so the peak is symmetric. 


range of angles where the deuteron could easily be used. 
In the forward direction the momentum of the recoil 
deuteron is very high and the magnet could not be 
used. At large angles the momentum of the deuteron 
is low and energy loss in the target produced too wide 
a peak. These difficulties are illustrated by Fig. 4, 
where the momenta of the two particles are shown as 
a function of angle in the laboratory system and the 
limitations of the equipment are indicated. 

Figure 5 shows two magnet scans. Figure 5(a) is a 
proton peak and the inelastic component can be clearly 
seen. Figure 5(b) is a deuteron peak and, although there 
is no confusion due to inelastic events, the statistics 
are not very good. This was the poorest peak that was 
measured. It represents about 12 hours of running time. 

In the case of the deuteron peaks, the area was 
calculated directly using the trapezoidal rule. For the 
proton peaks, the position of the center of the peak 
was estimated by symmetrizing the top portion of the 
curve. The area of the right-hand half of the peak was 
then calculated and multiplied by two. The error placed 
on the area was computed from statistical errors and the 
uncertainty in positioning the center of the peak. 
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Fic. 6. Magnet resolution as a function of particle momen- 
tum. The numbers on the left-hand side should read (bottom to 
top): 0.5, 0.6, 0.7, 0.8, and 0.9. 


In order to calculate the number of particles in the 
peak, the area must be divided by the width of the 
defining counter in millivolts. This information was 
obtained in the following way. Proton-proton scattering 
peaks were investigated at several angles. At each angle 
two peaks were taken simultaneously, 14, 2, 3 and 
1B, 2, 3 against magnet current. These two peaks were, 
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Fic. 7. (do p»a/dQ) (6) measured in the experiment (black points) 
compared with results of Chamberlain and Clark for 340-Mev 
protons on deuterons (circles). (Solid lines are drawn only to 
guide the eye.) 
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of course, displaced from one another and this displace- 
ment was accurately measured. By measuring the 
distance between the centers of counters 1A and 1B, 
the width of counter 14 was obtained in millivolts. 
Dividing by the actual current in the magnet (measured 
in shunt millivolts), the resolution of the counter was 
obtained. This is shown in Fig. 6. The decrease in re- 
solving power at high magnetic fields is due to the 
saturation of the magnet. The resolution can be made 
independent of magnet current, but high resolving 
power was not necessary for this experiment. 

Table I shows the measured p-d differential cross 
sections. The errors which are shown are compounded 
of statistical errors (both of p-d and the calibration p-p 
measurements), error in normalizing the data from two 
cyclotron runs, possible errors due to misplacing the 
center of the peaks, and uncertainties in the resolution. 
The combined errors due to p-p calibration and norma- 
lization between the two runs is 7.5%. The geometry of 
the counter telescope was such that losses due to out- 
scattering were negligible. The absorption of deuterons 
in the target amounted to about 2% and of protons 
about 0.7%. No correction has been made for this effect. 

The measurements were made in two separate cyclo- 
tron runs, in only one of which an accurate p-p cali- 
bration was made. Care was taken to measure the p-d 
cross section at an identical angle in both runs and this 
angle was used for inter-calibration. Table I shows the 
order in which the points were measured in the two 
cyclotron runs. The differential cross section as a func- 
tion of the angle in the center-of-mass system is shown 
in Fig. 7. The results of Chamberlain and Clark at 340 
Mev are also shown. Our results show the same general 
shape and that the cross section continues to fall with 
increasing incident proton energies. 


TABLE I. p-d differential cross section. The measured cross sec- 
tions at angles @ or 6, the laboratory or c. m. proton scattering 
angles, respectively. The particle detected is shown. The errors are 
compounded from the statistical errors, uncertainties in the 
resolution, normalization with p-p data, normalization between 
two cyclotron runs and uncertainties in determining the peak 
center when protons were detected.* 


da/dQ 
Particle (mb/sterad) 


4.64 
3.83 


5 
(deg) 


6 
(deg) 
XII 10 
IV 11.08 
15.5¢ 
15.5¢ 
16.76 
20.58 
24.88 
26.68 
39.05 
44.32 
44.32 
39.05 
35.62 
32.9 


16.45» 
18.2 
25.43 
25.43» 
27.43 
33.62 
40.45 
43.3 
62.25 
69.85 
88.4 
99.0 
105.93 
127.0» 


1.90 
1.20 
0.748 
0.336 
0.201 
0.0408 
0.0291 
0.0277 
0.0303 
0.0287 
0.0388 


AQAAAY YTV Y DY TTS Dd 


« Roman numerals indicate chronological order of data. 
b Second of two cyclotron runs 3 months apart. 
¢ Normalization point between two cyclotron runs. 
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INTERPRETATION OF THE DATA 

Using Eq. (1), we can compute the value of S(@)A 
making use of the values of doya/dQ measured in this 
experiment and the values of dopp/dQ and don»/dQ ob- 
tained from the literature. We have used the excellent 
compilation by Hess’ as our source of information on 
the latter. 

The nucleon-nucleon scattering angle 6’ and labora- 
tory bombarding energy 7’ which must be used in this 
comparison are given by 
25 cosd—7 


cos’ =- : 
25—7 cosd 


(3) 


1 
To’ = ——K*(25—7 cos@). 
16m 


(4) 


K is the center of mass momentum of the proton, m its 
mass, and @ the center-of-mass angle for the p-d event. 
These formulas correspond to those of Chamberlain 
and Clark except that relativistic kinematics have 
been substituted for classical. Table II gives all the 
relevant information for calculating S(@)A. The values 
are shown plotted against center-of-mass angle in Fig. 8. 

The experimental values S(6)A were compared with 
two curves, A and B, showing S(@) as computed by 
the use of Eq. (2). Curve A was obtained by taking 
the deuteron wave function as 


0.9195 , 
oS (r) =———(1 — 2-5) (1 — 71-807) (¢-0.282r— 1.907) (5) 
F 


Wo°(r) was derived by Moravesik*® on the basis of 
Gartenhaus” numerical wave function. 


TABLE II. Experimental S$(6)4. The values of (don»,/dQ(6’) 
and (do,,/dQ)(@’) used in Eq. (1) are shown. 0’ is the nucleon 
nucleon scattering angle in c. m. system and 7)’ is nucleon- 
nucleon laboratory bombarding energy corresponding to the p-d 
energy and @. The relation is shown in Eqs. (3) and (4). 


ae a 
16 opp t+onp 


@ @’ “dQ dQ 
(deg) (deg) (Mev) (mb/sterad) (mb/sterad) =S(@)A 


PROTON-DEUTERON 


16.45 
18.2 
25.43 
27.43 
33.62 
40.45 
43.3 
62.25 
69.85 
88.4 
99.0 


21.8 
24.1 
33.5 
36.0 
43.9 
52.3 
55.8 
77.7 
85.9 
104.7 
114.7 


465.6 
467.2 
475.5 
478.3 
488.0 
500.9 
506.8 
553.5 
S754 
631.5 
664.3 


44 +0.4 
4.2 +04 
4.1 +0.3 
4.0 +0.3 
3.90+0.25 
3.75+0.15 
3.65+0.10 
3.30+0.10 
3.10+0.10 
2.7 +0.15 
2.90+0.1 


4.6 +0.2 
4.2 -+0.2 


0.90+0.1 
1.3 +0.2 
1.8 +0.2 


0.289 
0.256 
0.150 
0.098 
0.069 


+0.025 
+0.025 
+0.015 
+0.011 
+0.007 
0.035 +0.005 
0.022 +0.003 
0.0054+0.0010 
0.0041 +0.0008 
0.0059-+0.0006 
0.0036+0.0005 


7W. N. Hess, Revs. Modern Phys. 30, 368 (1958). 
8M. J. Moravcsik, Nuclear Phys. 7, 113 (1958). 


9S. Gartenhaus, Phys. Rev. 100, 900 (1955). 
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Fic. 8. Sticking factor S(@) calculated from Eq. (2): curve A 
by using an analytical approximation to Gartenhaus’ deuteron 
wave function; curve B by using a Hulthén wave function. The 
points are the experimental values of S(6)A as listed in Table IT. 


For higher scattering angles the effect of the D-wave 
was included by combining 96.86% of woS(r) with 
3.14% of Yo? where 


1.0984 
Yo? ( r) soca 


r 


(1—e-") (1—e-?-*") 


X (0.147¢-:256°4.0.810e-5777), (6) 
The effect of the D-wave was found to be very small. 
Curve B was obtained from the curve given by 

Chamberlain and Clark for the Hulthén potential. 


CONCLUSIONS 


It can be seen that at small center-of-mass angles the 
measured points fall below the calculated curve. This 
may be taken as an indication of destructive inter- 
ference between p-p and n-p scattering. However, at 
large angles the measured points are well above the 
calculated curve. The explanation for this is not clear, 
but may be due to multiple collisions within the 
deuteron; that is, events which cannot be correlated 
directly with elementary nucleon-nucleon collisions at 
well-defined angles and energies. 
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B. p’ESPAGNAT AND J. PRENTKI 
CERN, Geneva, Switzerland 
(Received December 29, 1958) 


Starting from a phenomenological analysis of the 


» decays an extension is made to A (and =) decays 


using global symmetry (and M space). The relative values and signs of the asymmetry parameters are 


predicted. 


SECTION I 
SSUMING the validity of the | AI| =} rule, the 
most general wave function of the final state in 2 
decay is given by 


1 
v= | [a,+a,0-q |[xeNXx]+[a,’+a,'0-q]Nxz 
i 


exp(tpyq:r) 
-‘_~— », a 
r 


where x is a constant two-component spinor describing 
the nucleon spin state, q a unit vector along the direc- 
tion of the nucleon momentum pyq. 4,, @,’, dp, a,’ 
are s and p wave amplitudes, respectively. In isotopic 
spin space 

at =2-4 (94 \—17) 


v-("),-- tor 


mw =2->* (9, +17). 


x is the spurion introduced independently by Wentzel 
and the authors.' (1) is a spinor in ordinary space and 
a vector in isotopic spin space. The final state wave 
function for the decay of a Y having a given polarization 
and a given charge, is obtained by taking the relevant 
component of (1) both in ordinary and isotopic spin 
spaces. (1) does not involve any approximation 
whatsoever. It gives [from now on the factor outside 
the curly bracket in (1) will be omitted ] 


[a,+a,o-q ]2*pr’+[a,+a,’+ (a,+a,’)o-q |nrt 


+ 


for + decay, (3) 


for 2~ decay. (4) 


[—a,+a,’+ (—a,+a,')o-q |nr 


The comparison with experimental data and the 
corresponding determination of a,, a,’, dp, a)’ can be 
made, as is well known, by using the s and p amplitudes 
of the J=}3 and J=$ states, which are linear combina- 
tions of a,, a,’, @p, ap’. Assuming PC conservation, the 
phases of these linear combinations are just the phase 
shifts of x-N scattering in S and P, states. These being 
experimentally known to be small one finds that, with 
the present experimental accuracy, no significant 
_ 1G, Wentzel, Proceedings of the Sixth Annual Rochester Con- 
ference on High-Energy (Interscience Publishers, New York, 
ee B. d’Espagnat and J. Prentki, Nuovo cimento 10, 1045 


error is made by taking a,, @,’, @p, ap’ as real numbers. 
Use of the experimental data, 


w(2+ — nr) 


w(S+— pr) " tz- 2 


, a(t+—nrt)=0, (5) 
gives four possible solutions, two of which are 
y=—i(l—e-q)[aeVX2]+(1+e-q)Nxx, (6) 
with e=+1, the two others being just given by 
o=0-qy. (7) 
Explicitly 
¥,=2([1—eo-q]2-Hpr-+ ne}, 
Yo= —2'[1—e-q ]pa-+[ 1+ 0-q Jnr’, (9) 
(10) 
The predictions are therefore, as one knows,’ that 
a(2~ — nx-)=0, a(2*+ — pr®)=1 and that if m+ are 
emitted in an s-wave, mm should be emitted in a 
p-wave and conversely. These predictions of the 
|AI|/=4 rule seem to have recently received experi- 
mental confirmation.’ 


y_=2e0-qnr-. 


Remark 


Equation (6) is of course completely equivalent to 
the usual analysis in terms of J=} and J= $ waves; it 
has, however, the advantage of being somewhat more 
suggestive. (6) seems indeed to indicate that the 
relevant weak-interaction Hamiltonian might have 
the simple form 
e{ —iZy,(1—pys)[x2N XO, | 

+Xy,(1+pys)xNVo,2+H.c }, 


with p=+1 (p~=1.3 in a lowest order calculation). 


(11) 


SECTION II 
(6) is not the only compact expression for (8), (9), 
and (10). If some comparison between 2 decay and A 
decay is desired, it is indeed more appropriate to 
introduce in analogy with the two isotopic spinors 


zt Z 
() 0 ©) 
y° y 


2M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1957), Vol. 7, p. 407; 
Y. Yamaguchi, Progr. Theoret. Phys. (Kyoto) 19, 485 (1958). 

3 Cool, Cork, Cronin, and Wenzel (to be published). 
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UP-DOWN 


the entities 
v °/V2+-net—eo- qpr®/v2 

yo=( . )=2(™ aR: ), (12) 
vo pr-—nr®/N2—o0- qnr®/v2 


you (" )=2( wai (13) 
y_ €o° Quin 


where (Wo'’—yo')/24=yYo. The choice for po’ and Yo” 
being such that, introducing the notations, 


("’) (’) (" _ “ith at ) 
= ’ = ; 
No n wo 1 a —7/v2 
a 1 
these expressions may be written as 
Ty mN mer Nix "ar ne 
y2=2 +2e0-q ; 
wo™N mee N oX™ Ey” 
9190 ot? Nix*r,) 
yX=2 +2e0-q , 
wo™"N at N 2X Tr 9! 
i.e., as isotopic spinors (a summation over m and n is 


implied by the notations). 
From the relations 


>= (Z°— Y°)/ 23; 


(16) 


A= (Z°+ Y°)/23, (17) 
it is then inferred that A decays into the wave function 
Va= (Wo +o’) /2'=2'[1+ €0-q ](x-p—2-*n'n) 

exp(ipwa-t) 


cain a) 
r 


(18) 


i.e., that the asymmetry parameters a(A— pr-), 
a(A— mr) of the two decay modes of the A have 
(roughly) their maximum value and the same sign, 
which is opposite to that of a(2+ — pr°). 

The assumptions underlying this deduction are of 
course that the same kind of symmetry holds, as far 
as the (Z+Y°), (Z°2-) doublets are concerned, for the 
(dominant) z interactions and for the weak interactions. 
As regards the interpretation of the above formulas in the 
language of field theory, the following remark can be 
made. The weak-interaction Lagrangian which gives (15) 
and (16) for the final-state wave functions can be split 
into two parts L, and L, corresponding respectively to 
the first and second brackets of the expressions (15) and 
(16). Then ZL, is a scalar in an Euclidian 4-space E with 
the assignments 


NeD(3,0),  (2,A)eD(3,2), 


while L, is a scalar in this same space E with the 
assignments 


NVeD(3,0), 


xeD(0,3), 2eD(1,0), (19) 


YA)eD(3,2), xeD(0,3), zeD(0,1). 


ASYMMETRIES OF 2% 
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If the strong m interactions are also scalars in E with 
NeD(3,0),  (2,A)eD(5,3), ze D(1,0) (20) 


(as is assumed in the global symmetry) then the 
symmetries in L, cannot be destroyed by the strong 
interactions. 

The symmetries of L,, on the other hand, can be 
spoiled by the final-state interaction (they cannot be 
modified by vertex corrections since the strongly 
interacting and weakly interacting can formally, 
as far as invariance laws are concerned, be treated as 
different particles with different transformation proper- 
ties in FE). The theory thus seems to make sense only if 
the final-state interactions are not too important. 

Remaining in the realm of a phenomenological 
theory, a step further can still be made by introducing 
the M space formalism.‘ To that end it is sufficient to 
replace V,«' by B,! with 


GC. a-(~ ¢) 
B: Bed Ne nl] 


The total weak-interaction Lagrangian is then 


(21) 


2gS Vue Bm! + 2gpdxyev~Bu"OyT m'. (22) 


This predicts that a(Z=~ — Am) should have the same 
sign as a(A — pr-) and should be large. 


Remark 


Of course the amplitudes may depend on the Q value 
of the reaction and therefore the phenomenological 
approach cannot give precise predictions on t,/rz 
nor on a(A)/a(2*+ — pr). For instance a lowest order 
calculation based on the ideas of this section would 
start with a Hamiltonian of the form 


H=2g5)'y,0,4K™N mx! + 2gpdkyysN cx"Oymn', (23) 


ti! Sty 2 st 

* Ra Oe 
which introduces a factor, pl (Q+4)?—y? }}(Q+ 4)" in 
the ratio of p amplitudes to s amplitudes. The significant 
feature of (23), however—and of the general approach 
of this section—is that it is not equivalent to taking 
over for the A case the =} amplitudes, even modified 
by this factor, which came out of the analysis of the 
> case. Instead, (23) can be written® 


—igdy,(1—pys)[x2N Xd |+gEy.(1+pys)xNo.z 
+ gly, (1+pys)xeNO,. 


with 


(24) 


(25) 


When expanded in 
different values for 
amplitudes. 


I=}, 3 amplitudes, (25) gives 
I=} Y amplitudes and for A 


4 d’Espagnat, Prentki, and Salam, Nuclear Phys. 5, 447 (1958). 

§ Although the Lagrangians (11), (22), (23), and (25) are 
written in the Yukawa form, the present spproach works of 
course just as well in connection with Fermi-type Lagrangians. 
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Four experiments are proposed and discussed as tests of quantum electrodynamics, as applied to photons, 
electrons, and w-mesons at distances <10~ cm. These are: (1) Electron-positron pair production by 
electrons in hydrogen (tridents); (2) Wide-angle photoproduction of yu-meson pairs in hydrogen with 
detection of one final meson; (3) Wide-angle photoproduction of u-meson pairs in hydrogen with detection 
of both final mesons in coincidence; (4) u-meson pair-production by electrons in hydrogen. Taken together 
with wide-angle photoproduction of electron-positron pairs, which was discussed earlier, these experiments 
will extend our knowledge of electron, photon, and u-meson “size” to distances ~0.3X 10~ cm. They are 
all feasible for the Stanford linear accelerator operating in the 500 Mev-1 Bev energy range. 


I, INTRODUCTION 


N this paper we propose and discuss four feasible 

experiments which, when taken together with 
earlier analyses on wide-angle electron-positron pair- 
production from hydrogen,'* will extend present 
knowledge of electron, photon, and y-meson “‘size”’ to 
distances ~0.3 f [where 1 fermi (f)=10-% cm]. 

A possible breakdown in quantum electrodynamics 
might manifest itself in any or all of the following ways: 
the photon might have a finite size, i.e., the photon 
propagator might contain a form factor which is not 
accounted for in the present theory; or the electron 
might have a finite size, manifested in form factors in 
either the vertex operator or the propagator or both, 
as related by gauge invariance. Additional evidence 
regarding the validity of quantum electrodynamics as 
applied to ~ mesons might be found in a study of the 
structure of the » meson. In fact, the validity of the 
assumption that the u meson is a “heavy electron” can 
be tested by comparing two different experiments, in 
one of which electrons undergo the same interactions 
as do » mesons in the other. Evidence of a difference in 
their structure might then serve as a strongly desired 
first clue to the problem of understanding what it is 
that is responsible for their large mass difference. 

By size of a particle is meant here merely a con- 
venient measure of the limits of the present theory of 
quantum electrodynamics. We shall follow the con- 
ventions in reference 1 where, for propagators, ‘‘size”’ 
meant the length 1/A, corresponding to the regulator 
mass A introduced into the propagators (4=c=1). We 
shall also use the same convention here for the vertex. 
In this way we associate a size with the electron or 
u-meson vertex according to the expansion F,(g*)=1 
+9,9"d’ ; hence the distance d is smaller by (1/6)! than 
the conventional definition of a root-mean-square 
radius of a form factor. 


* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research. 

+ National Science Foundation Predoctoral Fellow. 

1S. D. Drell, Ann. Phys. (N. Y.) 4, 75 (1958). 

? Bjorken, Drell, and Frautschi, Phys. Rev. 112, 1409 (1958). 
This reference is hereafter referred to as A. 


The present limits on photon size and structure of 
the electron vertex come from the electron-proton 
scattering analysis,’ which limits the “size” of any 
cutoff to distances <0.33 f (i.e., the rms radius of any 
form factor <0.8 f). Two experiments on wide-angle 
pair-production from hydrogen have been proposed!” 
in order to extend our knowledge of the electron 
propagator to distances ~0.3 f. The size of the » meson 
is limited by the measurement of its anomalous mag- 
netic moment! to distances ~1.5 f. 

The new experiments under discussion here will 
extend our knowledge of all structures but the electron 
propagator. In discussing these proposed experiments 
we are limited by two factors: 


(1) Large four-momentum transfers are required in 
order to probe electron, photon and yu-meson size at small 
distances. This means small cross sections to which it 
must be ascertained there correspond finite and not 
unreasonable counting rates. We limit our definition of 
“feasible” cross section to the lowest counting rate 
consistent with the experimental problems associated 
with the Stanford linear accelerator operating in the 
500 Mev to 1 Bev energy range, as defined for us by 
Richter.* 

(2) Heavy target particles must be used in order to 
achieve large energy in the center-of-mass system for 
the process. In order to avoid nuclear physics compli- 
cations we confine our remarks to hydrogen targets. As 
in the previously proposed experiments, it is necessary 
that the proton structure be summarized unambigu- 
ously in terms of the form factors measured in elastic 
electron-proton scattering.® 


The first of these experiments consists of electron- 
positron pair-production by electrons in hydrogen 


3 Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
(1957); R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

4 We wish to thank Dr. B. Richter and also Professor W. K. H. 
Panofsky for informing us of experimental problems and limits of 
the Stanford linear accelerator. j 

5 Conditions for which this is possible in electromagnetic pair- 
production experiments have also been discussed by I. A. Diatlov, 
J. Exptl. Theoret. Phys. U.S.S.R. 35, 154 (1958) [translation : 
Soviet Phys. JETP 8, 108 (1959) ]. We wish to thank Dr. A. M. 
Bincer for calling this article to our attention. 
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(tridents). The two final electrons are observed at high 
energy and at angles 7/2>6>>m/E relative to the 
incident beam. For actual experimental conditions 
6~10°-20°, being large enough to correspond to large 
four-momentum transfers and small enough to yield 
finite counting rates. 

In comparing this process with large-angle et-e~ 
pair-production by real photons one finds two points 
of primary interest here: 


(a) The trident across section for the above condi- 
tions of observation is dominated by Figs. 1(a) and 
1(b). Their magnitude is comparable with the cross 
section for e+-e~ production by real photons and exceeds 
the Weiszacker-Williams ratio of ~ (1/137)1/X. Here 
X is the number of radiation lengths in the converter 
for the photon process and is ~0.1 for experimental 
conditions at the Stanford accelerator.‘ 

There are two reasons for the surprisingly large 
results obtained from Figs. 1(a) and 1(b). First, addi- 
tional retardation factors 1— cos arising from the 
virtual photons which connect with the incident 
electron help compensate the extra power of 1/137. 
Secondly, the “longitudinal” matrix element for pro- 
ducing a pair near the forward direction is considerably 
larger than the corresponding matrix element in the 
Bethe-Heitler process for real, transverse photons. This 
follows from the fact that a sequence of vector inter- 
actions at high energy must produce an electron and 
positron of opposite helicities, which, in the forward 
direction, results in a singlet final state. By angular 
momentum conservation, such a state does not couple 
well with a transverse photon, but will couple with 
the virtual longitudinal photons present in the tri- 
dent process. 

(b) As discussed previously, large-angle pair-pro- 
duction is a probe only of the electron propagator at 
small distances because the incident photon is real and 
corresponds to zero four-momentum. In contrast with 
this the photon from the initial electron in Figs. 1(a) 
and 1(b) is very virtual. Hence the ratio of electron to 
photon production of et-e~ pairs provides a sensitive 
test of photon propagator and electron vertex. 


Aside from their intrinsic interest, the photon 
propagator and the electron vertex are of importance 
in connection with the understanding of the electron- 
proton scattering amplitude, which is presently inter- 
preted by attributing all deviations from the Rosenbluth 
cross section for point protons to proton structure. Any 
structure of the photon propagator or electron vertex 
which is comparable with a size of 0.33 f will alter that 
interpretation and lead to the picture of a more compact 
nucleon structure. 

The other three experiments are essentially repeti- 
tions of the two experiments of A and the experiment 
described above, with the electron-positron pair re- 
placed by a u pair. They are possible because electro- 
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(b) 


(d) 


Fic. 1. Feynman diagrams for electron-positron pair production 
by electrons incident on hydrogen (tridents). The magnitude of 
the square of the four-momentum is computed for the two “good” 
diagrams (a) and (b) using the approximation discussed in the 
text E,/E(1—cos6) <1. 


dynamic cross sections at high energies and large angles 
are roughly independent of mass; the dominant 
behavior is 


ee f (Eiincident O)[1 = cos6 | ‘ 
~ f (E09) (€/2)+ (m?/2E*) +". 


Small-distance effects are characteristically probed by 
a four-momentum transfer whose square is quq* 
= — F?(1—8 cos@), where @ is a measured angle. Thus 
in comparing yw*-u~ and et-e~ production cross sections 
at high energies one has comparable counting rates and 
also probes structure at the same small distance by 
keeping energies and (1—8 cos@) constant. This means 
smaller angles at a fixed energy for the feasibility limit 
of u-meson production in comparison with e+-e~ pro- 
duction, according to the relation 1—8, cos6,= 1—cos@.. 

In the present paper we do not carry out complete, 
detailed, quantitatively accurate calculations of the 
proposed cross sections as was presented for the et-e~ 
pair-production in A. We wish here to present only 
approximate calculations in order to establish the 
feasibility of experiments and in order to motivate them 
by analyzing what is learned from them. In Secs. II-V, 
we describe the four new experiments. In Sec. VI all 
six experiments are summarized. 


II. TRIDENT PRODUCTION 


The appropriate Feynman diagrams for the et-e~ 
production by electrons are illustrated in Fig. 1. In 
addition to these four there are four more obtained by 
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exchanging the roles of electrons 1 and 2. In Fig. 2 are 
samples of other diagrams which will contribute small 
amounts to the cross section. 

We choose a symmetrical arrangement with the 
incident electron and both final electrons in the same 
plane, and with the two final electrons emerging sym- 
metrically to the right and left at an angle @ with the 
incident direction. This choice is motivated both by 
simplicity and by the desire to minimize transfer of 
momentum to the proton and hence its recoil current. 
With the twofold purpose of providing a large four- 
momentum (p—,)? to the virtual photon and of 
simplifying the calculations, we choose the electron and 
positron energies such that m<E,<<E\= Ex~(1/2)E. 

Diagrams 1(a) and 1(b) are “good” diagrams, since 
they are sensitive to the modifications of the photon 
propagator and electron vertex. If there is a form factor 
F associated with a photon line, the cross section will be 
modified by a factor: 


o’ =F ((p—pi))~o[1+0?(p—p,)?]; 


d is the reciprocal of the mass associated with the cutoff. 
If d?(p—p,)?= —10% we have, for Eine=500 Mev and 
6= 20°, d’=0.1/(2p1- p)—~(0.5 f)?. For Eine=1 Bev and 
6= 20°, d~(0.2 f)?. 

The intermediate electron lines in the diagrams of 
Fig. 1 are also very virtual and may possibly contribute 
a form factor to the cross section. If a deviation from 
the value predicted by conventional electrodynamics is 
observed, one can attribute it either to a photon or an 
electron size; however, if the coincidence experiment of 
A confirms the quantum electrodynamic description 
of the electron propagator, this experiment will provide 
an unambiguous probe of the photon propagator and 
the electron vertex. 

Figures 1(c) and 1(d) are ‘‘bad”’ diagrams from the 
point of view of investigating the photon propagator 
or the electron vertex, since the positron can align itself 
with the final electron and make the intermediate 
photon connecting the electron lines nearly “real.” 
These diagrams are thus very closely related to those 
of the large angle pair-production experiments in A, 
and probe the structure of the intermediate electron 
propagator. The intermediate photon connecting to the 
proton is virtual but, as was the case in A, its structure, 
along with the proton’s, is included in the empirical 
form factors for the proton vertex. However, for present 
purposes these “‘bad”’ diagrams are small in comparison 
with the “good” ones. 

Because of the symmetrical arrangements the recoil 
momentum q’ given the proton is very small (|q¢|~80 
Mev) and corrections due to proton form factors might 
be 5%. Such corrections may be included in an un- 
ambiguous way in the diagrams of Fig. 1 by the use of 
the measured proton form factors. Dynamical cor- 
rections due to the proton current, such as Fig. 2(a), 
should be no more than a few percent. These terms are 
closely related to those for the proton Compton effect, 
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and an estimate of their importance was made in the 
analysis of the coincidence experiment of A. Even 
including a factor of 10 for the pion resonance, the 
square of diagrams such as 2(a) amounted there to 
<1%. In the present experiment, the contribution of 
such Compton terms to the counting rate is less than 
in the pair experiment of A due to the extra power of e 
in the matrix element. However, as discussed below, 
the total counting rate has not diminished. Thus even 
interference terms between these and the “good” 
diagrams 1(a) and 1(b) will contribute less than 10%. 

Radiative corrections should be fairly sizable, since 
the effective energy resolution is the small positron 
energy. For E,=15 Mev, one expects a Schwinger 
correction of the form [1—4a/x In(E/m) In(E/E,) ] 
~™0.85. Evidently a quantitative calculation of these 
effects is called for. 

Using the standard techniques, we calculated the 
cross section assuming infinite proton mass and neg- 
lecting radiative corrections. The method of calculation 
is illustrated in Appendix II. Our result is: 


a’ 


dQdQdEdE, 2E(1—x)3 


2E, é 
x {In +——___| 17+ 16x-+3x?—24¢ 
m  (1—«x)?(1+2ex)4 


22 
~26( 37-4474 -)] . (1) 


In this expression, £ is the incident electron energy, 
«=cos6, 6= E+/E, and «(1—«x)=6. Only leading terms 
in € and 6 were retained. A typical set of feasible 
parameters within the scope of these approximations 
is E=500 Mev; 6=20°, E,=15 Mev, «=0.5, 6=0.03. 
The logarithm in Eq. (1) is the contribution of the 
square of diagrams 1(c) and 1(d). All nonlogarithm 
terms were ignored. The interference of the “bad” 
exchange terms with the “bad” diagrams was also 
ignored, since the positron angular distributions com- 
pete and there can be no contribution with a large 
logarithm. Appendix I contains a proof of this state- 
ment. The rest of the terms in (1) correspond to 


| M«gooa" |?= | (1a)+ (1b)+ (1a) exch.+ (10) exch. |?. 


We find the happy circumstance that the “good” 
diagrams overpower the “bad” by a factor of 7. Inter- 
ference terms between ‘“‘good” and “bad” diagrams are 
somewhat more formidable and were not calculated; 
however, a rough upper limit can be placed on their 
contribution with the help of the theorem in Appendix 
I. The interference between “good” and “bad” dia- 


6 Because transverse photons are responsible for the Compton 
resonance, the longitudinal matrix elements are expected to have 
little effect on the Compton terms. See also R. Dalitz and D. R. 
Yennie, Phys. Rev. 105, 1598 (1957). 
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(c) 


Fic. 2. Samples of Feynman diagrams which contribute small 
corrections to the trident cross section. Diagram (a) is a dynamical 
correction due to the proton current; (b) and (c) are radiative 
corrections. 


grams can contain no logarithmic factors. Thus, if 
|M paar |?=|Al?InE/m and | M«gooa" |*&| B\?, one 
must have | Minterference|7<2{|A|-|B|, so that 


| Minterference |* _ 2|A ere 
| M“gooa" |? : | BI 5070. 

An easy way to ascertain the feasibility of this 
experiment is to compare the estimated trident counting 
rate (accurate to 50%) to that expected in the coin- 
cidence experiment of A for the same angles and incident 
energies. The result is 


Ry 2  &(17+16+3x%) 


—— - -—- a, (2) 
Rg.un, mwX (14+.4x)(1—-x)?(1+2ex)! 

X is the number of radiation lengths of radiator in the 
coincidence experiment of A. For an anticipated 
X=0.1, the ratio becomes ~5 for 6=20° and thus 
exceeds the Richter limit of feasibility.’ 


III. u-PAIR PHOTOPRODUCTION 

An experiment in which a single u meson is detected 
at large angles and high energies probes the u-meson 
vertex operator. The experimental arrangement is 
similar to that of the first experiment of A in which a 

7 Dr. Richter has suggested an alternative and experimentally 
preferable arrangement to that discussed in this Sec. in which one 
detects an electron and a positron in coincidence instead of two 
final electrons. We have verified that in this case too Figs. 1(a) 
and 1(b) are dominant and have calculated a feasible counting 
rate ~30% of the result in Eq. (2). 
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Xe 


(a) 


Fic. 3. Feynman dia- 
grams for photoproduction 
of u-meson pairs. 


positron is detected at 90° relative to the incident 
140-Mev y-ray beam. In the case of uw mesons, there 
are two important differences. The first is that the large 
u-meson mass forces one to higher energies and smaller 
angles in order to maintain a feasible counting rate. 
The second difference is that the “bad” diagram of the 
positron experiment becomes a ‘“‘good” diagram in the 
u-meson experiment [see Fig. 3(a)], since we are 
interested here in the process in which a u scatters with 
large momentum transfer to the proton. In the electron 
case this is directly studied by the elastic electron- 
proton scattering experiments of Hofstadter ef al.,* and 
is known background in the study of the electron 
propagator. The experiment proposed here for « mesons 
serves as a substitute for elastic u-meson proton scat- 
tering which, for large momentum transfers, requires 
u-meson beams of greater intensity than presently 
available. 

Thus, even an experiment of relatively poor accuracy 
will provide a sensitive test of the u-meson vertex. For 
purposes of estimating a cross section, the Bethe- 
Heitler formula, integrated over u angles for fixed yt 
energy and angle, may be taken from the work of 
Hough.*® For E,=500 Mev, 6,= 30°, and E, = E_= 250 
Mev, one finds a counting rate of between 50% and 
100% of that of the positron experiment of A. This 
estimate includes some corrections due to finite u-meson 
mass; however, these are rather small. 

The “size” investigated in this experiment is limited 
by the magnitude of the four-momentum q’ trans- 
ferred to the proton. For the predominant case of 
the ww emitted in the forward direction, —q 
=2E,’?(1—8, cos#,). For the above parameters, a 
30% experiment probes y-meson size to distances 


~11 f. 


8P. V. C. Hough, Phys. Rev. 74, 80 (1948). 
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Modification Distance probed 


~ 0.8+0.2F 2 


Experimental conditions Accuracy 


Type of experiment 


y+ p—ette-+p 





40 Mev; 70 Mev e* at 90° 


E, 
-ytp—ett+e +p E, 
E, 
E, 


2 

3. ytp—uttu+p 

4,.¢+p—-et+et+e +p 

5. ytp ut tu +p 
6.¢+p—e t+uttu +p 


Because the y-ray energy is sufficiently high to make 
the r-meson resonance important, the effect of ‘“Comp- 
ton” terms illustrated in Fig. 3(c) may be as much as 
ten times greater than that encountered in the corre- 
sponding experiment of A with positrons. However, 
this still makes such correction terms no more than a 
10-20% effect (Interference terms are diminished due 
to the effect discussed in Appendix I). 

Our use of the Born approximation implies that the 
cross section for detection of w* should equal that for 
uw under the same conditions of energy and angle. It 
would be interesting to check this experimentally, in 
order to test a breakdown of the Born approximation, 
perhaps due to a short-range interaction of ~ mesons 
with the proton, or due to a breakdown of charge 
conjugation invariance at small distances. These 
remarks are also applicable to the electron production 
of u pairs described in Sec. V. 


IV. PHOTOPRODUCTION OF uw PAIRS 
IN COINCIDENCE 


The y-pair photoproduction coincidence experiment 
is completely analogous to the electron-pair coincidence 
experiment described in’ A. Because the experiment 
has been designed to keep the momentum transfer to 
the proton small, very little is learned of the u-meson 
vertex; for that one needs the preceding experiment or 
electron production of yw pairs (see Fig. 1). The cross 
section is nearly identical to that in A at sufficiently 
high energies, ~1 Bev, since the Bethe-Heitler formula 
reduces to 


—., e 


dQ,d92_dE, (1—8 cos6)* 


If 6, is chosen such that 1—8, cos#,=1—cos@,., where 
6. is the corresponding angle in the electron pair experi- 
ment, the ratio of counting rates is nearly unity. For 
1-Bev incident y rays and @,=15°, 6, is 10°. The theo- 
retical analysis is identical with that discussed in A, 
with the exception of small corrections ~(m,/E)? due 
to the larger u-meson mass. What is probed is the u- 
meson propagator; the distance involved corresponds 


® This has been realized by several people, including Dr. S. C. 
Frautschi, who informed us of his own thoughts by letter from the 
Institute of Physics, Kyoto University, Japan, as well as of the 
report (in Japanese) of Dr. Hiida. This is also remarked by 
Diatlov in reference 5. 
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500 Mev; 245 Mev e*—e™ each at 20° F.;? 
1 Bev; 500 Mev e*-e~ each at 15° 3 
500 Mev; 250 Mev u* or yw at 30° 

Ej nc==500 Mev; 240 Mev e--e~ each at 20° 
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to a momentum 2k-p,=k?(1—£8, cos0,). Using the 
conventions in A, this corresponds to ~0.35 f for a 
10% experiment at the above energy and angle. 


V. u-PAIR PRODUCTION BY ELECTRONS 


The study of u-pair production by electrons with an 
experimental arrangement similar to that for trident 
production probes the yw-meson vertex operator to 
smaller distances than the y-pair photoproduction 
experiment described in Sec. III. Also, in principle, one 
learns the following new information in comparison 
with Sec. III. Here one probes the u-meson vertex for a 
large momentum transfer carried by the virtual photon 
from the incident electron (see Fig. 1). The large 
momentum transfer to the ~ meson comes from the 
proton on the other hand in the large-angle u production 
of Sec. III. An anomaly in the latter interaction may 
reflect a specific w-proton interaction which is ap- 
preciable for large momentum transfers but which 
does not operate in a pure electron u-meson-photon 
interaction. If the experiment is performed at ~1 Bev 
and 6,=9°, the cross section is about equal to that of 
the electron production experiment in Sec. II at the 
same energy and at an angle 6,~15°, which in turn is 
approximately a factor of eight larger than the expected 
Richter limit of a feasible counting rate in the coin- 
cidence experiment of A. The calculated expression for 
the cross section is modified somewhat from Sec. II in 
this case, since there are no exchange terms. We find, 
in the limit 6,— 1 


R a 
Rzuu. aX (1+) 
2E, é 40 
+—_—_______ [s-+8et38—— 
m  (1—x)?(1+2ex)4 3 
— 36(56+ 1061-+26+") . 
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The main difference from Sec. II is the loss of a factor 
of four due to the now missing exchange terms which 
were in phase with the direct terms in the trident 
production. For the parameters suggested above, one 
finds the “good”’ diagrams still contribute 2.5 times the 
“bad”, with again the uncomputed interference terms 
being at most a 30% correction. 
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VI. CONCLUSION 


Table I summarizes the results of this paper and of A. 
The column “modification” indicates in which way the 
calculated cross section is altered if there is a form 
factor F, in the photon propagator, F., in the electron 
propagator, F.y in the electron vertex, and corre- 
spondingly for the 1 meson. The last column expresses 
the “size” probed for an experiment of the accuracy 
stated. 

In all, six experiments have been proposed which, if 
all agree with theory, will have extended the limits of 
quantum electrodynamics, as applied to photons, 
electrons and wu mesons to distances ~0.3 f. Any dis- 
agreement between theory and experiment can be 
attributed only to a failure in the present theory of 
quantum electrodynamics of the photon and electron, 
or in the u-meson experiments, to hitherto unknown 
interactions of the » meson.” 


APPENDIX I 
Consider any general graph such as illustrated in 
Fig. 4, in which the electron and positron are extreme 
relativistic, and for which the positron angles are to be 
integrated over. In Fig. 4(a) there will be a strong 
singularity when , is parallel to p_, since the inter- 
mediate photon is then nearly real. If 


_MXb+ || p-) 


then 


Tr f dn, Mul [ aa, M, ue 


t(D+Y"P- 1 ) 
(2p,: p- ? 


If p, is parallel to p_ we also have (p,+_)-M=O(m’) 
by gauge invariance. Hence if p, -p-~}E,E_6’, we have 
p+:M=O0(6)+0(m’). Thus, 


Tr f dQ,,|M1e|? 


ic Mp.-M M,M# 


O(m?*) 
oe 
pip (PsP 


O(m?*) 
+ | f 
O(m?) 


m/E 


(2ps p- ): 


2 (g? a 1 
Lox (68) Oe) 
Thus M,,” exhibits at most a logarithmic singularity. 
M,,° corresponds to the square of the two “bad” 
diagrams in, say, the trident experiment. 
Now consider an interference term between M,, and 
Mw, where M4, is any single graph which exhibits no 


eK. Hiida (to be published) has suggested radiative K-» decay 
as another possible experiment for study of u-meson structure. 


d6/0. 
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1G. 4. General pair-production diagrams. 


singularity as p, becomes parallel to p_. The interference 


term becomes: 


dQ, 


Mum Tr f Cap. MM ,+0(m?)]}—_. 
p+* p- 


There exists no logarithmic singularity in Min. Since 
we have only a logarithmic singularity in the denomi- 
nator to begin with, we may immediately put p, 
parallel to p_ in the numerator, since any corrections 


are O(@). Then 
Trl pyy"p_-MM, |=2M,p." Trp_My,=O0(6), 


since again p,“M*“=O(@) by gauge invariance. 

Thus only those amplitudes in the “bad” diagram 
which do not contribute to the logarithmic singularity 
will contribute to the interference terms; hence, one 
may conclude that interference terms involving ‘‘bad”’ 
diagrams must be relatively small. 


APPENDIX II. METHOD OF CALCULATION OF 
PAIR-PRODUCTION BY ELECTRONS 


The pair-production calculation was set up in the 
customary way. An integration over positron angles is 
required, and it was found to be convenient to carry 
this out before doing the traces, using the fact 

Trp,O=>, p4:u TruO where the summation is over 
a complete orthonormal set of basis vectors. The worst 
of the integrals encountered is: 


P+ pdQ, -6f iyf 2a- 


q' (9+ pr)’ *(q +p»)” 


p pdQ 
xf 1s} 
(q+ 2q-[piyt+ p2(1—y) Jz}* 


See Fig. 1 for the notation. The angular integration is 
elementary and one is left, after throwing out correction 
terms of O(E,”), with a sum of terms, a typical one being 


a | 


where k= p— pi-— 


2(1—2)dyds 
{k?+2k-[piyt pol 1—y)—2E, E, sy" 
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Because k-p;=k-ps, the y integral is trivial. Then In this way all integrals are easily done and one gets 


letting a=? and B=k?+2k-p,—2E,E,, the Feynman E . 


. ° ” ° 44 Fy, 
parameterization may be ‘“‘undone.” One obtains: I=——} E+4—(EE,— p- pi) 
a2? 
1 dez(1—2) 1 (a+) 
s= f — SE me, —4E,p-k——+ 0(E,?) }. 
o [a(1—s)+82]}' 6a°6? af 


PHYSICAL REVIEW VOLUME 114, NUMBER 5 


Nuclear Absorption Cross Sections for 3.6-Bev Neutrons* 
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The absorption cross section for Pb, Cu, and Al have been measured by means of poor geometry trans- 
mission measurements. The neutrons were produced by bombarding a 1-in. thick polyethylene target with 
6.2-Bev protons in the Bevatron. Neutron detection was accomplished by measuring the density of stars in 
nuclear emulsion. These measurements gave for the absorption cross sections for Pb, Cu, and Al 1930 
+300 mb, 704+140 mb, 430+56 mb. An absorption mean free path in emulsion of \=50+10 cm was 
obtained. The source strength of the neutrons was calculated to be 0.19 neutron/steradian /proton striking 
the target. By comparing the multiplicity of mesons produced in nuclear interactions by the neutron beam 
and by protons of known energy the average energy of 3.6+0.7 Bev was obtained for the neutron beam. 


INTRODUCTION These charged particles can be detected or observed by 
means of counter techniques, cloud chambers, diffusion 
chambers, bubble chambers, or nuclear emulsions. This 
latter method was used in the experiment reported here. 


ECAUSE of their bearing on the size and gross 

structure of the nucleus, neutron-nuclei cross sec- 
tions have received a great deal of attention in recent 
years. Most of this work has been in the 40-400 Mev 
range. Coor ef al.' have measured total and absorption EXPERIMENT 
neutron-nuclei cross sections for many elements for 
1.4-Bev neutrons. 

Many of the very effective ways of detecting neutrons 
of low energy become ineffective in the Bev range of 
energies. A method of detecting neutrons in the Bev 
range of energies is to determine the multiplicity of 
charged particles produced in a nuclear disintegration. 


The method of obtaining a beam of neutrons from 
the Bevatron is shown in Fig. 1. The 6.2-Bev proton 
beam strikes a 1-in. thick polyethylene target within 
the Bevatron. The charged particles produced in the 
target are swept out by the magnetic field of the Beva- 
tron and the neutrons and photons are emitted in a 
nearly tangential direction. To reduce the photon flux, 
four 3-in. lead converters were placed in the neutron 
and photon beam and strong magnetic fields were used 
to deflect the electrons produced in the lead. These lead 
converters constituted nine radiation lengths for reduc- 


NEUTRON BEAM 








Pb 


meters 


Fic. 1. Experimental arrangement showing the proton beam of 
the Bevatron striking the target (7). The neutron beam passes te 
through three 4-in. Pb plates in the field of magnet M and then sal 
through one 4-in. Pb plate in magnet M’ after passing through a 
collimating slit in the Bevatron shielding. The nuclear emulsions 
were located at E. 
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(1955). before and after a lead absorber plotted versus n, 











NUCLEAR 


TABLE I. Absorption cross sections (in millibarns) for Pb, Cu, 
and Al as measured in the present experiment and as measured 
with neutrons, protons and pions in the Bev range. 


1.4-Bev 
neutrons® 


1727445 
674434 
414423 


4-Bev Pions 
and protons> 


17204140 
739+40 
383-432 


Present 
experiment 


1930-4300 
704-4140 
430-456 


Element 


® See reference 1. 
b See reference 2. 


ing the photon flux but only 0.3 of an absorption mean- 
free-path for diminishing the neutron intensity. 

At 26 meters from the Bevatron target, measurements 
were performed in the neutron beam. Absorption cross 
sections were measured for Al, Cu, and Pb with a “‘poor- 
geometry” arrangement by placing large blocks of ab- 
sorbing material between two nuclearemulsions. The 
absorption cross section in nuclear emulsion (Ilford G-5) 
was measured by exposing lengthwise to the neutron 
beam a 4 cmX7.5 cmX27 cm stack of stripped 
emulsions. 


ABSORPTION CROSS SECTIONS 


The emulsions were scanned for stars (i.e., nuclear 
interactions) and the density of stars in the emulsion 
was used as a measure of the flux of neutrons. The ratio 
of the density of stars R(m) with greater than m prongs 
before and after the absorber is shown plotted versus n 
in Fig. 2 for Pb. Similar curves were obtained for Cu 
and Al. The lower ratio for small star sizes is interpreted 
in terms of the contribution of secondary particles of 
degraded energy produced in the absorber to the density 
of small stars in the emulsion behind the absorber. 
Similarly, the peaking or leveling off of this curve at 
n=16 may be thought to indicate that stars having 
more than sixteen prongs are produced only by the high 
energy neutrons of the incident beam. The absorption 
cross sections for Al, Cu, and Pb calculated from the 
ratios of stars with more than sixteen prongs are given 
in Table I. Also shown are cross sections reported for 
1.4-Bev neutrons! and 4-Bev protons and 7-mesons from 
cosmic-ray measurements.” 

From the large block of stripped nuclear emulsions 
the absorption mean free path of neutrons in emulsion 
was determined. For emulsions the R vs n curve leveled 
off at m= 8. An absorption mean free path of \=50+10 


2M. S. Sinha and N. C. Das, Phys. Rev. 105, 1587 (1957). 


ABSORPTION CROSS SECTIONS 


pe 


eT 
Fic. 3. Average 
number of © light 
tracks (g*< 1.5) per 
star versus proton 
energy. 





ee 
Proton Energy (Bev) 


cm was obtained for the attenuation in emulsion of 
neutrons capable of producing stars with more than 
eight prongs. From this mean free path and the density 
of stars in the emulsion the flux of neutrons capable of 
producing stars of more than eight prongs was calcu- 
lated to be 0.19 neutron/steradian/proton striking the 
target. 
NEUTRON ENERGY 

An indication of the energy of the neutrons was ob- 
tained by a comparison of the prong distribution of 
stars produced by protons of known energy with that 
of stars produced by the neutron beam. The prong dis- 
tribution in emulsions exposed to 2.0-, 4.15-, and 6.2- 
Bev protons’ was determined. Although these prong 
distributions showed a trend toward a larger number of 
prongs at higher energy, they were not sufficiently dif- 
ferent to allow an “unfolding” of the neutron spectrum. 
A more fruitful analysis is in terms of the average num- 
ber of light tracks (g*<1.5) per star. These tracks are 
due mostly to pions, and the variation of average 
number per star as a function of proton energy is shown 
in Fig. 3. The average number of light tracks per neu- 
tron-produced star was found to be 1.57+0.09. 

On the assumption that the number of charged pions 
produced by incident neutrons in high energy inter- 
actions is the same on the average as for incident protons 
of the same energy, the average energy of the neutron 
beam of the Bevatron is 3.6+0.7 Bev. 
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